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2Abstract
In this book we construct theory of limits of weight filtrations and limits of slope
filtrations on the infinitesimal cohomologies of proper smooth schemes over the frac-
tion field of a complete discrete valuation ring of mixed characteristics with perfect
residue field.
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0.1 Introduction
Based on Grothendieck’s idea of motives ([Gr3]), in [D1] Deligne has made a transla-
tion between∞-adic objects and l-adic objects, especially the weight filtration on the
singular cohomology of the analytification of a scheme of finite type over C and the
weight filtration on the l-adic e´tale cohomolgy of a scheme of finite type over a finite
field. In [D2] and [D4] Deligne has constructed the theory of Hodge-Deligne; espe-
cially he has proved the existence of the weight filtration on the singular cohomology
above.
In [Be3], [Be5] and [Be8] Berthelot has defined the rigid cohomology of a separated
scheme of finite type over a perfect field of characteristic p > 0. This is an analogue
in characteristic p of the singular cohomology above. Using theory of filtered derived
category of Berthelot ([Be9]) and our results in [NS1], in [Nakk4] we have proved
the existence of the weight filtration on the rigid cohomology of a separated scheme
of finite type over a perfect field of characteristic p > 0. This is an analogue in
characteristic p of Deligne’s result above.
On the other hand, in [dB] du Bois has constructed the limit of the weight filtration
on the singular cohomology of the nearby cycle complex of the analytification of a
proper scheme over a smooth curve over C at the localization of a point of the smooth
curve by using a proper semistable hypercovering of the scheme which exists by the
semistable reduction theorem in characteristic 0. As a result he has defined the
4limit of the weight filtration on the singular cohomology with coefficient Q of the
analyticfication of the generic fiber of the proper scheme at the localization of the
point.
In [Gr2] Grothendieck has defined the infinitesimal cohomology of a noetherian
scheme over a noetherian scheme in characteristic 0 to generalize the de Rham coho-
mology of a smooth scheme over a noetherian scheme in characteristic 0. By com-
parison theorems in [Gr2] and [Ha2] (see also [CF]) we know that the infinitesimal
cohomology calculates the singular cohomology with coefficient C.
In this book we are interested in an analogue of du Bois’ result in mixed character-
istics. Our main technical ingredient is the log crystalline cohomology of a proper log
smooth scheme in characteristic p, which has been defined by Kato in [Kk2] by using
theory of log structures of Fontaine-Illusie-Kato. (See also [Fa].) His log crystalline co-
homology is a generalization of the crystalline cohomology of a proper smooth scheme
in characteristic p defined by Grothendieck-Berthelot ([Gr2], [Be2], [BO1]).
Let V be a complete discrete valuation ring of mixed characteristics (0, p) with
perfect residue field κ. Set K := Frac(V). Let X be a proper scheme over K. (It is
better to assume only that X is a separated and finite type over K; however we make
the assumption of the properness in this book except Chapter VII in order to make
the length of this book reasonable.) One of our main results in this book is to show
the existence of the “limit of the weight filtration” P on the infinitesimal cohomology
Hqinf(X/K) (q ∈ N) by using the log isocrystalline cohomology of the log reduction
of a certain log smooth model of a split proper hypercovering of the base change of
X with respect to a finite extension of K. (We call P the limit weight filtration of
Hqinf(X/K).) This is an analogue in mixed characteristics of du Bois’ result, though
our method is not the imitation of du Bois’ method because the semistable reduction
theorem has not yet been proved in the mixed characteristics case. However each log
scheme of the members of the split proper hypercovering is the disjoint union of the
base changes of proper strict semistable schemes. (The existence of the split proper
hypercovering is assured by de Jong’s semistable reduction theorem ([dJ]) under the
change of an alteration of X.) In this way, proper strict semistable schemes over V
with canonical log structures are fundamental log schemes in this book.
Set K0 := W(κ). In fact, we define a canonical contravariantly functorial K0-
structure Hqinf(X/K/K0) of H
q
inf(X/K) and a K0-form P (0) of P on H
q
inf(X/K/K0).
Here we note that Hqinf(X/K/K0) is only a finite dimensional K0-vector space and
we have not proved that it is a cohomology of an abelian sheaf in a topos. We
also define an action of the monodromy operator on Hqinf(X/K/K0) and the action
of the Frobenius endomorphism on it without a choice of a uniformizer of K. This
is a generalization of a stronger version of U. Jannsen’s conjecture to the case of
any proper scheme over Frac(V) (original his conjecture is a conjecture for a proper
semistable scheme over V and this has been proved by Hyodo and Kato in [HK]
via famous Hyodo-Kato’s isomorphism; see also the introduction of [Tsuj4]; however
see also [Nakk2] because the proof of Hyodo-Kato isomorphism is not perfect). To
define the monodromy operator on Hqinf(X/K/K0) and the action of the Frobenius
endomorphism on Hqinf(X/K/K0), we use Tusji’s truncated simplicial version of the
Hyodo-Kato isomorphism ([Tsuj1]). Precisely speaking, we define and use the canon-
ical Hyodo-Kato isomorphism which does not depend on the choice of a uniformizer
of V by modifying the Hyodo-Kato(-Tsuji) isomorphism. (It seems to me that no
one has imgined that there exists such a canonical Hyodo-Kato isomorphism.) Let
WDcrys(K) be the crystalline Weil-Deligne group defined by Ogus in [Og4]; it fits into
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the following exact sequence
0 −→ K(1) −→WDcrys(K) −→Wcrys(K) −→ 0,
where Wcrys(K) is the crystalline Weil group defined in [BO2]: Wcrys(K) := {g ∈
Aut(K) | the induced automorphism on κ by g is the power of the p-th power Frobe-
nius automorphism of κ}. By using the canonical Hyodo-Kato isomorphism, we define
the well-defined action of WDcrys(K) on H
q
inf(XK/K). In [loc. cit.] Ogus has con-
jectured that the action of WDcrys(K) is contravariantly functorial with respect to
a morphism of the generic fibers of proper semistable families over V . In this book
we solve this conjecture affirmatively in a more generalized form. That is, we prove
the contravariantly functoriality of the action of WDcrys(K) on H
q
inf(UK/K) with
respect to a morphism of UK −→ VK over K, where U and V are separated schemes
of finite type over K. Here we use Grothendieck’s general principle: in order to
solve a problem in mathematics, one has to generalize the problem as possible in
order that the arguments in the proof of the problem work and then one solve it
in an evident but often long way. Furthermore, using the action of Gal(K/K) on
Hqinf(U/K)⊗K K, we can define a K-linear action of the (usual) Weil-Deligne group
WD(K/K) on Hqinf(UK/K) and we can conjecture the compatibility of this action
with the action of WD(K/K) on the l-adic e´tale cohomology. This conjecture is a
straightforward generalization of the compatibility of the action of WD(K/K) on the
log isocrystalline cohomology with the action of WD(K/K) obtained by the l-adic
cohomology Hqet(XK ,Ql) of a proper semistable scheme over V in [Fo] and a spe-
cial case of a more general Fontaine’s conjecture about motives in [loc. cit.]. (See
also a recent work of Chiarellotto–Lazda [CLa] for a proper semistable scheme over
a complete discrete valuation ring of equal characteristic.) In fact, because we con-
struct the limit weight filtration P on Hqinf(X/K) (and hence on H
q
inf(XK/K)) and
because we can construct the limit weight filtration P on Hqet(XK ,Ql) and because
the actions of WD(K/K) on the cohomologies preserves P ’s, we can conjecture that
PkH
q
inf(XK/K) and PkH
q
et(XK ,Ql) are compatible. We also calculate the slope filtra-
tion on Hqinf(X/K/K0) by enlarging K0 by a certain finite extension of K0 and using
the cohomology of the log de Rham-Witt complex ([HK]) of the log reduction.
Let U be a separated scheme of finite type over κ. Let j : U
⊂
−→ U be an open
immersion into a proper scheme over κ. Let (U•, X•) be a split proper hypercovering
of (U,U) in the sense of [Tsuz1], that is, (U•, X•) is split, U• is a proper hypercovering
of U , X• is a proper simplicial scheme over U and U• = X•×UU . Assume that X• is a
proper smooth simplicial scheme over κ and that U• is the complement of a simplicial
SNCD D• on X• over κ. In [Nakk4] we have proved
RΓrig(U/K) = RΓ((X•, D•)/W(κ))K .
In particular, we see that RΓ((X•, D•)/W(κ))K0 is independent of the choice of
(X•, D•). This proves that de Jong’s conjecture in [dJ] is true. By usingH
q
inf(X/K/K0),
we can prove the mixed characteristic analogue of this independence.
As mentioned above, proper strict semistable schemes play important roles in
this paper as fundamental ingredients. Because there are a lot of important works
for proper strict semistable schemes in all characteristics, we recall several results for
proper strict semistable schemes over C and several results for proper strict semistable
schemes in mixed characteristics and equal characteristic by the use of p-adic meth-
ods before we state our results for proper strict semistalbe schemes over a complete
discrete valuation ring, more generally a proper SNCL(=simple normal crossing log)
6scheme over a family of log points. (See [RZ], [Nak], [SaT2] and [Nakk3] for the l-adic
case.)
In [St1] Steenbrink has constructed a bifiltered complex, what is called, the bifil-
tered Steenbink complex of a proper strict semistable analytic family over the unit
disk over C. When the irreducible components of the special fiber are Ka¨hler or the
analytifications of proper smooth schemes over C, the bifiltered complex gives the
limit of the weight filtration on the singular cohomology of the generic fiber of the
semistable family. Though we are interested in the case of characteristic p > 0 or
mixed characteristics, we are deeply influenced by his ingenious method. In [KwN]
Kawamata-Namikawa and in [FN] Fujisawa-Nakayama have generalized Steenbrink’s
work as follows.
By the theory of log schemes in [Kk2], we have the notion of an SNCL(=simple
normal crossing log) scheme. (See §1.1 below for the precise definition of an SNCL
scheme.) In a standard way, a strict semistable family gives an SNCL scheme: the
special fiber with canonical log structure. In [loc. cit.] Fujisawa and Nakayama
(see also Kawamata-Namikawa’s article for a slightly different formulation) have con-
structed a bifiltered complex which gives the weight filtration on the singular coho-
mology of the base change by the morphism R ∋ x 7−→ e2π
√−1x ∈ S1 of the real
blow up ([KtN]) of the analytification of a proper SNCL scheme over the log point
(Spec(C), (N⊕C∗ −→ C)), where the morphismN⊕C∗ −→ C is defined by (a, u) 7−→ 0
((a, u) ∈ N⊕C∗, a 6= 0) and (0, u) 7−→ u. (Though Steenbrink has claimed that he has
constructed a similar bifiltered complex in [St2], he has not proved that his bifiltered
complex is independent of the choice of local charts in [loc. cit.]; we have already
pointed out this in [Nakk3].)
Let κ be a perfect field of characteristic p > 0. Let s = (Spec(κ), (N⊕ κ∗ −→ κ))
be the log point of κ, where the morphism N ⊕ κ∗ −→ κ is defined by (a, u) 7−→
0 ((a, u) ∈ N ⊕ κ∗, a 6= 0) and (0, u) 7−→ u. Let W(s) be a log scheme whose
underlying scheme is Spf(W) and whose log structure is N ⊕W∗ −→ W defined by
(a, u) 7−→ 0 ((a, u) ∈ N ⊕W∗, a 6= 0) and (0, u) 7−→ u. Let X be an SNCL scheme
over s. As explained in the last paragraph, the special fiber with the canonical log
structure of a strict semistable family over a discrete valuation ring with residue
field κ is an example of an SNCL scheme over s (we call this special fiber with the
canonical log structure the log special fiber of the semistable family). Before the works
of Kawamata-Namikawa and Fujisawa-Nakayama, in [Mo] Mokrane has constructed
a filtered complex (WA•X , {PkWA
•
X}k∈Z) on the Zariski site on X by using the log de
Rham-Witt complexWΩ˜•X of X/κ essentially defined by Hyodo ([Hy2]). LetWΩ
•
X be
the log de Rham-Witt complex of X/s defined by Hyodo ([loc. cit.]) and Hyodo-Kato
([HK]). (They have denoted WΩ˜•X and WΩ
•
X by Wω˜
•
X and Wω
•
X , respectively.) In
[Mo] and [Nakk2] Mokrane and I have proved that there exists a quasi-isomorphism
θ∧ : WΩ•X
∼
−→WA•X . Furthermore, in [Nakk2] I have proved that θ is contravariantly
functorial with respect to a morphism f : X −→ Y to an SNCL scheme over s. Let
Hqcrys(X/W(s)) (q ∈ Z) be Kato’s q-th log crystalline cohomology of X/W(s). (In
this book we omit to write “log” in the notation Hqlog-crys(X/W(s)) in references.) In
[HK] Hyodo and Kato and in [Nakk2] I have proved that the complexWΩ•X calculates
Hqcrys(X/W(s)): H
q
crys(X/W(s)) = H
q(X,WΩ•X). This is the log version of Bloch-
Illusie’s result ([Bl], [I2]). Let
◦
X(k) (k ∈ Z≥0) be the disjoint union of the (k+1)-fold
intersections of the different irreducible components of
◦
X as in [SaT2]. By calculating
grPkWA
•
X , Mokrane has constructed the following p-adic weight spectral sequence of
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Hqcrys(X/W(s)):
E−k,q+k1 =
⊕
j≥max{−k,0}
Hq−2j−kcrys (
◦
X(2j+k)/W)(−j − k) = Hq+k(X, grPkWA
•
X)
(0.0.1.1)
=⇒ Hq(X,WA•X) = H
q(X,WΩ•X) = H
q
crys(X/W(s))
when the underlying scheme
◦
X of X is proper over κ. This spectral sequence induces
the weight filtration on Hqcrys(X/W(s)). (However there are incomplete and mistaken
points in [Hy2], [HK] and [Mo]: we have completed and corrected all in [Nakk2] except
(2.1.11) (see (2.1.12) (2), (3), (4)), (2.2.3) (see (2.2.4) (1), (2), (3)) and (2.3.3) (see
(2.3.4) below). See also (2.1.8) below.) The spectral sequence and the filtered complex
(WA•X , P ) have many applications and they have been used in, e. g., [Mo], [SaT1],
[Ch1], [Oc], [Sat], [KH], [Nakk2], [It2], [Nakk3], [Mi], [MaY], [Nakk6], [Nakk7], though
the indispensable work [Nakk2] for the constructions of (0.0.1.1) and (WA•X , P ) has
been ignored in some of them. Though we can construct the weight filtration on
Hqcrys(X/W(s)) by using (WA
•
X , P ), it seems that it is impossible to answer the
following fundamental problem only by using (WA•X , P ). Let f : X −→ Y be a
morphism of proper SNCL schemes over a morphism of log points s −→ t of perfect
fields of characteristic p > 0. Then, is the pull-back
f∗ : Hqcrys(Y/W(t))⊗Z Q −→ H
q
crys(X/W(s))⊗Z Q
strictly compatible with the weight filtration? If s and t are log points of finite fields,
then the answer is “Yes” by the purity of the Frobenius weight of the crystalline
cohomology of a proper smooth scheme over a finite field ([D6], [KM], [CLe], [Nakk2])
and the spectral sequence (0.0.1.1). However there is a serious difficulty to answer this
problem when s and t are not necessarily log points of finite fields because we do not
have theory of (log) de Rham-Witt complex over a general p-adic base (log) formal
scheme (however see [MaH] for a special p-adic base (log) formal scheme, which is a log
overconvergent version of [LZ]). In particular, we do not know whether a specialization
argument for cohomologies of (log) de Rham-Witt complexes over a general perfect
field to them over a finite field is possible. In this book we give the answer “Yes”
for this problem by constructing another much more general filtered complex using
the log crystalline method in which the specialization argument is possible and by
comparing our filtered complex with Mokran’s one (see the explanations for (9) and
(16) below).
In [GK] Große-Klo¨nne has constructed the p-adic (weight) spectral sequence of a
(proper) SNCL scheme over s by using the sheaves of differential forms on local weak
formal log schemes. (See also [MaH] and [GL].) (However he has not proved that
his spectral sequence is independent of the choice of an open covering of the SNCL
scheme nor that it is compatible with the Frobenius action.) In [Tsuj5] Tsuji has
constructed the p-adic weight spectral sequence of the log crystalline cohomology of a
proper SNCL scheme over s by using the theory of arithmetic D-modules of Berthelot
([Be4], [Be6], [Be7]). Tsuji has also proved important properties of his weight spectral
sequence, e. g., the compatibility of his weight spectral sequence with the contravariant
and covariant functorialities. His results are p-adic analogues of T. Saito’s results
for l-adic e´tale cohomologies ([SaT2]) and are useful for the compatibility of local
and global Langlands correspondences ([TY], [Y], [Ca1], [Ca2]). On the other hand,
Caraiani has constructed the p-adic weight spectral sequence of the log crystalline
cohomology of the product of two proper SNCL schemes over s by using the log de
8Rham-Witt complexes of it ([Ca2]). As a corollary, she has obtained the limit weight
spectral sequence of the de Rham cohomology of the generic fiber of the product of
two proper strict semistable schemes over a complete discrete valuation ring of mixed
characteristics with residue field κ by using Hyodo-Kato isomorphism in [HK].
Now we state our results very roughly in each chapter. In [NS1] we have con-
structed the weight spectral sequence of the log crystalline cohomology sheaf of an
open but proper log scheme in characteristic p > 0 and the weight filtration on it,
while, in the Chapter I and the Chapter II, we construct the weight spectral sequence
of the log crystalline cohomology sheaf of a proper SNCL scheme in characteristic
p > 0 and the weight filtration on it. We can consider the Chapter I with the Chap-
ter II of this book as a generalization of Mokrane’s work to the case where the base
scheme is any p-adic formal family of log points. Indeed, in the case where the base
log scheme is a log point of a perfect field of characteristic p > 0, we prove a com-
parison theorem between the p-adic filtered Steenbrink complex in the Chapter I and
the filtered complex (WA•X , P ) constructed in [Mo] and [Nakk2]. The method in this
book are different from that in [Mo]: we mainly use log crystalline methods as in
[NS1]. We think that it is the most fundamental method for the construction of the
p-adic weight spectral sequence of a proper SNCL scheme over a p-adic formal family
of log points. To develop theory of the p-adic weight spectral sequence by using log
crystalline method is one of our main aims to write this book. The point for the con-
struction of the p-adic weight spectral sequence is the construction of the zariskian
p-adic filtered Steenbrink complex (Azar, P ) in a filtered derived category, which will
be explained later (see the explanation for (1) below for more details).
More generally, in the Chapter I we construct the weight spectral sequence of the
log crystalline cohomology sheaf of a proper split truncated simplicial SNCL scheme
in characteristic p > 0 and the weight filtration on it. More generally again, we
construct the weight spectral sequence of the log crystalline cohomology sheaf of a
proper truncated simplicial SNCL scheme which has the disjoint union of the member
of an affine truncated simplicial open covering (as in [Nakk4]) and we construct the
weight filtration on the log crystalline cohomology sheaf of it (the split truncated
simplicial SNCL scheme has this disjoint union). In this book we call this proper
truncated simplicial SNCL scheme a proper truncated simplicial SNCL scheme having
an affine truncated simplicial open covering. This truncated simplicial SNCL scheme
will also be be necessary in a future paper when we shall discuss the product structure
of the log crystalline cohomology sheaf of it with the weight filtration because the
prodcuct of the truncated simplicial SNCL scheme is not necessarily split but it is a
truncated simplicial SNCL scheme which has the disjoint union.
From the Chapter III to the Chapter VI, we consider log isocrystalline cohomolo-
gies and do not consider log crystalline cohomologies; we ignore the torsions of log
crystalline cohomologies. In the Chapter III we define a new proper split truncated
simplicial log smooth scheme in characteristic p > 0 which is more general than the
split truncated simplicial SNCL scheme in the Chapter I. Because we cannot use du
Bois’ argument in [dB] in which he has used the semistable reduction in characteristic
0 in this book, this new notion is useful for the construction of the limit of the weight
filtration on the infinitesimal cohomology of a proper scheme over K. (If we can use
du Bois’ argument in any characteristic, the split truncated simplicial SNCL scheme
in the Chapter I is sufficient for the construction.) We shall give the definition of this
general split truncated simplicial scheme in the Introduction. We call the split trun-
cated simplicial scheme in the Chapter I (resp. that in the Chapter III) the “naive”
split truncated simplicial SNCL scheme (resp. the “successive” split truncated sim-
plicial SNCL scheme). We construct a key p-adic filtered Steenbrink complex modulo
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torsion (Azar,Q, P ) which produces the weight spectral sequence of the log isocrys-
talline cohomology sheaf of the successive split truncated simplicial SNCL scheme in
characteristic p > 0 and the weight filtration on it.
In the Chapter III we also give a framework to treat the p-adic filtered Steenbrink
complexes modulo torsion of a proper truncated simplicial SNCL scheme having an
affine truncated simplicial open covering and a successive split truncated simplicial
SNCL scheme at the same time by introducing new notions a truncated simplicial base
change of SNCL schemes and an admissible immersion. Though a truncated simplicial
SNCL scheme is not stable under the base change of families of log points, a truncated
simplicial base change of SNCL schemes is stable under the base change by definition.
In this chapter we construct the p-adic filtered Steenbrink complex modulo torsion of
a truncated simplicial base change of SNCL schemes with an admissible immersion.
In the Chapter IV we define the p-adic filtered Steenbrink complex modulo torsion of
it over log points of perfect fields of characteristic p > 0 by using filtered complexes of
log de Rham-Witt complexes. By using these p-adic filtered Steenbrink complexes in
the Chapters III and IV, we construct the weight filtrations on the log isocrystalline
cohomology (sheaf) of a (truncated) simplicial base change of SNCL schemes. We
prove a comparison theorem between the p-adic filtered Steenbrink complex in the
Chapter III and that in the Chapter IV in the case where base log schemes are
log points of perfect fields of characteristic p > 0. This is a generalization of the
comparison theorem between our p-adic Steenbrink complex in the Chapter I modulo
torsion and the filtered (WA•X , P ) modulo torsion, which has been already mentioned.
In the Chapter V we prove various important properties of the weight filtration on
the log isocrystalline cohomolgy sheaf of a truncated simplicial base change of SNCL
schemes which has an admissible immersion. We explain these in more details soon
later. By virtue of fundamental results before this chapter, we can obtain fruitful
results in this chapter.
Using results in the Chapter III and V, in the Chapter VI we prove the existence
of the limit of the weight filtration and the existence of the action of WDcrys(K),
especially the existences of the p-adic monodromy operator and the Frobenius endo-
morphism on the infinitesimal cohomology of a proper scheme over K. Using results
in the Chapter IV, we calculate the limit of the slope filtration on the infinitesimal
cohomology in a geometric way. We also give fundamental properties of the limit
of the weight filtration, the limit of the slope filtration and the p-adic monodromy
operator.
We can consider the Chapter VI as a generalization of Caraiani’s work because
we construct the limit weight spectral sequence of the infinitesimal cohomology (=a
generalization of the de Rham cohomology) of any proper scheme over K with any
singularity.
We give the following picture to visualize the relations between this book and
[NS1] and [Nakk4]:
[NS1]
(truncated simplicial) SNCL versions
−−−−−−−−−−−−−−−−−−−−−−−−→ Chapter I, II and Chapter III, IV,Vy y
[Nakk4]
a mixed characteristics version
−−−−−−−−−−−−−−−−−−−−→ Chapter VI.
Here, by the vertical arrows, we mean that the targets of them are important ap-
plications of the sources of them. [Nakk4] and Chapter I are related by p-adic local
invariant cycle conjecture by Chiarellotto ([Ch1]), which will be discussed in another
10
paper. (See [St1] and [SaM1] for the local invariant cycle theorem in the case of the
characteristic 0.)
In the Chapter VII we define the action of WDcrys(K) on the infinitesimal coho-
mology of a separated scheme of finite type over K and we prove the contravariant
functoriality of this action.
Because we have already stated our main results very roughly, we next give ex-
planations for results in this book in more details. The reader can use the following
explanations as a resume of this book. The main results in this book are the following
26 pieces of theorems:
(1): the construction of the p-adic weight spectral sequence of the log crystalline
cohomology sheaf (resp. the log isocrystalline cohomology sheaf) of a proper naive
split truncated simplicial SNCL scheme (resp. a truncated simplicial base change of
SNCL schemes with admissible immersions) over a family of log points,
(2): Invariance of the (pre)weight filtration with respect to log structures,
(3): the contravariant functoriality of the weight filtration on the log (iso)crystalline
cohomology sheaf,
(4): the base change theorem of the weight filtration on the log (iso)crystalline coho-
mology sheaf,
(5): the log infinitesimal deformation invariance of the pull-back on log isocrystalline
cohomology sheaves with weight filtrations with respect to a morphism of proper
truncated simplicial base changes of SNCL schemes,
(6): the E2-degeneration of the p-adic weight spectral sequence modulo torsion,
(7): the development of a general theory of F∞-isospans,
(8): the (log) convergence of the weight filtration,
(9): the strict compatibility of the weight filtration modulo torsion with respect to
the pull-back of a morphism of proper truncated simplicial base changes of SNCL
schemes,
(10): to give the formulations of a variational p-adic monodromy-weight conjecture
and a variational filtered p-adic log hard Lefschetz conjecture for a projective SNCL
scheme over a family of log points,
(11): to prove that the variational p-adic monodromy-weight conjecture is true for the
log special fiber of a proper strict semistable family over a complete discrete valuation
ring ∆ of equal positive characteristic and a generalization of this result,
(12): to prove that the variational p-adic log hard Lefschetz conjecture is ture for the
log special fiber of a projective strict semistable family over ∆ and a generalization
of this result,
(13): to prove that the variational p-adic monodromy-weight conjecture and the vari-
ational p-adic log hard Lefschetz conjecture are true for the log special fiber of a
projective SNCL family over a complete discrete valuation ring of mixed characteris-
tics and a generalization of this result,
(14): a log version of Etesse’s comparison theorem ([Et]) between the crystalline
complex of a flat coherent crystal and the de Rham-Witt complex of it,
(15): a new definition of (pre)weight-filtered log de Rham-Witt complexes without
using the admissible lift in [Hy2] and [Mo],
(16): a comparison theorem between the p-adic filtered Steenbrink complex con-
structed in this book and the filtered complex (WAX , P ) constructed in [Mo] and
[Nakk2]; in fact, we generalize this comparison theorem for flat coherent crystals
whose corresponding integrable connections have no log poles,
(17): to give the definitions of the truncated simplicial base change of SNCL schemes
and the admissible immersion,
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(18): the construction of the limit weight spectral sequence of Hqinf(X/K) (by extend-
ing K) in a geometric way,
(19): the E2-degeneration of the weight spectral sequence in (18),
(20): the well-definedness of the induced filtration on Hqinf(X/K) by the spectral
sequence in (18),
(21): the strict compatibility of the filtration in (20) with respect to the pull-back of
a morphism of the proper schemes X’s,
(22): To find a canonical K0-structure H
q
inf(X/K/K0) of H
q
inf(X/K),
(23): the calculation of the limit of the slope filtration onHqinf(X/K/K0) (by extending
K0) in a geometric way,
(24): To find a canonical increasing filtration on Hqinf(X/K/K0) which is a K0-form
of the filtration in (20),
(25): to define the action of WD(K/K) on Hqinf(XK/K) including the construction
of the p-adic monodromy operator on Hqinf(X/K/K0) and the Frobenius endomor-
phism on it. (This leads to the conjecture of the compatibility of the linear action of
WD(K/K) on Hqinf(XK/K) with the action of the WD(K/K) on H
q
et(XK ,Ql).)
(26): to prove that WD(K/K) acts on Hqinf(XK/K) contravariantly and that it pre-
serves the limit of the weight filtration P on Hqinf(XK/K). In fact, we prove the
existence of the contravariant action of WD(K/K) on the infinitesimal cohomology
of a separated scheme of finite type over K.
In the following we explain each of the main results above. In this introduction we
first explain (1) for the constant simplicial case(=the case of the usual SNCL scheme)
because this case is more accessible than general truncated simplicial cases. We
consider a certain nontrivial coefficient(=a flat coherent crystal whose corresponding
integrable connection has no log poles) following a suggestion by T. Tsuji.
Let T0
⊂
−→ T be an exact closed immersion defined by a quasi-coherent PD-ideal
sheaf J with PD-structure δ. For a log scheme Y over T0, let ǫY/T0 : Y −→
◦
Y be the
natural morphism over T0 −→
◦
T 0 forgetting the log structure of Y . Let g : Y −→ T
be the structural morphism. Let (Y/T )crys be the log crystalline topos of Y/(T,J , δ)
defined by K. Kato in [Kk2]; we omit to write the notation “log” and ˜ for the log
crystalline topos (Y˜/T )logcrys in [Kk2] and so on; we follow the notation of [Be2] and
[BO1] by omitting ˜ . Let ((Y/T )crys,OY/T ) be the log crystalline ringed topos of
Y/(T,J , δ). Let
ǫY/T : ((Y/T )crys,OY/T ) −→ ((
◦
Y /
◦
T )crys,O ◦
Y /
◦
T
)
be the induced morphism by ǫY/T0 . Let
uY/T : ((Y/T )crys,OY/T ) −→ (
◦
Y zar, g
−1(OT ))
be the canonical projection.
Let S be a log scheme on which a prime number p is locally nilpotent on
◦
S and
whose log structure is Zariski locally isomorphic to N⊕O∗S with structural morphism
N⊕O∗S −→ OS defined by (a, u) 7−→ 0 ((a, u) ∈ N⊕O
∗
S , a 6= 0) and (0, u) 7−→ u. We
call S a family of log points. Let S(0)
⊂
−→ S be an exact closed immersion defined
by a quasi-coherent PD-ideal sheaf I with PD-structure γ. We call (S, I, γ) a PD-
family of log points. Let f : X −→ S(0) be an SNCL scheme (in §1.1 in the text
we will give the definition of the SNCL scheme). Intuitively X/S(0) is a family of
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SNCL schemes over log points. By abuse of notation, we denote by f the composite
structural morphism f : X −→ S(0)
⊂
−→ S. For a log scheme Y (resp. a morphism
g : Y −→ Z of log schemes), we denote by
◦
Y (resp.
◦
g :
◦
Y −→
◦
Z) the underlying scheme
of Y (resp. the underlying morphism of schemes of g). Let E be a flat quasi-coherent
crystal of O ◦
X/
◦
S
-modules. Let D+F(f−1(OS)) be the derived category of bounded
below filtered complexes of f−1(OS)-modules (see, e. g., [D4], [Be9]) for the derived
category D+F(f−1(OS))). (In [NS1] we explain a part of Berthelot’s theory of filtered
derived category in [Be9].) Then we construct a new filtered complex
(0.0.1.2) (Azar(X/S, ǫ
∗
X/
◦
S
(E)), P ) ∈ D+F(f−1(OS))
depending only onX/(S, I, γ) and E. Because the notation ǫ∗
X/
◦
S
will become too com-
plicated soon later (we consider a base change morphism of S), we denote (Azar(X/S, ǫ
∗
X/
◦
S
(E)), P )
by (Azar(X/S,E), P ) by abuse of notation. When E = O ◦
X/
◦
S
, we denote (Azar(X/S,E), P )
by (Azar(X/S), P ), which is a p-adic variational analogue of Steenbrink’s filtered com-
plex in [St1], [KwN] and [FN]. We call (Azar(X/S,E), P ) the zariskian p-adic filtered
Steenbrink complex of ǫ∗
X/
◦
S
(E) and call (Azar(X/S), P ) the zariskian p-adic filtered
Steenbrink complex of X/S. As in the open log case in [NS1], the filtered derived cat-
egory D+F(f−1(OS)) in which (Azar(X/S,E), P ) exists is an indispensable language
in this book (and in [GK], though the filtered derived category has not appeared in
[loc. cit.]). The filtered complex (Azar(X/S,E), P ), several generalized filtered com-
plexes of this filtered complex and analogous filtered complexes to this which will be
explained later are core objets in our theory.
If we forget the filtration P , then we prove that there exists a canonical isomor-
phism
(0.0.1.3) RuX/S∗(ǫ∗X/S(E))
∼
−→ Azar(X/S,E)
in D+(f−1(OS)). For a nonnegative integer k, let
◦
X(k) be the scheme over
◦
S(0) asso-
ciated to
◦
X whose definition will be given in §1.3 below. (This
◦
X(k) is a generalization
of
◦
X(k) in (0.0.1.1).) Let a(k) :
◦
X(k) −→
◦
X be the natural morphism of schemes de-
fined in §1.3 below. Let a
(k)
crys : ((
◦
X(k)/
◦
S)crys,O ◦
X(k)/
◦
S
) −→ ((
◦
X/
◦
S)crys,O ◦
X/
◦
S
) be the
induced morphism of ringed topoi by a(k). Set E ◦
X(k)/
◦
S
:= a
(k)∗
crys(E). Let ̟
(k)
crys(
◦
X/
◦
S)
be the crystalline orientation sheaf defined in §1.3 below: ̟
(k)
crys(
◦
X/
◦
S) is isomorphic
to Z in (
◦
X(k)/
◦
S)crys if
◦
X is small. Let {−m} (m ∈ Z) be the operation shifting a
complex right by m degree. Then we prove that, for k ∈ Z, there exists a canonical
isomorphism
grPk Azar(X/S,E)
∼
−→
⊕
j≥max{−k,0}
(a
(2j+k)
∗ Ru ◦
X(2j+k)/
◦
S∗
(E ◦
X(2j+k)/
◦
S
⊗Z
(0.0.1.4)
̟(2j+k)crys (
◦
X/
◦
S))(−j − k){−2j − k}, (−1)j+1d)
in D+(f−1(OS)). Here (−j − k) means the nonstandard Tate twist, which we will
define in the explanation for (3). Set fX/S := f ◦ uX/S . As a corollary of (0.0.1.3)
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and (0.0.1.4), we obtain the following spectral sequence
E−k,q+k1 =
⊕
j≥max{−k,0}
Rq−2j−kf ◦
X(2j+k)/
◦
S∗
(E ◦
X(2j+k)/
◦
S
⊗Z ̟
(2j+k)
crys (
◦
X/
◦
S))(−j − k)
(0.0.1.5)
=⇒ RqfX/S∗(ǫ∗X/S(E)) (q ∈ Z).
When E = O ◦
X/
◦
S
, (0.0.1.5) gives us the preweight filtration P on RqfX/S∗(OX/S).
(Here we use the terminology “preweight filtration” instead of “weight filtration”
because OS is p-primary torsion.)
More generally, we need to construct a generalization of the filtered complex
(Azar(X/S), P ) for any base change (T,J , δ) −→ (S, I, γ) of fine log PD-schemes
such that J is quasi-coherent (we consider (T,J , δ) as an “extension” and a “ram-
ification” of (S, I, γ)) for applications in the Chapters V and VI. (In [NS1] it is not
necessary to consider this formalism in the open log case since the base change of a
smooth scheme with a relative SNCD by any morphism of base schemes is a smooth
scheme with a relative SNCD again.)
We change notations by introducing a “p-primary torsion version” of a log PD-
enlargement defined by Ogus in [Og4] as follows. This variant gives us an essentially
convenient language.
Let S be a family of log points and let (T,J , δ) be a fine log PD-scheme such
that J is quasi-coherent and such that p is locally nilpotent on T . Let T0 be the
exact closed log subscheme of T defined by J . Assume that we are given a morphism
T0 −→ S of fine log PD-schemes. We call (T,J , δ) with morphism T0 −→ S a log
PD-enlargement of S. As in the trivial log case in [Be2], we can define the big log
crystalline site Crys(S/(Spf(Zp), pZp, [ ])). Then (T,J , δ) is an object of this site.
Set S◦
T 0
:= S ×◦
S
◦
T 0. The log structure of S◦
T 0
is nothing but the inverse image
of the log structure of S by the morphism
◦
T 0 −→
◦
S; consequently S◦
T 0
is a family
of log points. Then we have a natural morphism T0 −→ S◦
T 0
of fine log schemes.
For a fine log scheme Y , denote by MY the log structure of Y . It is clear that
the natural morphism MS◦
T0
−→ MT0 is injective. Let S(T ) be a fine log scheme
whose underlying scheme is
◦
T and whose log structure MS(T ) is characterized by the
following commutative diagram
MT /O∗T
∼
−−−−→ MT0/O
∗
T0
⋃x x⋃
MS(T )/O
∗
T
∼
−−−−→ MS◦
T0
/O∗T0 .
Obviously we have a natural morphism (T,J , δ) −→ (S(T ),J , δ) of fine log PD-
schemes. Since S(T ) is not necessarily hollow in the sense of Ogus’ article [Og4],
consider the hollowing out S(T )♮ of S(T ) in [loc. cit.]. (Note that MS(T )♮/O
∗
T is a
constant sheaf of monoids on
◦
T and recall that, for a log scheme Z, MZ := (MZ , αZ)
is said to be hollow in [loc. cit.] if that is, any section ofMZ \O∗Z is mapped to 0 in OZ
by the structural morphism αZ : MZ −→ OZ .) Then S(T )♮ is a family of log points,
S◦
T 0
is an exact closed log subscheme of S(T )♮ defined by J . Let U0 (resp. U) be S◦
T 0
or T0 (resp. S(T )
♮ or T ). Set XU0 := X ×S U0 and
◦
XU0 :=
◦
(XU0) (the underlying
14
scheme of XU0). Then XS◦
T0
= X ×S S◦
T 0
= X ×◦
S
◦
T 0 =: X ◦
T 0
(we have considered
X as a fine log scheme over
◦
S) and XT0 = XS◦
T0
×S◦
T0
T0. Note that X ◦
T0
/S◦
T 0
is an
SNCL scheme, but XT0/T0 is not necessarily an SNCL scheme. Let fU : XU0 −→ U
be the structural morphism. Because it is easy to check an equality
◦
XU0 =
◦
X ×◦
S
◦
T 0,
we see that
◦
XS◦
T0
=
◦
XT0 and
◦
fS(T )♮ =
◦
fT . Hence we have the following morphism
ǫX◦
T0
/(S(T )♮)◦ : ((X ◦
T 0
/S(T )♮)crys,OX◦
T0
/S(T )♮) −→(((X ◦
T 0
)
◦
/(S(T )♮)◦)crys,O(X◦
T0
)◦/(S(T )♮)◦)
= ((
◦
XT0/
◦
T )crys,O ◦
XT0/
◦
T
).
Let E be a flat quasi-coherentO ◦
XT0/
◦
T
-modules. Then we construct a filtered complex
(Azar(X ◦
T 0
/S(T )♮, ǫ∗X◦
T0
/(S(T )♮)◦(E)), P ) = (Azar(X ◦T 0
/S(T )♮, ǫ∗
X◦
T0
/
◦
T
(E)), P ),
which is a generalization of (Azar(X/S,E), P ). This notation is too long for us, we
denote it by (Azar(X ◦
T 0
/S(T )♮, E), P ) for simplicity of notation. When E = O ◦
XT0/
◦
T
,
we denote (Azar(X ◦
T 0
/S(T )♮, E), P ) by (Azar(X ◦
T 0
/S(T )♮), P ). As a generalization of
(0.0.1.3), we prove that there exists a canonical isomorphism
(0.0.1.6) RuX◦
T0
/S(T )♮∗(ǫ
∗
X◦
T0
/S(T )♮(E))
∼
−→ Azar(X ◦
T 0
/S(T )♮, E)
in D+(f−1T (OT )). If S(T ) is hollow, then S(T ) = S(T )
♮ and we have the following
canonical isomorphism
(0.0.1.7) RuXT0/T∗(ǫ
∗
XT0/T
(E))
∼
←− RuX◦
T0
/S(T )♮∗(ǫ
∗
X◦
T0
/S(T )♮(E))
by using the natural morphism (T,J , δ) −→ (S(T ),J , δ) and noting that the mor-
phism
◦
T −→ (S(T ))◦ is the identity of
◦
T . Consequently, if S(T ) is hollow, then we
have the following canonical isomorphism
(0.0.1.8) RuXT0/T∗(ǫ
∗
XT0/T
(E))
∼
−→ Azar(X ◦
T 0
/S(T ), E).
Set
fXT0/T := fT ◦ uXT0/T : ((XT0/T )crys,OXT0/T ) −→ (
◦
T zar,OT ).
Set also
◦
X
(k)
T0
:=
◦
X(k) ×◦
S
◦
T 0 (k ∈ N). Let
a
(k)
Tcrys : ((
◦
X
(k)
T0
/
◦
T )crys,O ◦
X
(k)
T0
/
◦
T
) −→ ((
◦
XT0/
◦
T )crys,O ◦
XT0/
◦
T
)
be the natural morphism. Set E ◦
X
(k)
T0
/
◦
T
:= a
(k)∗
Tcrys(E) and let̟
(k)
crys(
◦
XT0/
◦
T ) be the crys-
talline orientation sheaf of
◦
XT0/
◦
T . Then the filtered complex (Azar(X ◦
T 0
/S(T )♮, E), P )
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produces the following spectral sequence of the log crystalline cohomology sheaf of
ǫ∗X◦
T0
/S(T )♮(E) on the SNCL scheme X ◦T 0
/S(T )♮:
E−k,q+k1 =
⊕
j≥max{−k,0}
Rq−2j−kf ◦
X
(2j+k)
T0
/
◦
T∗
(E ◦
X
(2j+k)
T0
/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
XT0/
◦
T ))(−j − k)
(0.0.1.9)
=⇒ RqfXT0/T∗(ǫ
∗
X◦
T0
/S(T )♮(E)) (q ∈ Z).
Consequently, if S(T ) is hollow, then we have the following spectral sequence of the
log crystalline cohomology sheaf of ǫ∗XT0/T (E) on the not necessarily SNCL scheme
XT0/T :
E−k,q+k1 =
⊕
j≥max{−k,0}
Rq−2j−kf ◦
X
(2j+k)
T0
/
◦
T∗
(E ◦
X
(2j+k)
T0
/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
XT0/
◦
T ))(−j − k)
(0.0.1.10)
=⇒ RqfXT0/T∗(ǫ
∗
XT0/T
(E)) (q ∈ Z).
As a corollary of the existence of (Azar(X ◦
T 0
/S(T )♮, E), P ) and the isomorphism
(0.0.1.7), if S is an exact closed log subscheme of a fine log PD-scheme (S˜, I, γ) defined
by I, if S˜ is a family of log points and if there exists a morphism (T,J , δ) −→ (S˜, I, γ)
of fine log PD-schemes, then we see that the induced filtration onRqfXT0/T∗(ǫ
∗
XT0/T
(E))
by the filtered complex (Azar(X ◦
T 0
/S(T )♮, E), P ) depends only on the extension mor-
phism (
◦
T ,J , δ) −→ (
◦
S˜, I, γ) of
◦
T 0 −→
◦
S; it is independent of the morphism MS˜ −→
MT of log structures. This is consistent with Kato’s log base change theorem in [Kk2]:
RfXT0/T∗(ǫ
∗
XT0/T
(E)) = OT ⊗LOS˜ RfX/S˜∗(ǫ
∗
X/S˜
(E)). We can say that the preweight
filtration on the log crystalline cohomology sheaf does not change essentially under
the base change of the log structures of base log schemes ((2)).
Next we explain (3).
An important property of (Azar(X ◦
T 0
/S(T )♮, E), P ) is the contravariant functori-
alty as in the open log case in [NS1], which has not been investigated for analogues of
(Azar(X/S), P ) in any characteristic except the Frobenius endomorphism in [Nakk2]
as far as I know. (See [Nakk2, §9] for what has been proved before [loc. cit.] and what
has not before it. The Frobenius action on the Mokrane’s complex defined in [Ch1]
is mistaken and the Frobenius action on the analogous (filtered) complex in [GK] has
not been defined.) The contravariant functoriarities of
(Azar(X ◦
T 0
/S(T )♮, E), P )
and
(Azar(X ◦
T 0
/S(T )♮, E), P )⊗LZ Q
are much more complicated than the contravariant functorialty of the open log case
in [NS1]. We need cares for new phenomenona of the contravariant functorialty of
(Azar(X ◦
T 0
/S(T )♮, E), P ), which does not appear in the open log case in [loc. cit.].
The precise meaning of the functoriality of (Azar(X ◦
T 0
/S(T )♮, E), P ) is as follows (we
need a nontrivial work to formulate it).
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Let S′ be another PD-family of log points. Let u : S −→ S′ be a morphism of
log schemes. Let (T ′,J ′, δ′) be a log PD-enlargement of S′. Let T ′0
⊂
−→ T ′ be an
exact closed immersion defined by J ′. Let v : (T,J , δ) −→ (T ′,J ′, δ′) be a morphism
of log PD-enlargements over u, that is, a morphism (T,J , δ) −→ (T ′,J ′, δ′) of log
PD-schemes fitting into the following commutative diagram
◦
T 0
v0−−−−→
◦
T ′0y y
S −−−−→ S′,
where v0 : T0 −→ T ′0 is the induced morphism by v. Then it is easy to see that exists a
natural morphism u : (S(T )♮,J , δ) −→ (S′(T ′)♮,J ′, δ′) of fine log PD-schemes fitting
into the following commutative diagram
S◦
T 0
−−−−→ S′◦
T ′0
⋂y y⋂
S(T )♮ −−−−→ S′(T ′)♮.
Let X ′/S′ be another SNCL scheme. Let
(0.0.1.11)
X ◦
T 0
g
−−−−→ X ′◦
T ′0y y
S◦
T 0
−−−−→ S′◦
T ′0
be a commutative diagram of SNCL schemes. Let
deg(u) :
◦
T −→ N
be the mapping degree function of u which will be defined in §1.1 in the text. (When
S′(T ′)♮ = S(T )♮, this is an analogue of the mapping degree function of a continuous
endomorphism of S1 in topology.) It is easy to see that deg(u) never take the value 0.
Assume that deg(u) is not divisible by p for any point x ∈
◦
T . Let gT ′0T0 : XT0 −→ X
′
T ′0
be the induced morphism by g and v0. Let
gT ′Tcrys : ((XT0/T )crys,OXT0/T ) −→ ((X
′
T ′0
/T ′)crys,OX′
T ′
0
/T ′)
and
◦
gT ′T =
◦
g : ((
◦
XT0)zar, f
−1
T (OT )) −→ ((
◦
X ′T ′0)zar, f
′−1
T ′ (OT ′))
be the induced morphisms of topoi by gT ′0T0 . (For simplicity of notations, we denote
the latter morphism by g or gT ′T appropriately.) Let E (resp. E
′) be a flat quasi-
coherent crystal of O ◦
XT0/
◦
T
-modules (resp. a flat quasi-coherent crystal of O ◦
X′
T ′
/
◦
T ′
-
modules). Assume that we are given a morphism E′ −→
◦
gcrys∗(E) of O ◦
X′
T ′0
/
◦
T ′
-
modules. By the contravariant functoriality of (Azar(X ◦
T 0
/S(T )♮, E), P ), we mean
that there exists a morphism
g∗ : (Azar(X ′◦
T ′0
/S′(T ′)♮, E′), P ) −→ Rg∗((Azar(X ◦
T 0
/S(T )♮, E), P ))(0.0.1.12)
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of filtered complexes fitting into the following commutative diagram
(0.0.1.13)
Azar(X
′
◦
T ′0
/S′(T ′)♮, E′)
g∗
−−−−→ Rg∗(Azar(X ◦
T 0
/S(T )♮, E))
≃
x x≃
RuX′◦
T ′
0
/S(T ′)♮∗(ǫ∗X′◦
T ′
0
/S′(T ′)♮(E
′))
g∗crys
−−−−→ Rg∗RuX◦
T0
/S(T )♮∗(ǫ∗X◦
T0
/S(T )♮(E))
satisfying a transitive relation “(h◦g)∗ = Rh∗(g)◦h∗” and id∗X◦
T0
= id(Azar(X◦
T0
/S(T )♮,E),P ).
If S(T ) is hollow, we obtain the following commutative diagram
(0.0.1.14)
Azar(X
′
◦
T ′0
/S′(T ′)♮, E′)
g∗
−−−−→ Rg∗(Azar(X ◦
T 0
/S(T )♮, E))
≃
x x≃
RuX′
T ′
0
/T ′∗(ǫ∗X′
T ′
0
/T ′(E
′))
g∗
T ′Tcrys
−−−−−→ Rg∗RuXT0/T∗(ǫ
∗
XT0/T
(E))
by (0.0.1.7). Even in the case where deg(u) is divisible by p for points x of
◦
T , we
obtain the contravariant functoriality in certain cases which include the case where
the morphism g is the “nonstandard” relative Frobenius morphism of X ◦
T 0
/S◦
T 0
which
will be explained soon later when X is of characteristic p > 0 and
◦
T is a flat p-adic
formal scheme. (It seems hopeless to me that there exists the commutative diagram
(0.0.1.13) for an unconditional g; it seems an important problem to define other
filtered complexes satisfying a similar diagram to (0.0.1.13) for any g.)
Now we can explain the Tate twist (−j − k) in (0.0.1.4) and more generally in
(0.0.1.9) as follows.
Assume that
◦
S is of characteristic p > 0. Let FS : S −→ S be the Frobenius
endomorphism. Set S[p] := S ×◦
S,F◦
S
◦
S. In [Og4] Ogus has already defined S[p] and
denoted it by S(1). In [loc. cit.] he has used it to give a simpler proof of Hyodo-Kato
isomorphism than the proof of it in [HK]. (See [loc. cit.] when
◦
S is not necessarily
of characteristic p > 0.) This is different from S{p} := S ×S,FS S = S. The log
scheme S[p] has the universality for the log schemes U with morphisms S −→ U and
U −→ S such that the composite morphism S −→ U −→ S is equal to FS and the
morphism U −→ S is solid, i.e., U = S×◦
S
◦
U . (We follow [loc. cit.] for the terminology
“solid”: it is often said to be “strict”.) (This observation is important for the proof
of the log convergence of the weight filtration in (8).). Let F
S/
◦
S
: S −→ S[p] be the
relative Frobenius morphism of S over
◦
S. Let (T,J , δ) −→ (T ′,J ′, δ′) be a mor-
phism of log PD-enlargements over F
S/
◦
S
. Then we have the “base change morphism”
(F
S/
◦
S
)◦
T ′0
◦
T 0
: S◦
T 0
−→ S
[p]
◦
T ′0
of F
S/
◦
S
. The underlying morphism of (F
S/
◦
S
)◦
T ′0
◦
T 0
is equal
to the morphism
◦
T 0 −→
◦
T ′0. Set also X
[p] := X×S S[p] and X{p} := X×S,FS S. Note
that X [p]/S[p] is an SNCL scheme, but X{p}/S is not.
Consider the special case (T ′,J ′, δ′) = (T,J , δ) for the time being for realizing the
benefit of the theory of log geometry in the sense of Fontaine-Illusie-Kato. (We shall
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explain another benefit in the explanation for (11) below.) Then we have natural mor-
phisms X ◦
T 0
−→ X
[p]
◦
T 0
and S(T )♮ −→ S[p](T )♮ fitting into the following commutative
diagram
X ◦
T 0
−−−−→ X
[p]
◦
T 0y y
S◦
T 0
−−−−→ S
[p]
◦
T 0
⋂y y⋂
S(T )♮ −−−−→ S[p](T )♮.
We should note that we can take a p-th root of a “prime” section of MS[p](T )♮ without
changing the structural sheaf of rings of log schemes in the theory of Fontaine-Illusie-
Kato. Here we mean by the prime section a local section of MS[p](T )♮ whose image
in MS[p](T )♮/O
∗
T is a local generator. (More generally, for a “free” hollow log scheme
with a global chart “Nm −→ O”, we can take an n-th root of a “prime” section of
the log structure by considering the global chart
1
n
(Nm) −→ O without changing
the structural sheaf of rings.) This is impossible in the classical definition of the
semistableness over a one parameter family. We should also note that the morphism
X ◦
T 0
−→ X
[p]
◦
T 0
is a mixture of a relative Frobenius morphism and an absolute Frobenius
morphism: it is a relative Frobenius morphism as a morphism of schemes but an
“essentially” absolute Frobenius morphism with respect to the log structure of X ◦
T 0
.
We call the morphism X ◦
T 0
−→ X
[p]
◦
T0
abrelative Frobenius morphism of X ◦
T 0
. (The
adjective “abrelative” is a coined word; it means “absolute and relative” or “far from
being relative”.) This morphism has an important role in this book, especially in the
integral theory of weight filtration on the log crystalline cohomology of proper SNCL
scheme; it is also very useful for the theory of the weight filtration modulo torsion.
Now consider again the case where (T ′,J ′, δ′) is not necessarily equal to (T,J , δ)
for the explanation for the Tate twist (−j − k). Then we have the following natural
commutative diagram
X ◦
T 0
F
−−−−→ X
[p]
◦
T ′0y y
S◦
T 0
−−−−→ S
[p]
◦
T ′0
⋂y y⋂
S(T )♮ −−−−→ S[p](T ′)♮.
Assume that we are given a morphism Φ:
◦
F ∗crys(E′) −→ E of O ◦
XT0/
◦
T
-modules and
that
◦
T is a flat p-adic formal scheme. Then we prove that there exists a morphism
F ∗ : (Azar(X
[p]
◦
T ′0
/S[p](T ′)♮, E′), P ) −→ RF∗((Azar(X ◦
T 0
/S(T )♮, E), P ))(0.0.1.15)
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fitting into the following commutative diagram
(0.0.1.16)
(Azar(X
[p]
◦
T ′0
/S[p](T ′)♮, E′), P ) F
∗
−−−−→ RF∗((Azar(X ◦
T 0
/S(T )♮, E), P ))
≃
x x≃
Ru
X
[p]
◦
T0
/S(T )♮∗(ǫ
∗
X
[p]
◦
T ′0
/S[p](T ′)♮
(E′)) F
∗
−−−−→ RuX◦
T0
/S(T )♮∗(ǫ∗X◦
T0
/S(T )♮(E)).
The morphism F : X −→ X [p] induces a natural morphism
Fj,k :
◦
X
(2j+k)
T0
−→
◦
X
(2j+k)
T0
× ◦
T 0,F◦
T0
◦
T 0 =: (
◦
X
(2j+k)
T0
){p}
and the Tate twist (−j − k) means the following commutative diagram
grPk Azar(X
[p]
◦
T 0
/S[p](T )♮, E′)
F∗
y
F∗(grPk Azar(X ◦T 0
/S(T )♮, E))
(0.0.1.17)⊕
j≥max{−k,0}(a
(2j+k)
∗ Ru
(
◦
X
(2j+k)
T0
){p}/
◦
T∗
(E
(
◦
X
(2j+k)
T0
){p}/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
X
[p]
T0
/
◦
T )){−2j − k}, (−1)j+1d)y⊕j≥max{−k,0} pj+kF∗j,k⊕
j≥max{−k,0}(a
(2j+k)
∗ Ru ◦
X
(2j+k)
T0
/
◦
T∗
(E ◦
X
(2j+k)
T0
/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
XT0/
◦
T )){−2j − k}, (−1)j+1d).
We use the Frobenius endomorphism (0.0.1.15) in order to prove fundamental prop-
erties of (0.0.1.5), e. g., (5), (6), (8), (9), (19), (20) and (21).
Let us go back to the situation before the explanation for the Tate twist (−j− k).
In the case where
◦
T is a p-adic formal scheme, we can prove that the commutative
diagram (0.0.1.13)⊗LZ Q exists, that is, there exists a morphism
(0.0.1.18)
g∗ : (Azar(X ′◦
T ′0
/S′(T ′)♮, E′), P )⊗LZ Q −→ Rg∗((Azar(X ◦
T 0
/S(T )♮, E), P )⊗LZ Q)
of filtered complexes for an unconditional g fitting into the following commutative
diagram
(0.0.1.19)
Azar(X
′
◦
T ′0
/S′(T ′)♮, E′)⊗LZ Q
g∗
−−−−→ Rg∗(Azar(X ◦
T 0
/S(T )♮, E))⊗LZ Q
≃
x x≃
RuX′◦
T ′
0
/S′(T ′)♮∗(ǫ∗X′◦
T ′0
/S′(T ′)♮(E
′))⊗LZ Q
g∗crys
−−−−→ Rg∗RuX◦
T0
/S(T )♮∗(ǫ∗X◦
T0
/S(T )♮(E))⊗
L
Z Q
and satisfying a transitive relation “(h◦g)∗ = Rh∗(g)◦h∗” and id∗X◦
T0
= id(Azar(X◦
T0
/S(T )♮,E),P )⊗L
Z
Q.
We also prove the contravariant functorialty of the weight spectral sequence, which
is useful for the compatibility of local and global Langlands correspondences ([Y]).
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To construct (Azar(X ◦
T 0
/S(T )♮, E), P ) and to prove the contravariant fuctoriality
of it, we need to construct a nice embedding system of X ◦
T 0
/S(T )♮, where the log
scheme S(T )♮ is explained in the next paraghraph. For the construction, we can use
two methods for the construction of a morphism of embedding systems. We explain
this roughly as follows.
Let ⋆ be nothing or ′. Let S⋆(T ⋆)♮ be a fine log scheme defined in §1.1; if S⋆(T ⋆)♮ =
(
◦
T ⋆,N⊕O∗T⋆ ∋ (1, u) 7−→ 0 ∈ OT⋆) (u ∈ O
∗
T⋆), then S
⋆(T ⋆)♮ = (Spec◦
S⋆
(OS⋆ [t]),N⊕
OS⋆ [t]∗ ∋ (n, u) 7−→ utn ∈ OS⋆ [t])) (u ∈ OS⋆ [t]∗). For simplicity of the explanation,
assume that there exists an immersion X⋆◦
T⋆0
⊂
−→ P⋆ over S⋆(T ⋆)♮ into a log smooth
scheme over S⋆(T ⋆)♮ and that E⋆ is the trivial coefficient. Because the immersion
S′(T ′)♮ ⊂−→ S′(T ′)♮ is not (topologically) nil, we do not necessarily have a morphism
P −→ P ′ extending a morphism X ◦
T 0
−→ X ′◦
T ′0
even locally on X ◦
T0
.
The first method is a more or less standard method in the quite nonstandard situ-
ation above. First we consider the log PD-envelope D⋆ of the immersion X⋆◦
T⋆0
⊂
−→ P⋆
over (
◦
T ⋆,J ⋆, δ⋆) (⋆ = nothing or ′). Let D(S⋆(T ⋆)♮) be the log PD-envelope of the
immersion S⋆(T ⋆)♮
⊂
−→ S⋆(T ⋆)♮ over (
◦
T ⋆,J ⋆, δ⋆). Set P⋆ := P⋆ ×
S⋆(T⋆)♮
S⋆(T ⋆)♮
and D⋆ := D⋆ ×
D(S⋆(T⋆)♮)
S⋆(T ⋆)♮. Let P⋆ex be the exactification of the immer-
sion X⋆◦
T⋆0
⊂
−→ P⋆. (In [Sh3] Shiho has defined the exactificaion of the immer-
sion of fine log p-adic formal schemes; we recall this in §1.2 in the text.) Though
we do not give the precise definition of (Azar(X
⋆
◦
T⋆0
/S⋆(T ⋆)), P ) here, we only note
here that (Azar(X
⋆
◦
T⋆0
/S⋆(T ⋆)), P ) is constructed by the use of the de Rham complex
O⋆D⋆ ⊗OP⋆ex Ω
•
P⋆ex/
◦
T⋆
with a preweight filtration P on O⋆D⋆ ⊗OP⋆ex Ω
•
P⋆ex/
◦
T⋆
. Be-
cause the immersion X ◦
T 0
⊂
−→ D is (topologically) nil and because P ′ex is formally log
smooth over S(T )♮, we can show that there exists a morphism D −→ P ′ex extending
the composite morphism X −→ X ′ ⊂−→ P ′ex. With the comparison of a quotient
of Ω•
D⋆/
◦
T⋆
with OD⋆ ⊗OP⋆ex Ω
•
P⋆ex/
◦
T⋆
, we can prove that the morphism D −→ P ′ex
induces the following filtered morphism
g∗ : (OD′ ⊗OP′ex Ω
•
P′ex/
◦
T ′
, P ) −→ g∗((OD ⊗OPex Ω
•
Pex/
◦
T
, P ))(0.0.1.20)
and this filtered morphism induces the g∗ in (0.0.1.12) for the case of the trivial
coefficients.
The second method is extremely simple and necessary in the Chapter III but very
useful applications even for already known facts; it simplifies the proofs of known
facts. (I wonder why one has not noticed this simple argument except an argument
in [Be5].) Set X ′◦
T 0
:= X ′ × ◦
T ′0
◦
T 0 and P ′
S(T )♮
:= P ′ ×
S′(T ′)♮
S(T )♮ and consider the
fiber product
P ′′ := P ×
S(T )♮
P ′
S(T )♮
.
Then, by using a natural immersion
X ◦
T 0
= X ◦
T 0
×X′◦
T0
X ′◦
T 0
⊂
−→ P ×
S(T )♮
P ′
S(T )♮
= P ′′,
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we have the following commutative diagram
X ◦
T 0
⊂
−−−−→ P ′′
g
y y
X ′◦
T ′0
⊂
−−−−→ P ′.
Hence we directly have the the following filtered morphism
g∗ : (Ω•
P′′ex/
◦
T ′
, P ) −→ g∗((Ω•Pex/
◦
T
, P ))(0.0.1.21)
and this filtered morphism induces the g∗ in (0.0.1.12) for the case of the trivial
coefficients.
This method also enable us to prove the contravariant functorialty of Bloch-
Illusie’s comparison isomorphism between de Rham-Witt complexes and crystalline
complexes in [I2] very simply because we have the following commutative diagram
Wn(X ◦
T 0
)
⊂
−−−−→ P ′′y y
Wn(X ′◦
T ′0
)
⊂
−−−−→ P ′
locally on Wn(X ◦
T 0
); we can dispense with the lemma of Dwork-Dieudnonne´-Cartier
in [I2]. We can also prove the contravariant functoriality of Hyodo-Kato’s comparison
isomorphism between log de Rham-Witt complexes and log crystalline complexes in
[HK] very simply, which has not been even proved in literatures (except the Frobenius
endomorphism in [Nakk2]) as far as I know. Using the technique above and the exact-
ification of an embedding system of an SNCL scheme (cf. [CT2]) and a local structure
theorem of an exact immersion proved in [NS1], we can give a much simpler proof of
the existence of a nice embedding system than the proofs in [GK] and [CT2]. Fur-
thermore, using Tsuzuki’s simplicial object in [CT1], we can construct the existence
of a nice embedding system for a naive N -truncated simplicial SNCL scheme (cf. the
explanation before the explanation of (18)∼(23)); it seems hopeless to construct this
nice embedding system in the N -truncated simplicial case by using the method in
[GK] and [CT2].
Though (Azar(X ◦
T 0
/S(T )♮, E), P ) has the contravariant functoriality as explained,
it seems to me that (Azar(X ◦
T 0
/S(T )♮, E), P ) has a nondesirable property: the filtered
complex seems to have no contravariant functorialty for a morphismXT0 −→ X
′
T ′0
over
T −→ T ′. This is the reason why we do not use the notation (Azar(XT0/T,E), P ) for
(Azar(X ◦
T 0
/S(T )♮, E), P ) in spite of the isomorphism (0.0.1.8). Indeed, let us consider
the following example. Let
S1 −−−−→ S
′
1y y
S −−−−→ S′
be a commutative diagram of families of log points. Let (T,J , δ) −→ (T ′,J ′, δ′) be a
morphism of log PD-enlargements over the morphism S1 −→ S′1. Let T
′
0 be the exact
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closed subscheme of T ′ defined by J ′. Set S⋆
1,
◦
T⋆0
:= (S⋆1 )◦
T ⋆0
andX⋆S⋆
1,
◦
T⋆0
:= X⋆×S⋆S⋆
1,
◦
T⋆0
(XS⋆
1,
◦
T⋆0
/S⋆
1,
◦
T⋆0
is a log smooth log scheme but not an SNCL scheme if S⋆1 6= S
⋆×◦
S⋆
◦
S⋆1).
Consider the case T ⋆0 = S
⋆
1 . Then it seems to me that (Azar(X
⋆
◦
T⋆0
/S⋆(T ⋆)♮, E⋆), P ) is
not contravariantly functorial for a morphism g : XS
1,
◦
T0
−→ X ′S′
1,
◦
T ′0
over a morphism
(S1(T )
♮,J , δ) −→ (S′1(T
′)♮,J ′, δ′). To overcome this difficulty, we assume that
◦
T
is a p-adic formal scheme (we consider the case where
◦
T is flat over Spf(Zp) in our
mind) and we ignore torsions of (Azar(X
⋆
◦
T ⋆
/S⋆(T ⋆)♮, E⋆), P ) and we define another
new filtered complex
(Azar,Q(X
⋆
S⋆
1,
◦
T⋆0
/S⋆1 (T
⋆)♮, E⋆), P ) ∈ D+F(f−1T (OT ⊗Z Q)),(0.0.1.21)
(see §3.3 for the precise definition of this filtered complex) and in particular, we obtain
a filtered complex
(Azar,Q(X
⋆
◦
T⋆0
/S⋆(T ⋆)♮, E⋆), P ) := (Azar,Q(X
⋆
S⋆◦
T⋆
0
/S⋆(T ⋆)♮, E⋆), P ) ∈ D+F(f−1T (OT ⊗Z Q)).
As far as I know, an explicit filtered complex such as (0.0.1.21) has not been con-
structed for a non SNCL scheme. (Strictly speaking, the construction of (0.0.1.21)
depends on the mapping degree function obtained by the morphism S⋆1 −→ S
⋆; how-
ever the isomorphism class of (0.0.1.21) does not depend on it.) We have the following
“tautological” isomorphim
(Azar(X
⋆
◦
T ⋆0
/S⋆(T ⋆)♮, E⋆), P )⊗LZ Q
∼
−→ (Azar,Q(X
⋆
◦
T⋆0
/S⋆(T ⋆)♮, E⋆), P ).(0.0.1.22)
We prove that
(Azar,Q(X
⋆
S⋆
1,
◦
T⋆
0
/S⋆1(T
⋆)♮, E⋆), P )
is contravarintly functorial for morphisms g : XS
1,
◦
T0
−→ X ′S′
1,
◦
T ′
0
and (S1(T )
♮,J , δ) −→
(S′1(T
′)♮,J ′, δ′). That is, there exists a morphism
(0.0.1.23)
g∗ : (Azar,Q(X ′S′
1,
◦
T ′
0
/S′1(T
′)♮, E′), P ) −→ Rg∗((Azar,Q(XS
1,
◦
T0
/S1(T )
♮, E), P ))
of filtered complexes for an unconditional g fitting into the following commutative
diagram
(0.0.1.24)
Azar,Q(X
′
S′
1,
◦
T ′
0
/S′1(T ′)♮, E′)
g∗
−−−−→ Rg∗((Azar,Q(XS
1,
◦
T0
/S1(T )
♮, E))
≃
x x≃
RuX′◦
T ′
0
/S′(T ′)♮∗(ǫ∗X′◦
T ′
0
/S′(T ′)♮(E
′))⊗LZ Q
g∗crys
−−−−→ Rg∗RuX◦
T0
/S(T )♮∗(ǫ∗X◦
T0
/S(T )♮(E))⊗
L
Z Q
and satisfying a natural transitive relation “(h ◦ g)∗ = Rh∗(g) ◦ h∗” and id∗XS
1,
◦
T0
=
0.1. INTRODUCTION 23
id(Azar,Q(X◦
T0
/S1(T )♮,E),P ). We also prove that there exists a comparison isomorphism
(Azar,Q(X
⋆
◦
T⋆0
/S⋆(T ⋆)♮, E⋆), P )
∼
−→ (Azar,Q(X
⋆
S⋆
1,
◦
T⋆
0
/S⋆1 (T
⋆)♮, E⋆), P ).(0.0.1.25)
Using the isomorphisms (0.0.1.22) and (0.0.1.25), we see that (Azar(X
⋆
S⋆◦
T⋆
0
/S⋆(T ⋆)♮, E⋆), P )⊗LZ
Q is contravariantly functorial for morphismsXS
1,
◦
T0
−→ X ′S′
1,
◦
T ′
0
and (S1(T )
♮,J , δ) −→
(S′1(T ′)♮,J ′, δ′). We also see that the filtered complex (Azar,Q(XS
1,
◦
T0
/S1(T )
♮, E⋆), P )
depends only on X/S and (S(T )♮,J , δ) and the morphism
◦
T 0 −→
◦
S.
Using the filtered complex (0.0.1.21), we can define a more standard Frobenius
action on (Azar(X
⋆
S◦
T0
/S(T )♮, E), P ) ⊗LZ Q than the induced action by (0.0.1.15) as
follows.
Let n be a positive integer. Assume that S is of characteristic p > 0 until the
explanation for (4). Set S[p
n] := (S[p
n−1])[p] = (S ×◦
S,
◦
FnS
◦
S). Let (T,J , δ) be a log
PD-enlargements of S. Consider the following composite morphism: T0 −→ S◦
T 0
−→
S
[pn]
◦
T 0
−→ S◦
T 0
. Set X
{pn}
◦
T 0
:= (X ×S,FnS S)×◦S
◦
T 0. Then we have the iteration of two
relative Frobenius morphisms Fn : X ◦
T 0
−→ X
{pn}
◦
T 0
over S◦
T 0
and Fn : X ◦
T 0
−→ X
[pn]
◦
T 0
over S◦
T 0
−→ S
[pn]
◦
T 0
. We denote the first Fn by F {n} to distinguish the first Fn from
the second Fn. Let Em be a flat coherent O
(X
[pm]
◦
T0
)◦/
◦
T
-module (0 ≤ m ≤ n). Assume
that we are given a morphism
F ∗(Em) −→ Em−1 (1 ≤ m ≤ n)
of O
(X
[pm−1]
◦
T0
)◦/
◦
T
-modules. Then we have a composite morphism
Fn∗(En) −→ E0.
Since we can consider the morphism F {n} : X ◦
T 0
−→ X
{pn}
◦
T 0
as a morphism over S(T )♮,
we obtain the following pull-back morphism
F {n}∗ : (Azar(X
[pn]
◦
T 0
/S[p
n](T )♮, En), P )⊗
L
Z Q = (Azar,Q(X
[pn]
◦
T 0
/S[p
n](T )♮, En), P )
(0.0.1.26)
= (Azar,Q(X
{pn}
◦
T 0
/S(T )♮, En), P ) −→ RF
{n}
∗ ((Azar,Q(X ◦
T 0
/S(T )♮, E0), P ))
= RF
{n}
∗ ((Azar(X ◦
T 0
/S(T )♮, E0), P ))⊗
L
Z Q
by the explanation in the previous paragraph. We also have the following Frobenius
morphism
Fn∗ : (Azar(X
[pn]
◦
T 0
/S[p
n](T )♮, En), P )⊗
L
Z Q −→ RF
n
∗ ((Azar(X ◦
T 0
/S(T )♮, E0), P ))⊗
L
Z Q
(0.0.1.27)
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induced by the iteration of the relative Frobenius morphism
Fn∗ : (Azar(X
[pn]
◦
T 0
/S[p](T )♮, En), P ) −→ RF
n
∗ ((Azar(X ◦
T 0
/S(T )♮, E0), P )).(0.0.1.28)
We prove that the iterations of the two Frobenius morphisms (0.0.1.26) and (0.0.1.27)
are equal.
(4) is an SNCL version of the filtered base change theorem in the open log case in
[NS1].
Assume that
◦
T is quasi-compact and that
◦
fT0 :
◦
XT0 −→
◦
T 0 is quasi-compact
and quasi-separated. Let u : (T ′,J ′, δ′) −→ (T,J , δ) be a morphism of fine log PD-
schemes. Assume that J ′ is quasi-coherent. Let T ′0 be the exact closed log subscheme
of T ′ defined by J ′. Let f ′ : X ◦
T ′0
:= X ◦
T 0
× ◦
T0
◦
T ′0 −→ S(T
′)♮ be the base change
morphism of f : X ◦
T 0
−→ S(T )♮. Let p : X ◦
T ′0
−→ X ◦
T 0
be the natural morphism and
let
◦
pcrys : ((
◦
XT ′0/
◦
T ′)crys,O ◦
XT ′0
/
◦
T ′
) −→ ((
◦
XT0/
◦
T )crys,O ◦
XT0/
◦
T
)
be the induced morphism by
◦
p. Then we prove the filtered base change theorem of
(Azar(X ◦
T 0
/S(T )♮, E), P ) as in the open log case in [NS1], that is, we prove that there
exists the following canonical filtered isomorphism
(0.0.1.29)
Lu∗Rf∗((Azar(X ◦
T 0
/S(T )♮, E), P ))
∼
−→ Rf ′∗((Azar(X ◦
T ′0
/S(T ′),
◦
p∗crys(E)), P ))
in DF(f ′−1(OT ′)) ((4)). The existence of the morphism (0.0.1.29) follows from the
contravariant functoriality in (3). The fact that the morphism (0.0.1.29) is a filtered
isomorphism follows from the classical base change formula in [Be2] and [BO1].
(5) is a log filtered version of the infinitesimal deformation invariance of isocrys-
talline cohomologies in [BO2] and an SNCL version of the log infinitesimal deformation
invariance of log crystalline cohomologies of open log schemes in [NS1]. The proof of
the invariance in this book is much more involved than that of the invariance in [NS1].
To prove the invariance in this book, it is indispensable to consider the framework
of a log PD-enlargement (T,J , δ) of S of fine log PD (formal) schemes. (Even if S
is an exact closed subscheme of a scheme defined by a PD-ideal sheaf, S[p] is not
necessarily so. However we can consider S[p](T ) by using the composite morphism
T0 −→ S −→ S[p].) We explain (5) as follows.
Assume that S is of characteristic p > 0. Let ⋆ be ′ or nothing. Let S −→ S′ be
a morphism of family of log points. Assume that S′ is of characteristic p > 0. Let
(T,J , δ) −→ (T ′,J ′, δ′) be a morphism of log PD-enlargements over S −→ S′. Let
T ⋆0 be as in the explanation for (3). Assume that (
◦
T ⋆,J ⋆, δ⋆) are p-adic formal PD-
schemes in the sense of [BO1]. Let X ′ be another SNCL scheme over S′. Assume that
◦
X⋆,
◦
S⋆ and
◦
T ⋆ are quasi-compact. Let ι : T ⋆0 (0)
⊂
−→ T ⋆0 be an exact closed nilpotent
immersion. Set X⋆◦
T⋆0
(0) := X⋆ ×S⋆ S⋆◦
T ⋆0(0)
. Let
g0 : X ◦
T 0
(0) −→ X ′◦
T ′0
(0)
be a morphism of log schemes over S◦
T 0
(0) −→ S′◦
T ′0
(0). Then we prove that there
exists a canonical filtered morphism
g∗0 : (Azar,Q(X
′
◦
T ′0
/S′(T ′)♮, P ) −→ Rg0∗((Azar,Q(X ◦
T ′0
/S′(T ′)♮), P )).(0.0.1.30)
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The g∗0 ’s are compatible with compositions of g0’s and id
∗
X◦
T0
(0) = id(Azar,Q(X◦
T0
/S(T )♮),P ).
If g0 has a lift g : X ◦
T 0
−→ X ′◦
T ′0
over S◦
T
−→ S′◦
T ′
, then g∗0 = g
∗ in (0.0.1.18) via the
comparison isomorphism (0.0.1.22). As a corollary of the existence of the morphism
(0.0.1.30), if S(T )♮ = S′(T ′)♮ and if X ◦
T 0
(0) = X ′◦
T ′0
(0), then we obtain the following
equality:
(Azar(X ◦
T 0
/S(T )♮), P )⊗LZ Q = (Azar(X
′
◦
T 0
/S(T )♮), P )⊗LZ Q.(0.0.1.31)
This is an SNCL version of the log deformation invariance for open log schemes
in [NS1]. To prove the existence of the morphism (0.0.1.30), we use the filtered
complex (Azar,Q(X
⋆[p
n]
◦
T⋆0
/S⋆[p
n](T ⋆)), P ) (n ∈ Z≥1), the contravariant functoriality of
(Azar,Q(X
⋆[p
n]
◦
T ⋆0
/S⋆[p
n](T ⋆)), P ) for the morphism X
[pn]
◦
T 0
−→ X ′[p
n]
◦
T ′0
and a fact that the
iterated Frobenius morphism X⋆ −→ X⋆[p
n] (⋆ = nothing or ′) over S⋆ −→ S⋆[p
n]
induces an isomorphism
Rf
[pn]
T⋆∗(PkAzar,Q(X
⋆[p
n]
◦
T 0
/S⋆[p
n](T ⋆)))
∼
−→ RfT⋆∗(PkAzar,Q(X⋆◦
T⋆0
/S⋆(T ⋆))) (k ∈ Z),
which is a log filtered version of an isomorphism in [BO2]. Here f
[pn]
T⋆ : X
⋆[p
n]
◦
T 0
−→
S⋆(T ⋆) is the structural morphism and S⋆[p
n](T ⋆) is obtained by the composite mor-
phism T0 −→ S⋆ −→ S⋆[p
n]. To use the (ab)relative Frobnenius morphism in order
to prove (0.0.1.31) as above is Dwork’s idea (see the introduction of [BO2]).
We explain (6).
Let S (resp. T ) be a formal family of log points over V whose underlying formal
scheme
◦
T is a p-adic formal V-scheme in the sense of [Og1], that is, a noetherian p-adic
formal scheme which is topologically of finite type over Spf(V). Let T1 (resp. T0) be
the exact closed subscheme of T defined by pOT (resp. the ideal sheaf of local sections
t of OT such that te ∈ pOT for some e ≥ 1. Let T1 −→ S be a morphism of fine log
formal schemes over V . Using the log infinitesimal deformation invarainace in (5), the
specialization argument of Deligne-Illusie ([I1]) and the purity of the weight in the
case where κ is a finite field ([D6], [KM], [CLe], [Nakk2]), we prove that the spectral
sequence (0.0.1.9) in the case E = O ◦
XT1/
◦
T
degenerates at E2 modulo V-torsion when
◦
X is proper over
◦
S. This is an SNCL version of the E2-degeneration of the weight
spectral sequence of an open log scheme in characteristic p > 0 modulo V-torsion.
We would like to explain (8). To explain (8), we need to explain (7).
In [Og4] Ogus has defined the category of p-adic log enlargements of S/V and that
of log enlargements of S/V . He has assumed the solidness for the definitions of p-adic
log enlargements of S/V and log enlargements of S/V . A p-adic log enlargement of
S/V (resp. log enlargement of S/V) is a pair (T/V , z), where T/V is a fine log p-adic
formal scheme over V and z is a solid morphism T1 −→ S (resp. T0 −→ S) of log
schemes fitting into the following commutative diagram
Ti
⊂
−−−−→ T
z
y y
S −−−−→ Spf(V)
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(i = 0, 1). A morphism of p-adic log enlargements of S/V (resp. log enlargements
of S/V) is defined in an obvious way. We denote these categories by Enlsldp (S/V)
and Enlsld(S/V), respectively. We also define the category Enlp(S/V) of p-adic log
enlargements of S/V (resp. the category Enl(S/V) of log enlargements of S/V) with-
out assuming the solidness. Let ⋆ be p or nothing and let  be “solid” or nothing.
As an obvious generalization of the work in [Og1], we define a filtered (solid) log
p-adically convergent isocrystal on Enlp (S/V) and a filtered (solid) log convergent
isocrystal on Enl(S/V). Let IsocFp (S/V) (resp. IsocF
(S/V)) denote the category
of filtered (solid) log p-adically convergent isocrystals on Enl⋆ (S/V) (resp. the cate-
gory of filtered (solid) log convergent isocrystals on Enl(S/V)). Let F -IsocFp (S/V)
(resp. F -IsocF(S/V)) denote the category of filtered (solid) log p-adically conver-
gent F -isocrystals on Enl⋆ (S/V) (resp. the category of filtered (solid) log convergent
isocrystals on Enl(S/V)). Moreover we can define the category F∞-IsosF⋆ (S/V)
of filtered F∞-isospans on Enl⋆ (S/V) (F
∞-IsocF⋆ (S/V) is a full subcategory of
F∞-IsosF⋆ (S/V).) This is a generalized filtered F∞-isospan version of an F∞-span
of crystals in [Og4]. We prove the following equivalences of categories:
(0.0.1.32)
F∞-IsosF(S/V) ∼−−−−→ F∞-IsosFp(S/V)
≃
y y≃
F∞-IsosFsld(S/V) ∼−−−−→ F∞-IsosFsldp (S/V).
Here all the arrows in this commutative diagrams are restriction functors. (In fact,
we obtain the commutative diagram (0.0.1.32) with four equivalences for a more
general fine log p-formal scheme over V .) We also prove the following equivalences of
categories:
(0.0.1.33)
F -IsocF(S/V)
∼
−−−−→ F -IsocFp(S/V)
≃
y y≃
F -IsocFsld(S/V)
∼
−−−−→ F -IsocFsldp (S/V).
Assume that
◦
S is of characteristic p > 0. Let F ∗ : IsocFsld⋆ (S/V) −→ IsocF
sld
⋆ (S/V)
be the pull-back morphism. Then we can prove that
F ∗((E,P ))T = (E,P )S[p](T ).(0.0.1.34)
This formula (0.0.1.34) is very useful for the explicit calculation of the pull-back of a
filtered isocrystal by F in which we are interested below. (See the explanation for (8)
below.)
Now we can explain (8).
(8) is an SNCL version of the log convergence of the weight filtration on the
log isocrystalline cohomology sheaf of an open log scheme in characteristic p > 0
in [NS1]. However the formulation and the proof for (8) are different from those in
[loc. cit.] because the base change of X{p} = X×S,FS S is not an SNCL scheme when
S is of characteristic p > 0. To overcome this difficulty, we consider the category
F∞-IsosFsld⋆ (S/V) in the explanation of (7). (8) is one of the most important result
in this book. To prove the log convergence of the weight filtration, we proceed as
follows as in [Og1].
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First we prove the p-adic convergence of the weight filtration. That is, we prove
that there exists a unique object
(Rqf∗(PkAzar,Q(X/K)), P )(0.0.1.35)
of IsocFp (S/V) for integers k and q such that
(Rqf∗(PkAzar,Q(X/K)), P )T = (Rqf ◦
T∗
(PkAzar,Q(X ◦
T 1
/S(T )♮)), P )(0.0.1.36)
for any object T of Enlp (S/V), where f ◦
T
: X ◦
T
−→ S(T )♮ is the structural morphism.
In particular, there exists a unique object
(Rqf∗(OX/K)♮,, P )(0.0.1.37)
of IsocFp (S/V) such that
(Rqf∗(OX/K)♮,, P )T = (RqfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q, P )(0.0.1.38)
for any object T of Enlp (S/V).
Next we prove that there exists an object
((Rqf∗(PkAzar,Q(X/K)sld, P ),Φ)(0.0.1.39)
of F -IsocFsld(S/V) which is an extension of (0.0.1.35) in the case  = sld. In partic-
ular, there exists an object
((Rqf∗(OX/K)♮,sld, P ),Φ)(0.0.1.40)
of F -IsocFsld(S/V) which is an extension of (0.0.1.38) in the case  = sld. By using
the equivalence F -IsocF(S/V) ≃ F -IsocFsld(S/V) in (0.0.1.33), we obtain a corre-
sponding object ((Rqf∗(OX/K), P ),Φ) to ((Rqf∗(OX/K)♮,sld, P ),Φ) in F -IsocF(S/V).
Moreover, locally on S, PkR
qf∗(OX/K) (k ∈ Z) also defines a convergent isocrystal
on Enl(
◦
S/V). This convergence and Ogus’ result on convergent isocyrstals ([Og1]) en-
able us to reduce to showing properties of P on log isocrystalline cohomology sheaves
to showing those in the case where
◦
T is the formal spectrum of a complete discrete
valuaiton ring of mixed characteristics with perfect residue field. We hope that our
relative theory of weight filtrations has applications for the study of the universal
familes of various modular schemes along boundaries.
By using the (log) convergence of the weight filtration on log isocrystalline coho-
mology sheaves and by the argument in the previous paragraph, we also prove the
strict compatibility of the weight filtration on log isocrystalline cohomology sheaves
with respect to the pull-back of a morphism of proper SNCL schemes ((9)). More gen-
erally, we prove the strict compatibility of the weight filtration on log isocrystalline
cohomology sheaves of proper truncated simplicial base changes of SNCL schemes
with respect to the pull-back of the morphisms of them. This strict compatibility
has an application for the well-definedness of the limit of the weight filtration on the
infinitesimal cohomology in this book.
Next we explain (10).
Let the notations be as in the explanation for (1).
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Let Y be a log smooth scheme over T0. Let
ǫ
Y/
◦
T
: ((Y/
◦
T )crys,O
Y/
◦
T
) −→ ((
◦
Y /
◦
T )crys,O ◦
Y /
◦
T
)
and
ǫ
Y/S(T )♮/
◦
T
: ((Y/S(T )♮)crys,OY/S(T )♮) −→ ((Y/
◦
T )crys,O
Y/
◦
T
)
be the morphisms of ringed topoi forgetting only the log structure of Y and also that
of S(T )♮, respectively. Let F be a flat quasi-coherent crystal of O
Y/
◦
T
-modules. Then
we can define a monodromy operator
(0.0.1.41) Nzar : RuY/S(T )♮∗(ǫ
∗
Y/S(T )♮/
◦
T
(F )) −→ RuY/S(T )♮∗(ǫ
∗
Y/S(T )♮/
◦
T
(F ))(−1)
as in [HK] (see §1.7 below). We can also define a morphism
(0.0.1.42) νzar : (Azar(X ◦
T 0
/S(T )♮, E), P ) −→ (Azar(X ◦
T 0
/S(T )♮, E), P 〈−2〉)(−1)
as in [St1] and [Mo]. Here 〈 〉 means the shift of the filtration: P 〈l〉k := Pk+l
(k, l ∈ Z). We call νzar the quasi-monodromy opreator of E. When Y = X ◦
T 0
and
F = ǫ∗
Y/
◦
T
(E), then we prove that Nzar = νzar via the canonical isomorphism (0.0.1.6)
as in [Mo] and [Nakk2]. If X is quasi-compact, then the morphism
(0.0.1.43) νzar : Azar(X ◦
T 0
/S(T )♮, E) −→ Azar(X ◦
T 0
/S(T )♮, E)(−1)
is nilpotent. Consequently the morphism (0.0.1.41) is nilpotent when Y = XT0
and F = ǫ∗
Y/
◦
T
(E). This argument is due to Illusie as mentioned in the introduc-
tion of [HK], which has been carried out in [Mo] in the framework of the theory
of log de Rham-Witt complexes for the trivial coefficient. Once one constructs
(Azar(X ◦
T 0
/S(T )♮, E), P ) and obtains an equality Nzar = νzar, one is naturally led
to giving the following conjecture as in [D1], [St1], [RZ], [Mo] and [Nakk3] for the
case E = O ◦
XT0/
◦
T
:
Conjecture 0.1.1 (Variational p-adic monodromy-weight conjecture). Let
the notations be as in the explanation for (6) ∼ (9). Assume that
◦
X ◦
T 1
−→
◦
T 1 is
projective. Let k and q be nonnegative integers. Then the induced morphism
(0.1.1.1)
(Nzar)
k : grPq+kR
qfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮) −→ gr
P
q−kR
qfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)(−k)
by the monodromy operator is an isomorphism modulo torsion.
Mokrane is the first who has given the p-adic monodromy-weight conjecture for the
log special fiber of a projective semistable family over V by using log de Rham-
Witt complexes in the case where
◦
T = Spf(W(κ)) ([Mo]). The conjecture (0.1.1) is
equivalent to the coincidence of the monodromy filtration and the weight filtration
on RqfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮) ⊗Z Q. The conjecture (0.1.1) is a p-adic generalized
version of Kato’s conjecture in the l-adic case ([Kk3], [Nakk3]) (Kato’s conjecture
does not assume that the projective SNCL scheme is the special fiber of a strict
semistable family over V .) To prove (0.1.1), we show that it suffices to prove (0.1.1)
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in the case where
◦
T is the formal spectrum of the Witt ring of a finite field. This is a
variational p-adic version of Nakayama’s result ([Nak]) which says that the coincidence
of the l-adic monodromy filtration and the l-adic weight filtration on the l-adic log
e´tale cohomology of a projective SNCL variety over a general field is reduced to the
coincidence in the case over a finite field ([Nak]). The result (8), Ogus’ theory of
convergent F -isocrystals in [Og1] and the specialization argument of Deligne and
Illusie ([I1]) play key roles in our reduction. In [Kaj] Kajiwara has proved the l-adic
analogue of (0.1.1) for q = 1 and q = 2d−1 for the case of the log point. In this paper
we prove (0.1.1) for q = 1 and q = 2d− 1 by using his result; we also prove (0.1.1) for
the case d = 2 by using an argument in [RZ] and [Mo].
Let the assumption be as in (0.1.1). Assume that the relative dimension of
◦
X ◦
T 1
−→
◦
T 1 is of pure dimension d. Let L be a relatively ample line bundle on
◦
XT1/
◦
T 1. As in [BO2, §3], we obtain the log cohomology class η = c1,crys,T (L) of L
in R2fX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)(1). The variational filtered p-adic log hard Lefschetz
conjecture is the following:
Conjecture 0.1.2 (Variational filtered p-adic log hard Lefschetz conjecture).
(1) The following cup product
(0.1.2.1)
ηi : Rd−ifX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)⊗Z Q −→ R
d+ifX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)(i)⊗Z Q
is an isomorphism.
(2) In fact, ηiT is the following isomorphism of filtered sheaves:
(0.1.2.2)
ηiT : (R
d−ifX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)⊗ZQ, P )
∼
−→ (Rd+ifX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)(i)⊗ZQ, P ).
The conjecture (0.1.2) (1) is a variational version of the p-adic log hard Lefschetz
conjecture (=the p-adic version of the l-adic log hard Lefschetz conjecture due to
K. Kato) (cf. [Nakk3]). We add the conjecture (0.1.2) (2) to this conjecture. To prove
(0.1.2) (1), we show that it suffices to prove (0.1.2) (1) in the case where
◦
S is the
formal spectrum of the Witt ring of a finite field as in the case of (0.1.1). In the near
future we would like to discuss (0.1.2) (2) in another paper.
We can also give a formulation of the variational filtered p-adic log weak Lefschetz
conjecture as in the trivial log case (cf. [NY]). In the near future we would also like
to prove this conjecture in another paper.
We explain (11).
Let D be the spectrum of a complete discrete valuation ring of equal characteristic
p > 0 with canonical log structure. Let s be the log point of the residue field of the
closed point of D. Assume that Γ(s,Os) is perfect and let W be the Witt ring of
Γ(s,Os). Let l 6= p be a prime number. Let X be a proper strict semistable family
over D. Let Xη be the geometric generic fiber of X/D. Let Xs be the log special fiber
of X/D. In [Te] and [It1] Terasoma and Ito have proved that the monodromy filtration
and the weight filtration on the e´tale cohomology Hqe´t(Xη,Ql) (q ∈ N) coincide by
using Deligne’s fundamental result in [D6].
On the other hand, in [Fa] Faltings has proved that the monodromy filtration and
the weight filtration on the log crystalline cohomology Hqcrys(Xs/W(s))⊗ZQ coincide
in the case where Spec(D) is the localization at a rational point of a smooth curve
over
◦
s when
◦
s is the spectrum of a finite field. In [CT2] Chiarellotto and Tsuzuki
have also proved this. They have used Crew’s fundamental result ([Cr]) which is a
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p-adic analogue of Deligne’s fundamental result in the previous paragraph. Recently
C. Lazda and A. Pa´l have proved the coincidence of the monodromy filtration and
the weight filtration on the log crystalline cohomology Hqcrys(Xs/W(s))⊗Z Q in [LP]
by using their theory of rigid cohomologies over fields of Laurent series, their result:
Hyodo-Kato isomorphism in equi-characteristic p > 0, the p-adic local monodromy
theorem, Marmora’s functor ([Mar]) and Crew’s result above (and more) when
◦
s is
the spectrum of a finite field.
Let S be as in the explanation for (7) ∼ (11). Assume that
◦
S is connected. For a
closed point
◦
s of
◦
S1, let s be the exact closed log subscheme of S1 whose underlying
scheme is
◦
s. We call s an exact closed point of S1. Set Xs := X ×S1 s. Assume
that there exists an exact closed point s of S1 such that the fiber Xs is the log
special fiber of a proper strict semistable family X over D. Then we prove that the
morphism (0.1.1.1) is an isomorphism modulo torsion for X/S1/S and for Xs/s/W(s)
for any exact closed point s of S. In particular, the monodromy filtration and the
weight filtration on the log crystalline cohomology Hqcrys(Xs/W(s)) coincide in the
case S = D. This is a p-adic version of Terasoma-Ito’s result. Thus our general result
is a generalization of Lazda and Pa´l’s result.
Using our result above, we know the following. If one wants to prove that the
morphism (0.1.1.1) is an isomorphism modulo torsion for the log special fiber of a
proper (not necessarily projective) strict semistable family over V , one has only to
deform this log special fiber along S and to find a fiber of an exact closed point of
S which lifts to a proper strict semistable family over a complete discrete valuation
ring of equal characteristic p > 0 with perfect residue field. (However I do not know
whether this deformation is always possible.) In particular, we can reduce the problem
that the morphism (0.1.1.1) is an isomorphism modulo torsion for a projective strict
semistalbe family V to the problem for a projective strict semistalbe family over D
when these two families exist at the same time. This is a p-adic version of Fujiwara’s
try to reduce the l-adic monodromoy-weight conjecture in mixed characteristics to
the l-adic monodromoy-weight conjecture in equal characteristic ([Fu]). As pointed
out in the l-adic case in [loc. cit.], this is a benefit of log geometry in the sense of
Fontaine-Illusie-Kato.
We explain (12).
In [Nakk3] we have proved that (0.1.2) (1) holds in the case where X is the log
special fiber of a projective semistable family over a complete discrete valuation ring V
of mixed characteristics with residue field κ by using Hyodo-Kato’s isomorphism and
the hard Lefschetz theorem in characteristic 0. In this book we prove that (0.1.2) (1)
holds in the case where X is the log special fiber of a projective semistable family over
a complete discrete valuation ring of equal characteristic with residue field κ by using
Faltings’ result for the flatness of the log crystalline cohomology sheaf of a proper
semistable family over a smooth curve over κ in [Fa]. (Chiarellotto and Tsuzuki have
also proved this flatness in [CT2].)
Let S be as in the explanation for (11). Assume that there exists an exact closed
point s of S1 such that the fiber Xs is the log special fiber of a proper strict semistable
family over a complete discrete valuation ring of mixed characteristics or equal char-
acteristic with perfect residue field. Then we prove that (0.1.2) (1) holds by using our
result in the previous paragraph.
Though we prove nothing about (0.1.2) (2) in this book, we would like to prove
(0.1.2) (2) in the case of a proper strict semistable family over a complete discrete
valuation ring after developing theory of the compatibility of the weight filtrations on
the log crystalline cohomology sheaves of SNCL schemes with multiplicative structures
0.1. INTRODUCTION 31
of the log crystalline cohomology sheaves of them in another paper.
We first explain (13) for the simplest case. Let s be as in the beginning of this
introduction. Let X be a projective SNCL scheme over s. Assume that X has
a projective SNCL lift X over W(s). Then we prove that the monodromy-weight
conjecture for Hqcrys(X/W(s)) ⊗Z Q holds. To prove this, we use M. Saito’s result
which says that the monodromy filtration and the weight filtration on the singular
cohomology of the analytification of a projective SNCL scheme over the log point
(Spec(C), (N⊕ C∗ −→ C)) coincide ([SaM1]).
Let X/S1 be as in the explanation for (11). Assume that there exists an exact
closed point s of S1 such that the fiber Xs is the special fiber of a projective SNCL
family over a complete discrete valuation ring of mixed characteristics. Then we prove
that (0.1.1) and (0.1.2) (1) hold by using our result in the previous paragraph. We
also prove the l-adic analogue of these results.
We explain (14).
Let t be a fine log scheme whose underlying scheme is the spectrum of a perfect
field κ′ of characteristic p > 0. Let n be a positive integer. Let Wn(t) be the
canonical lift of t over Wn(κ′). Let Y be a log smooth log scheme of Cartier type
over t. Let E be a flat coherent log crystal of OY/Wn(t)-modules. Let f : Y −→
t
⊂
−→ Wn(t) be the structural morphism. Set En := EWn(Y ). Let WnΩ
•
Y be the
log de Rham-Witt complex defined and denoted by Wnω•Y in [HK] (this is a log
version of the de Rham-Witt complex in [IR]) and let (WnΩ•Y )
′ be the log de Rham-
Witt complex which is a nontrivial correction of the log de Rham-Witt complex
defined in [HK] (the correction has been done in [Nakk2]; WnΩ•Y and (WnΩ
•
Y )
′ are
the reverse log de Rham-Witt complex and the obverse log de Rham-Witt complex
of Y/Wn(t) in the sense of [Nakk2], which were denoted by WnΛ•Y and (WnΛ
•
Y )
′′ in
[loc. cit.], respectively. Then we obtain two isomorphic log de Rham-Witt complexes
En⊗Wn(OY )WnΩ
•
Y and En⊗Wn(OY )′ (WnΩ
•
Y )
′. We prove that there exists a canonical
isomorphism
(0.1.2.3) RuY/Wn(t)∗(E)
∼
−→ En ⊗Wn(OY )⋆ (WnΩ
•
Y )
⋆
in D+(f−1(Wn(κ′)) for ⋆ =nothing or ′. This is the log version of Etesse’s compari-
son theorem ([Et]). Though Etesse has not proved the contravariant functoriality of
the isomorphism (0.1.2.3) in the case of the trivial log structure, we prove the con-
travariant functoriality of the isomorphism. To prove the contravariant functoriality
of the isomorphism in the case of the trivial log structure and the trivial structure
sheaf, Illusie has used lifts of Frobenii and the lemma of Dwork-Dieudnonne´-Cartier in
[I2]. However, by using the very simple argument explained in (3), we dispense with
lifts of Frobenii and (the log version of) the lemma of Dwork-Dieudnonne´-Cartier in
[Nakk2] to prove the contravariant functoriality. When E is a unit root log F -crystal
on Y/W(t), then we construct the morphism
V : En ⊗Wn(OY )⋆ (WnΩ
•
Y )
⋆ −→ En+1 ⊗Wn+1(OY )⋆ (Wn+1Ω
•
Y )
⋆
following the method of Etesse. We also have operators F , p and R on {En⊗Wn(OY )⋆
(WnΩ
•
Y )
⋆}∞n=1 and we have the usual relations between F , V , p andR on {En⊗Wn(OY )⋆
(WnΩ•Y )
⋆}n∈Z≥1 .
We explain (15).
Let the notations be as in the explanation for (1). In §1.7 below we construct a
certain filtered complex in D+F(f−1T (OT )) by using a method in [HK]. We denote it
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by
(R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)), P ).
This filtered complex has the following property:
grPk R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)) = a
(k−1)
T0∗ Ru ◦X(k−1)T0 /
◦
T∗
(E ◦
X
(k−1)
T0
/
◦
T
⊗Z ̟
(k−1)
crys (
◦
XT0/
◦
T ))
(0.1.2.4)
for k ∈ Z≥1 and P−1R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)) = 0. See (1.7.37.1) below for the descrip-
tion of P0R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)). The complex R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)) fits into the
following triangle:
RuXT0/T∗(ǫ
∗
XT0/T
(E))(−1)[−1] −→ R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)) −→(0.1.2.5)
RuXT0/T∗(ǫ
∗
XT0/T
(E))
+1
−→ .
Because R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)) is not equal to the crystalline complexRu
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E))
in general, we call (R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)), P ) the modified P-filtered log crystalline
complex of E (P is the abbreviation of Poincare´). We give the definition of
(R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)), P )
by using an embedding system ofX over S(T )♮ not over S(T )♮ and by using the exacti-
fication defined in [Sh3]. We prove that it depends only onX/S and (
◦
T ,J , δ)/(
◦
S, I, γ).
In the caseE = O ◦
XT0/
◦
T
, we denote (R˜u
X◦
T0
/
◦
T∗
(ǫ∗
X◦
T0
/
◦
T
(E)), P ) by (R˜u
X◦
T0
/
◦
T∗
(O
XT0/
◦
T
), P ).
In the case E = O ◦
XT0/
◦
T
and T = S = Wn(s) (s is the log point of a perfect field of
characteristic p > 0), Hyodo and Kato have used the triangle (0.1.2.5) to define the
p-adic monodromy operator of RuXT0/T∗(OXT0/T ) in [HK].
Now assume that T = S and that
◦
S is the spectrum of the Witt ring Wn of
length n > 0 of a perfect field κ. Let (WnΩ˜•X , P ) be the filtered complex defined in
[Mo] (the complex WnΩ˜•X has essentially been defined in [Hy2]). In [loc. cit.] Hyodo
and Mokrane have used the blow up of the product of two local admissible lifts of
X and have calculated the log de Rham-complexes of the blow up concretely for the
proof of the well-definedness of (WnΩ˜iX , P ), though I am not sure that this concrete
calculation in [loc. cit.] implies the well-definedness of (WnΩ˜iX , P ) (see (2.2.4) below).
In this book we prove that there exists the following canonical filtered isomorphism
Hi((R˜u
X/
◦
S∗
(O
X/
◦
S
), P )) := (Hi(R˜u
X/
◦
S∗
(O
X/
◦
S
), {Hi(PkR˜u
X/
◦
S∗
(O
X/
◦
S
))}k∈Z)
(0.1.2.6)
∼
−→ (WnΩ˜
i
X , P ) (i ∈ N).
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(We can prove that the natural morphism
Hi(PkR˜u
X/
◦
S∗
(O
X/
◦
S
)) −→ Hi(R˜u
X/
◦
S∗
(O
X/
◦
S
)) (k ∈ Z)
is injective.) Because we do not use the local admissible lift for the definition of
(R˜u
X/
◦
S∗
(O
X/
◦
S
), P ), we can consider the left hand side of (0.1.2.6) as a new definition
of (WnΩ˜iX , P ). In this book, the exactification in [Sh3] replaces the blow up and it is
not necessary to calculate the log de Rham-complexes of the blow up concretely by
an explicit expression of P0WnΩ˜iX and (0.1.2.4) for the proof of the well-definedness
of (WnΩ˜iX , P ). Our definition is more flexible than the definition in [loc. cit.] because
the product of two embedding systems gives us an embedding system (the product of
two lifts is not a lift).
We explain (16).
Let (WnA•X , P ) be Mokrane’s filtered Steenbrink-Hyodo complex constructed in
[Mo] (and denoted by (WnA
•
X , P ) in [loc. cit.]) and completed in [Nakk2] except
(2.2.3) and (2.3.3) below (see also (2.2.4) (2), (3) below). The relation between our
zariskian p-adic filtered Steenbrink complex (Azar(X/S), P ) by the use of filtered
log crystalline complexes and (WnA•X , P ) by the use of filtered log de Rham-Witt
complexes is as follows.
If
◦
S is the spectrum of the Witt ring Wn of κ of length n > 0, then we prove that
there exists a canonical filtered isomorphism
(0.1.2.7) (Azar(X/S), P )
∼
−→ (WnA
•
X , P ).
Via this canonical isomorphism, the quasi-monodromy operator
νzar : (Azar(X/S), P ) −→ (Azar(X/S), P 〈−2〉)(−1)
is equal to an analogous morphism
νdRW : (WnA
•
X , P ) −→ (WnA
•
X , P 〈−2〉)(−1),
which has been constructed in [Mo] for the case
◦
S = Spec(Wn) and E = O ◦
X/
◦
S
(but
ν in [Mo] is mistaken because ν is not a morphism of complexes and corrected in
[Nakk2]). In fact, we can generalize (0.1.2.7) as follows.
Let s be the log point of κ. LetWn (resp.W) be the Witt ring of κ of length n > 0
(resp. the Witt ring of κ). Let E be a flat coherent F -crystal of O ◦
X/Wn(◦s)
-modules.
Then we construct a filtered complex
(WnA
•
X(E), P )
and we prove that there exists the following canonical filtered isomorphism
(0.1.2.8) (Azar(X/Wn(s), E), P )
∼
−→ (WnA
•
X(E), P ).
(In the case where E = O ◦
X/Wn(◦s)
, (0.1.2.8) is equal to (0.1.2.7).)
Because the constant simplicial case above is a restricted case for the applications
(18) ∼ (23), we generalize results above in the constant simplicial case to the split
truncated simplicial case, which is a bridge to the explanation for the Chapter III.
We explain this briefly as follows.
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Let N be a nonnegative integer. Let (T,J , δ) be a fine log PD-scheme such that
J is quasi-coherent and such that p is locally nilpotent on T . Let T0 be the exact
closed log subscheme of T defined by J . Let Y•≤N be a smooth N -truncated sim-
plicial scheme over T0 and let D•≤N be an N -truncated simplicial relative SNCD on
Y•≤N/T0. Then we have the log structureM(D•≤N ) on the Zariski site of Y•≤N asso-
ciated to D•≤N ([Kk2], [Fa], [NS1]). Let ǫ(Y•≤N ,M(D•≤N ))/T0 : (Y•≤N ,M(D•≤N)) −→
Y•≤N be the natural morphism forgetting the log structure M(D•≤N ). Let
ǫ(Y•≤N ,M(D•≤N ))/T : (((Y•≤N ,M(D•≤N))/T )crys,O(Y•≤N ,M(D•≤N ))/T )
−→ ((Y•≤N/T )crys,OY•≤N/T )
be the induced morphism of ringed topoi by ǫ(Y•≤N ,M(D•≤N ))/T0 . In [Nakk4] we have
considered the filtered complex (Rǫ(Y•≤N ,M(D•≤N ))/T∗(O(Y•≤N ,M(D•≤N ))/T ), τ), where
τ is the canonical filtration.
Let (T,J , δ) and S be as in the explanation for (1). Let X•≤N/S be a split N -
truncated simplicial SNCL scheme. For U0 := T0 or S◦
T 0
, set X•≤N,U0 := X•≤N×SU0.
Then X•≤N,S◦
T0
= X•≤N ×◦
S
◦
T 0 =: X•≤N,
◦
T0
. Let f : X
•≤N,
◦
T0
−→ S◦
T 0
be the struc-
tural morphism. By abuse of notation, let us also denote by the structural morphism
X
•≤N,
◦
T0
−→ S(T )♮ by f . (We have already called this N -truncated simplicial case
the naive case.) Let E•≤N be a flat coherent crystal of O ◦
X•≤N,T0/
◦
T
-modules. In this
truncated simplicial SNCL case, we have not been able to find a quickly obtained
cosimplicial filtered complex as in the previous paragraph. To obtain an N -truncated
cosimplicial filtered complex
(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) ∈ D+F(f−1(OT ))(0.1.2.9)
which is an N -truncated cosimplicial version of (Azar(X ◦
T 0
/S(T )♮, E), P ), we con-
struct an (N,∞)-truncated bisimplicial embedding system and we give an explicit
filtered complex representing (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ), which is shown to be
independent of the system. As a generalization of (0.0.1.5), we prove that there exists
the following spectral sequence
E−k,q+k1 =
⊕
m≥0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z ̟
(2j+k+m)
crys (
◦
Xm,T0/
◦
T ))(−j − k −m)
=⇒ RqfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N )) (q ∈ Z).
(0.1.2.10)
In the Chapter III, we have to ramify the log structureMS of S for the applications
(18) ∼ (23). Now we change a notation: denote S by S0. Consider a sequence
(0.1.2.11) SN −→ SN−1 −→ · · · −→ S0
of morphisms of p-adic formal families of log points. For simplicity of notation, denote
the sequence (0.1.2.11) by {Sm}Nm=0 and set S := SN (we hope that the reader is not
confused by this notation). Because the semistable reduction theorem has not been
proved in the mixed characteristics case, we give the definition of the successive case
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as follows. (This notion is necessary for the construction of the limit of the weight
filtration on the infinitesimal cohomology of a proper scheme over K.)
For a fine m-truncated simplicial log scheme Y•≤m over Sm, let sm−1i : Ym−1 −→
Ym (0 ≤ m ≤ N, 0 ≤ i ≤ m − 1) be the degeneracy morphism corresponding to the
standard degeneracy map ∂im : [m] −→ [m− 1]: ∂
i
m(j) = j (0 ≤ j ≤ i), ∂
i
m(j) = j − 1
(i < j ≤ m). Let {X(m)•≤m/Sm}Nm=0 be a set of split truncated simplicial log smooth
schemes such that the intersection of the complements of sm−1i (X(m)m−1) (0 ≤ i ≤
m−1) in X(m)m is an SNCL scheme Nm over Sm. We say that {X(m)•≤m/Sm}Nm=0
is a family of successive split N -truncated simplicial SNCL schemes with respect to
the sequence (0.1.2.11) if
X(m)•≤m−1 = X(m− 1)•≤m−1 ×Sm−1 Sm
and
X(m)m =
∐
0≤l≤m
∐
[m]։[l]
(Nl ×Sl Sm).
Denote X(N)•≤N simply by X•≤N . Let (T,J , δ) be a log PD-enlargement of S.
Assume that (
◦
T ,J , δ) is a p-adic formal PD-schemes in the sense of [BO1]. Then, by
(0.1.2.11) we have the following sequence
(0.1.2.12) (SN (T )
♮,J , δ) −→ (SN−1(T )♮,J , δ) −→ · · · −→ (S0(T )♮,J , δ)
of morphisms of p-adic formal PD-families of log points. Let T0 be the exact closed log
subscheme of T defined by J . For U0 := T0 or S◦
T 0
, setX(m)•≤m,U0 := X(m)•≤m×Sm
U0, X•≤N,U0 := X•≤N×SN U0,
◦
N l,U0 :=
◦
N l×◦
Sl
◦
U0 and
◦
N
(k)
l,U0
:=
◦
N
(k)
l ×◦Sl
◦
U0 (k ∈ N).
Let E•≤N be a flat coherent crystal of O ◦
X•≤N,T0/
◦
T
-modules. Let f : X
•≤N,
◦
T0
−→
S(T )♮ be the structural morphism. Then we construct a filtered complex
(0.1.2.13) (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )
in D+F(f−1(OT )⊗ZQ), which we call the p-adic Steenbrkink complex of E•≤N . (Be-
cause we allow the ramification of MS , it seems to me that we cannot obtain the
integral p-adic filtered Steenbrink complex of E•≤N in D+F(f−1(OT )) for X•≤N/S
and (T,J , δ) with morphism T0 −→ S.) The filtered complex (0.1.2.13) is a gen-
eralization of the filtered complex (0.1.2.9)⊗LZQ in the p-adic case. Set
◦
X
(k)
m :=∐
0≤l≤m
∐
[m]։[l]
◦
N
(k)
l and
◦
X
(k)
m,T0
:=
∐
0≤l≤m
∐
[m]։[l]
◦
N
(k)
l,T0
for 0 ≤ m ≤ N . Let
a
(k)
m,T0
:
◦
X
(k)
m,T0
−→
◦
Xm,T0 be the natural morphism of schemes. (Though we should
denote a
(k)
m,T0
by a
(k)
m,
◦
T 0
, we do not do so for simplicity of notation.) Let
a
(k)
m,Tcrys : ((
◦
X
(k)
m,T0
/
◦
T )crys,O ◦
X
(k)
m,T0
/
◦
T
) −→ ((
◦
Xm,T0/
◦
T )crys,O ◦
Xm,T0/
◦
T
)
be the induced morphism of topoi by a
(k)
m,T0
. Set Em| ◦
X
(k)
m,T0
/
◦
T
:= a
(k)∗
m,Tcrys(E
m). Let
◦
p
(k)
m,T0
:
◦
X
(k)
m,T0
−→
◦
X
(k)
m be the first projection and let
◦
p
(k)
m,Tcrys : (
◦
X
(k)
m,T0
/
◦
T )crys −→
(
◦
X
(k)
m /
◦
S)crys be the induced morphism of topoi by
◦
p
(k)
m,T0
. Set ̟
(k)
crys(
◦
Xm,T0/
◦
T ) :=
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◦
p
(k),−1
m,Tcrys̟
(k)
crys(
◦
Xm/
◦
S). As a generalization of (0.1.2.10)⊗ZQ in the p-adic case, we
obtain the following spectral sequence
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m,T0
/
◦
T
(0.1.2.14)
⊗Z ̟
(2j+k+m)
crys (
◦
X
m,
◦
T 0
/
◦
T ))
(−j − k −m)⊗Z Q =⇒ R
qfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))⊗Z Q (q ∈ Z).
As in [NS1], we prove that (0.1.2.14) degenerates at E2 for the caseE
•≤N = O ◦
X•≤N,T0/
◦
T
.
In the case T = S =W(s), we also construct a filtered complex (WAX•≤N ,Q(E
•≤N ), P )
for the successive split truncated simplicial SNCL case, which is a generalization of
(WA•X•≤N (E
•≤N ) ⊗Z Q, P ) for the naive split truncated simplicial SNCL case. We
prove that there exists a canonical isomorphism
(0.1.2.15) (Azar,Q(X•≤N/W(s), E•≤N ), P )
∼
−→ (WAX•≤N ,Q(E
•≤N ), P )
in D+F(f−1(W(κ)) ⊗Z Q). Because log de Rham-Witt complexes are useful for the
calculation of the slope filtrations on the cohomologies of log de Rham-Witt com-
plexes, the comparison (0.1.2.15) is useful for the calculation of the slope filtration on
the infinitesimal cohomology of a proper scheme over K, which will be explained in
the next explanation.
In §3.1 we define the notions of a truncated simplicial base change of SNCL schemes
and an admissible immersion ((17)). Because the definitions of these notions are
involved, we do not give them in this introduction; see §3.1 for the precise definitions.
By virtue of these notions, we can treat the log isocrystalline cohomologies in the
naive truncated simplicial case and the successive truncated simplicial case at the
same time and can state various results in the Chapters III, IV and V simply.
We conclude this introduction by stating (18), (19), (20), (21), (22) and (23) in
some details.
Let XK be a proper scheme over K. Let X be a proper flat model of XK over
V . Let Hqinf(XK/K) (q ∈ N) be the infinitesimal cohomology of XK/K defined by
the infinitesimal topos (XK/K)inf and the structure sheaf OXK/K in (XK/K)inf :
Hqinf(XK/K) := H
q((XK/K)inf ,OXK/K) ([Gr2]). Let
V =: V−1 ⊂ V0 ⊂ · · · ⊂ VN ⊂ · · ·
be a sequence of finite extensions of complete discrete valuation rings of mixed charac-
teristics. Set Km := Frac(Vm). Let κm (−1 ≤ m ≤ N) be the residue field of Vm. En-
dow Spec(Vm) with the canonical log structure (Vm\{0})
⊂
−→ Vm and let Spec
log(Vm)
be the resulting log scheme. Let sm be the log special fiber of Spec
log(Vm). Then we
have the following sequence:
(0.1.2.16) Speclog(V0)←− Spec
log(V1)←− · · · ←− Spec
log(VN )←− · · · .
Let
(0.1.2.17) s0 ←− s1 ←− · · · ←− sN ←− · · ·
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be the sequence of log points obtained by the sequence (0.1.2.16). Fix a nonnegative
integer q. Let N be a large positive integer relative to q (e. g., N ≥ 2−1(q+1)(q+2)).
Set XVm := X ⊗V Vm and XKm := XK ⊗K Km (−1 ≤ m ≤ N). Then, in §6.1, we
construct a proper log smooth split N -truncated simplicial log scheme X•≤N over
Speclog(VN ) satisfying the following conditions:
(a)
◦
X •≤N ⊗VN KN −→ XKN is an N -truncated proper hypercovering,
(b) Each
◦
Xm (0 ≤ m ≤ N) is the disjoint union of the base changes of proper strict
semistable families over Vl’s (0 ≤ l ≤ m) with respect to the morphisms Spec(VN ) −→
Spec(Vl)’s.
(c) The log special fiber X•≤N of X•≤N is the N -truncated simplicial log scheme
associated to the family of successive split N -truncated simplicial SNCL schemes with
respect to the sequence s0 ←− s1 ←− · · · ←− sN .
De Jong’s theorem in [dJ] about the semistable reduction theorem under the change
of an alteration assures the existence of X•≤N . Then (18) is the following. As a
corollary of the existence of the spectral sequence (0.1.2.14) and the truncated simpli-
cial version of Hyodo-Kato’s isomorphism(=Tsuji’s theorem [Tsuj1]) and the proper
cohomologicial descent in characteristic 0, we obtain the following spectral sequence:
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−2j−k−2m((
◦
X(2j+k+m)m /W(
◦
sm))crys,
(0.1.2.18)
(O ◦
X
(2j+k+m)
m /W(◦sm)
⊗Z ̟
(2j+k+m)
crys (
◦
Xm/W(
◦
sm))))(−j − k −m)⊗W(◦sm) KN
=⇒ Hqinf(XKN /KN).
By virtue of (7) this spectral sequence degenerates at E2 ((19)). The spectral se-
quence (0.1.2.18) induces an increasing filtration P (N) on Hqinf(XKN/KN). We prove
that P (N) depends only on XK and KN . Furthermore we prove that there exists a
well-defined filtration P on Hqinf(XK/K) which induces P (N) on H
q
inf(XKN /KN) =
Hqinf(XK/K)⊗K KN ((20)). Roughly speaking, (20) is a p-adic analogue of du Bois’
result for the complex analytic case ([dB]), though our method is not the same as
his method as mentioned before. We prove that this filtration is strictly compati-
ble with respect to the pull-back of morphisms between XK ’s ((21)). We prove that
there exists a well-defined K0-structure H
q
inf(XK/K/K0) ((22)) on H
q
inf(XK/K) with
a well-defined Frobenius action. Let (KN )0 be the fraction field of the Witt ring
of Γ(sN ,OsN ). We calculate the slope filtration on H
q
inf(XK/K/K0) ⊗K0 (KN )0 by
using the log reduction of the split truncated simplicial proper hypercovering ((23)).
Using the argument of Galois descent, we prove that the filtration P on Hqinf(XK/K)
descends to a filtration P on Hqinf(XK/K/K0) ((24)).
By using the canonical Hyodo-Kato isomorphism, We define a well-defined action
WDcrys(K/K) on H
q
inf(XK/K) ((25)). This is a generalization of Berthelot-Ogus’
theorem which says that Wcrys(K/K) acts on H
q
dR(YK/K) for a proper potential
smooth family Y over V ([BO2]). We also prove several fundamental properties of the
p-adic monodromy operator and hence those of the action of WD(K/K). Especially
we prove that this action is contravariantly functorial. This proves Ogus’ conjecture
([Og4]) in a more general form. We also prove that this action preserves the limit of
the filtration P on Hqinf(XK/K). Using these actions, we can define a linear action
of the Weil-Deligne group on Hqinf(XK/K) and we can conjecture the compatibility
of this action with the action of the Weil-Deligne group obtained by the l-adic e´tale
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cohomologyHqet(XK ,Ql). This is a straightforward generalization of the compatibility
of the action of the Weil-Deligne group on the log isocrystalline cohomology with
the action of the Weil-Deligne group obtained by the l-adic cohomology of a proper
semistable scheme over V in [Fo] ((25)). In fact, we prove the results above for a
separated scheme of finite type over K ((26)) except the construction of P in this case
and the preservation of P by the action of WD(K/K) on the infinitesimal cohomology
of it and the l-adic e´tale cohomology of it.
In a future article we would like to discuss the convergent version of this book as
carried out in [NS2] for an open log case. In another future article we would like to
discuss the themes of this book for an open log semistable case.
Lastly we should mention Matsuue’s different work ([MaH]) from our work in a
relative situation. He has constructed theory of relative log de Rham-Witt complexes,
which is a log version of theory of relative de Rham-Witt complexes of Langer-Zink
([LZ]). Especially he has proved the comparison theorem between the log crystalline
cohomology of a relative SNCL scheme and the cohomology of the relative log de
Rham-Witt complex of it and he has constructed a weight spectral sequence of it and
he has proved the degeneration at E2 of the weight spectral sequence modulo torsion
in the case where the base log scheme is the log point of a (not necessarily perfect)
field of characteristic p > 0 by using ideas in [Nakk2].
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Notations. (1) For a log (formal) scheme X in the sense of Fontaine-Illusie-Kato
([Kk2], [Kk3]), we denote by
◦
X (resp. MX := (MX , αX)) the underlying (formal)
scheme (resp. the log structure) of X . In this book we consider the log structure on
the Zariski site on
◦
X . For a point
◦
x of
◦
X , we endow
◦
x with the pull-back of MX and
we denote it by x and call it an exact closed point of X . We denote the stalk O ◦
X,
◦
x
by
OX,x for simplicity of notation. For a morphism f : X −→ Y of log (formal) schemes,
◦
f denotes the underlying morphism
◦
X −→
◦
Y of f .
(2) For morphisms X −→ S and T −→ S of fine log (formal) schemes, we denote
by
◦
XT the underlying (formal) scheme of the fine log (formal) scheme XT := X×S T
for simplicity of notation.
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(3) For a (formal) scheme T and a commutative monoid P with unit element e,
we denote by P ⊕ O∗T a log structure on T which is obtained by a morphism with
natural morphism P ⊕ O∗T ∋ (x, u) 7−→ 0 ∈ OT (x 6= e) and (e, u) 7−→ u of sheaves
of monoids in Tzar. This is an example of a constant hollow log structure defined in
[Og4, Defitinion 4].
(4) For a commutative monoid P with unit element and for a commutative ring
A with unit element, Speclog(A[P ]) is, by definition, the log scheme whose underlying
scheme is Spec(A[P ]) and whose log structure is the association of the natural inclu-
sion P
⊂
−→ A[P ]. If A has an I-adic topology (I is an ideal of A), then A{P} denotes
lim
←−n
(A/In[P ]) and Spf log(A{P}) denotes the log formal scheme whose underlying
(formal) scheme is Spf(lim
←−n
(A/In[P ])) and whose log structure is the association of
the natural inclusion P
⊂
−→ A{P}.
(5) For a morphism Y −→ T of log (formal) schemes, we denote by ΩiY/T (= ω
i
Y/T
in [Kk2]) (i ∈ N) the sheaf of relative logarithmic differential forms on Y/T of degree
i. For a log point s whose underlying scheme is the spectrum of a perfect field of
characteristic p > 0 and for a morphism Y −→ s of fine log schemes, WnΩiY (=
Wnω
i
Y in [HK] and [Mo]) (n ∈ Z≥1) denotes the de Rham-Witt sheaf of logarithmic
differential forms on Y/s of degree i.
(6) SNCL=simple normal crossing log, SNCD=simple normal crossing divisor.
(7) For a module M over a commutative ring A with unit element and for a
commutative A-algebra B with unit element, MB denotes the tensor product M ⊗
A
B.
(8) For a formal scheme T , KT denotes OT ⊗Z Q.
(9) For a log (formal) scheme T and a quasi-coherent ideal sheaf J of OT , we
denote by Speclog
T
(OT /J ) (resp. Spec
log
T
(OT /J )red) the log scheme whose underlying
scheme is Spec◦
T
(OT /J ) (resp. Spec◦
T
(OT /J )red) and whose log structure is the
inverse image of the log structure of T .
(10) By following [Og1], for a fine log formal scheme T with p-adic topology, we
denote by T1 and T0 the log schemes Spec
log
T
(OT /pOT ) and Spec
log
T
(OT /pOT )red,
respectively.
(11) Let (T,J , δ) be a fine log PD-scheme such that J is a quasi-coherent ideal
sheaf of OT . Set T0 := Spec
log
T
(OT /J ). Let g : Y −→ T0 be a morphism of
fine log schemes. In the previous books [NS1] and [Nakk4], following [Kk2], we
denoted the log crystalline site (resp. the log crystalline topos) of Y/(T,J , δ) by
(Y/T )logcrys (resp. (Y˜/T )
log
crys). In this book, following [Be2] and [BO1], we denote
the log crystalline site (resp. the log crystalline topos) of Y/(T,J , δ) by Crys(Y/T )
(resp. (Y/T )crys). For a (formal) scheme Z, we denote by Zar(Z) the zariski site on Z
and by Zzar the associated topos to Zar(Z). For a log (formal) scheme X , we denote
◦
Xzar by Xzar for simplicity of notation.
(12) For a ringed topos (T ,A), let C+(A) (resp. D+(A)) be the category of
bounded below complexes of A-modules (resp. the derived category of bounded below
complexes of A-modules); let C+F(A) (resp. D+F(A)) be the category of bounded
below filtered complexes of A-modules (resp. the derived category of bounded below
filtered complexes of A-modules). For a bounded above filtered complex (E•, P ) ∈
D+F(A), we sometimes denote (E•, P )⊗LZ Q by (E
•, P )Q.
(13) For a short exact sequence
0 −→ (E•, d•E)
f
−→ (F •, d•F )
g
−→ (G•, d•G) −→ 0
of bounded below complexes of objects of C+(A), let MC(f) := (E•[1], d•E [1]) ⊕
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(F •, d•F ) be the mapping cone of f . We fix an isomorphism “(E
•[1], d•E[1])⊕(F
•, d•F ) ∋
(x, y) 7−→ g(y) ∈ (G•, d•G)” in the derived category D
+(A).
Let MF(g) := (F •, d•F ) ⊕ (G
•[−1], d•G[−1]) be the mapping fiber of g. We fix
an isomorphism “(E•, d•E) ∋ x 7−→ (f(x), 0) ∈ (F
•, d•F ) ⊕ (G
•[−1], d•G[−1])” in the
derived category D+(A).
(14) For a morphism f : (E•, d•E) −→ (F
•, d•F ) of complexes, we identify MF(f) :=
(E•, d•E)⊕ (F
•[−1], d•F [−1]) and MC(f)[−1] := ((E
•, d•E)[1]⊕ (F
•, d•F ))[−1] with the
following isomorphism “MF(f) ∋ (x, y) 7−→ (−x, y) ∈MC(f)[−1]”.
Conventions. We omit the second “log” in the terminology “log smooth log (formal)
scheme”. Following [Og4], we say that a morphism X −→ Y of log (formal) schemes
is solid if the log structure of X is the inverse image of that of Y . It is obvious that
this is equivalent to X = Y × ◦
Y
◦
X in the category of log schemes.
Chapter 1
Weight filtrations on log
crystalline cohomology
sheaves
In this chapter we give the definition of an SNCL(=simple normal crossing log) scheme
over a family of log points. We construct the p-adic filtered Steenbrink complex of
a truncated simplicial SNCL scheme over a family of log points by using the mod-
ified Poincare´ filtered log crystalline complex of it. We assume that the truncated
simplicial SNCL scheme has the disjoint union of the member of an affine truncated
simplicial open covering. In order to calculate the graded complex of the p-adic fil-
tered Steenbrink complex, we calculate the graded complex of the modified Poincare´
filtered crystalline complex. We also define the p-adic monodromy operator (resp. the
p-adic quasi-monodromy operator) of the log crystalline complex (resp. the p-adic
Steenbrink complex) of the truncated simplicial SNCL scheme and formulate the
variational p-adic monodromy-weight conjecture and the variational p-adic filtered
log hard Lefschetz conjecture.
1.1 SNCL schemes
In this section we generalize the definition of a (formal) SNCL scheme in [Nakk1, §2].
Let r be a fixed positive integer. Let T be a log (formal) scheme whose log structure
is Nr ⊕O∗T with a structural morphism N
r ⊕O∗T −→ OT defined by (x, u) 7−→ 0 for
x 6= (0, . . . , 0) ((x, u) ∈ Nr ⊕O∗T ) and ((0, . . . , 0), u) 7−→ u. We call this log structure
the free hollow log structure of rank r on
◦
T . This is a special case of the constant
hollow log structure defined in [Og4, Definition 4]. (Recall that the log structure
MX = (MX , αX) of a log (formal) scheme X is hollow if MX \ O∗X is mapped to 0 in
OX by the structural morphism αX : MX −→ OX and that X is constant if MX/O∗X
is a locally constant sheaf.) Obviously the free hollow log structure of rank r is split,
i. e., the morphism Nr −→MT /O∗T is an isomorphism.
More generally, we consider a fine log (formal) scheme T such that there exists an
open covering T =
⋃
i∈I Ti such that MTi is a free hollow log structure of rank r. We
call MT a locally free hollow log structure of rank r on
◦
T and we call T a (formal)
family of log points of virtual dimension r. If r = 1, then we call T a (formal) family
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of log points, which we often denote by S in this book. When (
◦
T ,J , δ) is a PD-scheme
with quasi-coherent PD-ideal sheaf and PD-structure, we call (T,J , δ) a PD-family
of log points of virtual dimension r. When r = 1, we call (T,J , δ) a PD-family of log
points.
For a log (formal) scheme X = (X, (MX , αX)), we call a subsheaf N of MX such
that αX |N induces an isomorphism (αX |N )−1(O∗X)
∼
−→ O∗X a sub log structure of X .
Proposition 1.1.1. Let X and Y be (not necessarily fine) log (formal) schemes.
There exists the following bijection of sets:
F : {f ∈ Hom(X,Y ) | f∗x : (MY /O
∗
Y )f(x) −→ (MX/O
∗
X)x is injective} −→
(1.1.1.1)
{(g, γ) ∈ Hom(
◦
X,
◦
Y )×Hom(g∗((MY , αY )), (MX , αX)) | γ is an isomorphism
from g∗((MY , αY )) to a sub log structure of (MX , αX)}.
Proof. Let f be an element of the source in (1.1.1.1). Then I := Im(f∗(MY ) −→MX)
with structural morphism αX |I defines a sub log structure of (MX , αX), which is iso-
morphic to f∗(MY ). Indeed, because f∗(MY )/O∗X = f
−1(MY /O∗Y ) ([Kk2, (1.4.1)]),
the morphism f∗(MY ) −→ MX over OX is injective and we have an isomorphism
γ : f∗(MY )
∼
−→ I over OX . Set F (f) := (
◦
f, γ).
Conversely, let (g, γ) be an element of the target in (1.1.1.1). Then we have the
following commutative diagram
g∗(MY )
γ,∼
−−−−→ N
g∗(αY )
y yαX |N
OX OX ,
where N is a sub log structure of (MX , αX). Hence the composite morphism
g∗(MY )/O∗X
∼
−→ N/O∗X
⊂
−→MX/O
∗
X
is injective. Therefore we have an element of the source in (1.1.1.1). This map is the
inverse of F .
Proposition 1.1.2. Let T and T ′ be hollow log (formal) schemes such thatMT /O∗T =:
P and MT ′/O∗T ′ =: P
′ are constant sheaves of monoids defined by commutative
monoids P and P ′ with unit elements, respectively. Let ⋆ be nothing or ′. Assume
that the sequence
1 −→ O∗T⋆ −→MT⋆ −→MT⋆/O
∗
T⋆ −→ 1(1.1.2.1)
is split. Let eP and eP ′ be the unit elements of P and P
′, respectively. Let u :
◦
T −→
◦
T ′
be a morphism of (formal) schemes. Let g : P ′ −→ P be a morphism of monoids such
that g(m) 6= eP for ∀m 6= eP ′ . Then there exists a morphism v : T −→ T ′ such that
◦
v = u and the following pull-back morphism
v∗x : P
′ = (MT ′/O∗T ′)v(x) −→ (MT /O
∗
T )x = P
is equal to g for any point x ∈
◦
T .
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Proof. The structural morphisms αT and αT ′ are identified with P ⊕O∗T −→ OT and
P ′ ⊕ O∗T ′ −→ OT ′ by using a splitting P
⋆ = MT⋆/O∗T⋆ −→ MT⋆ of (1.1.2.1). Then
we have the following commutative diagram:
P ⊕ u∗(OT )∗ −−−−→ u∗(OT )
g⊕u∗
x xu∗
P ′ ⊕O∗T ′ −−−−→ OT ′ .
This diagram gives the morphism we want.
Proposition 1.1.3. (1) Let f : X −→ Y be a morphism of log (formal) schemes.
Assume that Y is a hollow log (formal) scheme. Then, for any point x ∈
◦
X, the
image of any nonzero element of (MY /O∗Y )f(x) by the morphism (MY /O
∗
Y )f(x) −→
(MX/O∗X)x is a nonzero element of (MX/O
∗
X)x.
(2) Furthermore, assume that X is integral and that Y is a (formal) family of log
poitns. Then the morphism f∗(MY ) −→MX is injective.
Proof. (1): Obvious.
(2): This is a local question. We may assume that Y has a global chart N ∋
1 7−→ 0 ∈ OY . Let a be the image of 1 ∈ N = f∗(MY /O∗Y ) in MX/O
∗
X . Assume
that an = an
′
with n′ > n. Since MX is integral, an
′−n = 1. By the isomorphism
α−1X (O
∗
X)
∼
−→ O∗X , we see that a ∈ O
∗
X . Since the composite morphism f
−1(MY ) −→
MX −→ OX is equal to the composite morphism f−1(MY ) −→ f−1(OY ) −→ OX ,
the image of 1 ∈ f−1(MY ) in OX is 0. This is a contradiction.
Let T =
⋃
i∈I Ti be an open covering of T such thatMTi/O
∗
Ti
≃ Nr. Take local sec-
tions τi,1, . . . , τi,r ∈ Γ(Ti,MT ) such that the images of τi,1, . . . , τi,r in Γ(Ti,MT/O∗T )
is a system of generators. In [Nakk4, p. 47] we have remarked that Aut(Nr) ≃ Sr,
which is easy to prove. Set Tij := Ti∩Tj. Then, by this remark, there exists a unique
permutation matrix Pji ∈ GLr(Z) and unique sections uji,1, . . . , uji,r ∈ Γ(Tij ,O∗T )
such that
(1.1.3.1) (τj,1, . . . , τj,r)|Tij = diag(uji,1, . . . , uji,r)(τi,1, . . . , τi,r)|TijPji
in Γ(Ti∩Tj ,MT ). First consider the case where
◦
T is a scheme (not a formal scheme).
Consider the scheme Ar◦
T i
= Spec◦
T i
(OTi [ti,1 . . . , ti,r]) and the log scheme (A
r
◦
T i
, (Nr ∋
(0, . . . , 0,
m
1 , 0, . . . , 0) 7−→ ti,m ∈ OTi [ti,1, . . . , ti,r])
a) (1 ≤ m ≤ r). Denote this log
scheme by T i. Then, by patching T i and T j along T ij := T i ∩ T j by the following
equation
(tj,1, . . . , tj,r)|T ij = diag(uji,1, . . . , uji,r)(ti,1, . . . , ti,r)|T ijPji,
we have the log scheme T =
⋃
i∈I T i. The ideal sheaves {(ti,1, . . . , ti,r)OT i}i∈I patch
together and we denote by IT the resulting ideal sheaf of OT . The isomorphism
class of the log scheme T is independent of the choice of the system of generators
τi,1, . . . , τi,r’s. By using this easy fact and by considering the refinement of two open
coverings of T , we see that the isomorphism class of the log scheme T and the ideal
sheaf IT are also independent of the choice of the open covering T =
⋃
i∈I Ti. Because◦
T i =
◦
T i ⊗Z Z[Nr], the natural morphism T −→
◦
T is log smooth by the criterion of
44CHAPTER 1. WEIGHT FILTRATIONS ON LOGCRYSTALLINE COHOMOLOGY SHEAVES
the log smoothness ([Kk2, (3.5)]). For a log scheme Y over T , we denote IT ⊗OT OY
by IY by abuse of notation. If
◦
Y is flat over
◦
T , then IY can be considered as an
ideal sheaf of OY . When
◦
T is a formal scheme with a system of ideals of definition
{Jλ}, we obtain the analogue of the object T above by considering the formal scheme
Spf ◦
T i
(lim
←−λ
(OTi/Jλ|Ti [ti,1, . . . , ti,r])) instead of A
r
◦
T i
above. We denote this analogue
by T again. For a notational reason in §2.2 below, we denote ti,m by τi,m from now
on by abuse of notation.
By killing “τi”’s, we have the following natural exact closed immersion
(1.1.3.2) T
⊂
−→ T
over
◦
T .
Proposition 1.1.4. Let v : T −→ T ′ be a morphism of families of log points of virtual
dimensions r and r′, respectively. Then v induces a unique morphism v : T −→ T ′
fitting into the following commutative diagram
T
v
−−−−→ T ′
⋂y y⋂
T
v
−−−−→ T ′.
Proof. This is clear from the definition of T .
Lemma 1.1.5. Let U be a fine log scheme. Let U0
⊂
−→ U be an exact immersion.
Let Z0 −→ U0 be a morphism of fine log schemes such that the composite morphism
Z0 −→ U0
⊂
−→ U has a global chart Q −→ P such that the morphism Z0 −→
U0 ×Speclog(Z[Q]) Spec
log(Z[P ]) is solid and e´tale. Then, Zariski locally on
◦
Z0, there
exists a log scheme Z over U fitting into the following cartesian diagram
(1.1.5.1)
Z0
⊂
−−−−→ Zy y
U0 ×Speclog(Z[Q]) Spec
log(Z[P ])
⊂
−−−−→ U ×Speclog(Z[Q]) Spec
log(Z[P ])y y
U0
⊂
−−−−→ U,
where the vertical morphism Z −→ U ×Speclog(Z[Q]) Spec
log(Z[P ]) is solid and e´tale.
Proof. (1): By [SGA 1, I (8.1)] we may assume that there exists an e´tale scheme
◦
Z
over (U ×Speclog(Z[Q]) Spec
log(Z[P ]))◦ such that
◦
Z0 =
◦
Z × ◦
U
◦
U0. Endow
◦
Z with the
inverse image of the log structure of U ×Speclog(Z[Q]) Spec
log(Z[P ]). The resulting log
scheme Z is a desired log scheme.
Proposition 1.1.6. Let U be a fine log scheme. Let U0
⊂
−→ U be an exact immersion.
Let Z0 be a log smooth scheme over U0. Let z be a point of
◦
Z0. Assume that there
exists a chart Q
⊂
−→ P of Z0/U around z such that ♯(P gp/Qgp)tor is invertible on Z0
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and such that OZ0,z ⊗Z (P
gp/Qgp) ≃ Ω1Z0/U0,z. Then, on a neighborhood of z, there
exists a log smooth scheme Z/U fitting into the following cartesian diagram:
(1.1.6.1)
Z0
⊂
−−−−→ Zy y
U0
⊂
−−−−→ U.
Proof. We may assume that
◦
Z0 is affine. By the argument in [Kk2, (3.5)] and by the
proof of [NS1, (2.1.4)], we may assume that the morphism Z0 −→ U0 factors through
a strict e´tale morphism Z0 −→ U0 ×Speclog(Z[Q]) Spec
log(Z[P ]). Now (1.1.6) follows
from (1.1.5) and the criterion of the log smoothness ([Kk2, (3.5)]).
Remark 1.1.7. Consider log structures of schemes in the e´tale topos in this remark.
Then, by [Kk2, (3.5)] and [SGA 1, I (8.1)], the following holds.
Let U0
⊂
−→ U be an exact immersion. Let V0 be a log smooth scheme over U0. Let
v be a point of
◦
V 0. Then there exist an e´tale neighborhood V0 of v and a log smooth
scheme V/U fitting into the following cartesian diagram:
(1.1.7.1)
V0
⊂
−−−−→ Vy y
U0
⊂
−−−−→ U.
Let B be a scheme. For two nonnegative integers a and d such that a ≤ d, consider
the following scheme
◦
AB(a, d) := SpecB(OB [x0, . . . , xd]/(
a∏
i=0
xi)).
Definition 1.1.8. Let Z be a scheme over B with structural morphism g : Z −→ B.
We call Z an SNC(=simple normal crossing) scheme over B if Z is a union of smooth
schemes {Zλ}λ∈Λ over B (Λ is a set) and if, for any point of z ∈ Z, there exist an
open neighbourhood V of z and an open neighbourhood W of g(z) such that there
exists an e´tale morphism π : V −→
◦
AW (a, d) such that
(1.1.8.1) {Zλ|V }λ∈Λ = {π∗(xi) = 0}ai=0,
where a and d are nonnegative integers such that a ≤ d, which depend on zariskian
local neighborhoods in Z, and Zλ|V := Zλ ∩ V . The strict meaning of the equality
(1.1.8.1) is as follows. There exists a subset Λ(V ) of Λ such that there exists a bijection
i : Λ(V ) −→ {0, 1, . . . , a} such that, if λ 6∈ Λ(V ), then Zλ|V = ∅ and if λ ∈ Λ(V ),
then Zλ is a closed subscheme defined by the ideal sheaf (π
∗(xi(λ))). We call the set
{Zλ}λ∈Λ a decomposition of Z by smooth components of Z over B. In this case, we
call Zλ a smooth component of Z over B.
The base change of an SNC scheme is an SNC scheme. In the open log case in
[NS1], we have been able to find a condition in [loc. cit., (2.1.7)] eliminating the
corresponding condition to (1.1.8.1). However we do not know whether it is possible
to do so in (1.1.8).
Set ∆ := {Zλ}λ∈Λ. For an open subscheme V of Z, set ∆V := {Zλ|V }λ∈Λ.
In [NS1] we have proved the following “local uniqueness of smooth components”
(see [NS1, (2.1.7)] for the definition of a relative SNCD):
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Proposition 1.1.9 ([NS1, Proposition A.0.1]). Let B be a scheme. Let g : (X,D) −→
B be a smooth scheme with a relative SNCD over B. Let Γ := {Dν}ν∈N be a decom-
position of D by smooth components of D, that is, each Dν is smooth over B and
D =
∑
ν∈N Dν in the monoid of effective Cartier divisors on X/B ([NS1, (2.1.7)]).
Let z be a point of D and assume that we are given a cartesian diagram
(1.1.9.1)
D
⊂
−−−−→ Xy yg
Spec
B
(OB [y1, . . . , ye]/(y1 · · · ys))
⊂
−−−−→ Spec
B
(OB [y1, . . . , ye])
for some s ≤ e such that z ∈
⋂s
i=1{g
∗(yi) = 0}. Then, by shrinking X, for any
1 ≤ i ≤ s, there exists a unique element νi ∈ N satisfying Dνi = {g
∗(yi) = 0}.
Proposition 1.1.10. Let the notations be as in (1.1.8). Let ∆ and ∆′ be decompo-
sitions of Z by smooth components of Z. Then, for any point z ∈ Z, there exists an
open neighborhood V of z in Z such that ∆V = ∆
′
V .
Proof. If V is small enough, then we have an e´tale morphism π : V −→
◦
AW (a, d) such
that ∆V = {π
∗(xi) = 0}ai=0 in V . Then we have a natural closed immersion
◦
AW (a, d)
⊂
−→ Spec
W
(OW [x0, . . . , xd]) =
◦
Ad+1W .
By [SGA 1, I (8.1)] we may assume that there exists an e´tale scheme U over
◦
Ad+1W
such that V = U ×◦
Ad+1W
◦
AW (a, d). Then V is a relative SNCD on U over W ; ∆V and
∆′V are decompositions of smooth components of V in the sense of [NS1, (2.18)]. By
(1.1.9) we can take a small U such that ∆V = ∆
′
V .
For a nonnegative integer k, set
(1.1.10.1) Z{λ0,λ1,...λk} := Zλ0 ∩ · · · ∩ Zλk (λi 6= λj if i 6= j)
and set
(1.1.10.2) Z(k) =
∐
{λ0,...,λk | λi 6=λj (i6=j)}
Z{λ0,λ1,...,λk}.
For a negative integer k, we set Z(k) = ∅.
Proposition 1.1.11. The scheme Z(k) is independent of the choice of ∆.
Proof. As in the proof of [NS1, (2.2.15)], by using (1.1.10), we can show that Z(k) is
independent of the choice of ∆.
We have the natural morphism b(k) : Z(k) −→ Z.
As in [D2, (3.1.4)] and [NS1, (2.2.18)], we have an orientation sheaf ̟
(k)
zar(Z/B)
(k ∈ N) in Z(k)zar associated to the set ∆. If B is a closed subscheme of B′ defined by a
quasi-coherent nil-ideal sheaf J which has a PD-structure δ, then ̟
(k)
zar(Z/B) extends
to an abelian sheaf ̟
(k)
crys(Z/B′) in (Z(k)/(B′,J , δ))crys.
Definition 1.1.12. Let ∆ := {Zλ}λ∈Λ and ∆′ := {Z ′σ}σ∈Σ be decompositions of Z
by smooth components of Z/S. Then we say that ∆′ is a refinement of ∆ if, for any
λ ∈ Λ, there exists a subset Σλ of Σ with Σ =
∐
λ∈Λ Σλ such that Zλ =
⋃
σ∈Σλ Z
′
σ.
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Proposition-Definition 1.1.13. If Z is locally noetherian as a topological space,
then there exists a unique decomposition of Z by smooth components of Z/S which
is a refinement of any decomposition of Z by its smooth components. We call this
decomposition the finest decomposition of Z.
Proof. The proof is the same as that of [NS1, A. 0.3]. The finest decomposition is
constructed as follows.
Let the notations be as in (1.1.8). Let Zλ =
∐
σ∈Σλ Zσ be the disjoint sum of Zλ
by the connected components of it. Then {Zσ}λ∈Λ,σ∈Σλ is the finest decomposition
of Z by its smooth components.
In the case where Z is not necessarily locally noetherian, we still have the following
as in [NS1, Proposition A.0.7]:
Proposition 1.1.14. Let Z −→ B be as in (1.1.8). Let ∆ = {Zλ}λ∈Λ and ∆′ =
{Z ′λ′}λ′∈Λ′ be two decompositions of Z by smooth components. Then there exists a
decomposition ∆′′ of Z by smooth components which is a refinement of ∆ and ∆′.
Proof. There exists an open covering Z =
⋃
j∈J Zj of Z such that ∆|Zj = ∆
′|Zj
((1.1.10)). Set
(Zλ ∧ Z
′
λ′)|Zj :=
{
Zλ|Zj if Zλ|Zj = Z
′
λ′ |Zj ,
∅ otherwise.
Then it is clear that {(Zλ ∧ Z ′λ′)|Zj}j patch together and we indeed have the closed
subscheme Zλ ∧ Z ′λ′ whose restriction to Zj is (Zλ ∧ Z
′
λ′)|Zj . (One can easily check
that Zλ ∧ Z ′λ′ is independent of the choice of the open covering above, though we do
not use this fact in this book.) It is also clear that Zλ∧Z ′λ′ is smooth over B (possibly
empty). We have the following equalities
Zλ =
⋃
λ′∈Λ′,Zλ∧Z′λ′ 6=∅
Zλ ∧ Z
′
λ′ , Z
′
λ′ =
⋃
λ∈Λ,Zλ∧Z′λ′ 6=∅
Zλ ∧ Z
′
λ′ .
Set Λ′′ := {(λ, λ′) ∈ Λ × Λ′ | Zλ ∧ Z ′λ′ 6= ∅}. By using the equalities above, it is easy
to see that ∆′′ := {Zλ ∧ Z ′λ′}(λ,λ′)∈Λ′′ has a desired property.
In the rest of this section, consider the case r = 1 unless stated otherwise. First
assume that MS is the free hollow log structure. We fix an isomorphism
(MS , αS) ≃ (N⊕O
∗
S −→ OS)(1.1.14.1)
globally on S. Let n be a positive integer. Let n := n× be the multiplication
N ∋ j 7−→ jn ∈ N by n. Denote simply by N⊕(a+1) ⊕N,n N the push-out of the
following diagram of monoids:
N
n
−−−−→ N
diag.
y
N⊕(a+1) .
Let MS(a, d, n) be the log structure on A◦
S
(a, d) associated to the following morphism
(1.1.14.2)
N⊕(a+1) ⊕N,n N ∋ (0, . . . , 0,
i
1, 0, . . . , 0, j) 7−→ xi−1 · 0j ∈ OS [x0, . . . , xd]/(
a∏
i=0
xi).
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Here we set 00 := 1. Let AS(a, d, n) be the resulting log scheme over S. The morphism
N ∋ j 7−→ (0, . . . , 0, . . . , 0, j) ∈ N⊕(a+1) ⊕N,n N induces a morphism AS(a, d, n) −→ S
of log schemes. Set MS(a, d) := MS(a, d, 1) and AS(a, d) := AS(a, d, 1). We call
MS(a, d, n) the n-standard log structure on A◦
S
(a, d). We call AS(a, d) the standard
SNCL scheme and the 1-standard log structure the standard log structure simply. The
following morphism
(n, id) : N⊕O∗S −→ N⊕O
∗
S
and the isomorphism (1.1.14.1) induces the following morphism
(MS, αS) −→ (MS , αS).(1.1.14.3)
Hence we have the following morphism
un : S −→ S(1.1.14.4)
of fine log schemes. Then we have the following equality
AS(a, d, n) = AS(a, d)×S,un S.(1.1.14.5)
Note that the morphism un depends on the choice of the isomorphism (1.1.14.1).
Let S be a family of log points (such that MS is not necessarily free).
Definition 1.1.15. (1) Let f : X(= (
◦
X,MX)) −→ S be a morphism of log schemes
such that
◦
X is an SNC scheme over
◦
S with a decomposition ∆ := {
◦
Xλ}λ∈Λ of
◦
X/
◦
S
by its smooth components. We call f (or X/S) an RSNCL(=ramified simple normal
crossing log) scheme if, for any point of x ∈
◦
X, there exist an open neighbourhood
◦
V of x and an open neighbourhood
◦
W of
◦
f(x) such that MW is the free hollow
log structure of rank 1 and such that f |V factors through a strict e´tale morphism
π : V−→AW (a, d, n) over W for some a, d ∈ Z≥0, n ∈ Z≥1 depending on
◦
V such that
∆ ◦
V
= {π∗(xi) = 0}ai=0 in
◦
V . (Similarly we can give the definition of a formal RSNCL
scheme over S in the case where
◦
S is a formal scheme.) When n ≡ 1, we call a
(formal) RSNCL scheme a (formal) SNCL scheme simply.
(2) Let the notations be as in (1). Let S′ −→ S be a morphism of (formal) families
of log points. If S′ = S×◦
S
◦
S′ (resp. S′ 6= S×◦
S
◦
S′), we call the base change X×SS′/S′
of X/S the nonramified base change (resp. ramified base change) of X/S with respect
to the morphism S′ −→ S.
Remark 1.1.16. (1) Let X/S be a (formal) RSNCL scheme. Let S′ −→ S be a
morphism of (formal) families of log points. Then X ×S S′/S′ is a (formal) RSNCL
scheme.
Let X/S be a (formal) SNCL scheme. For a nonramified (resp. ramified) base
change morphism S′ −→ S, X ×S S′ is (resp. is not) an SNCL scheme over S′.
(2) Let
◦
X be an SNC scheme over
◦
S with union of smooth schemes {
◦
Xλ}λ∈Λ over
◦
S. Let D be the non-smooth locus of
◦
X over
◦
S, that is, D is the image of
◦
X(1) in
◦
X. Let ID be the ideal sheaf of D in
◦
X. Let Iλ be the defining ideal sheaf of
◦
Xλ
in
◦
X . Set OD(−X) := ⊗λ(Iλ/IλID) (the ideal sheaf OD(−X) is well-defined). Set
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OD(X) := HomOX (OD(−X),OX). Then the existence of the log structure on
◦
X
in (1.1.15) is equivalent to the d-semistability of Friedmann ([Fr, (1.9), (2.3)], [Kf,
(11.7)]):
Ext1(Ω1◦
X/
◦
S
,O ◦
X
) = OD(X) ≃ OD.(1.1.16.1)
(3) Though arithmetic geometers call the SNCL scheme the strict semistable
scheme, we do not do so following algebraic geometers because it seems impossi-
ble to have the notion of semistableness for a general S and because, even in the
case where S is the special fiber with the canonical log structure of the spectrum of a
discrete valuation ring, an SNCL scheme is not necessarily the special fiber with the
canonical log structure of an algebraic strict semistable family (see [Nakk3, §6] for an
example).
Lemma 1.1.17. Let X/S be as in (1.1.15). Let T −→ S be a morphism of fine log
schemes. Then XT := X ×S T is integral. (Note that
◦
XT := (XT )
◦ =
◦
X ×◦
S
◦
T .)
Proof. Because MS/O∗S is locally generated by a section, the morphism X −→ S is
integral ([Kk2, (4.4)]). (1.1.17) follows from this.
Assume that MS is the free hollow log structure of rank 1. Then S = (A1◦
S
, (N ∋
1 7−→ τ ∈ OS [τ ])a). Set
◦
AS(a, d) := Spec◦S
(OS [x0, . . . , xd, τ ]/(x0 · · ·xa − τ)) ≃ A
d
◦
S
.
Then we have a natural structural morphism
◦
AS(a, d) −→
◦
S. Let MS(a, d) be the
log structure associated to a morphism Na+1 ∋ ei = (0, . . . , 0,
i
1, 0, . . . , 0) 7−→ xi−1 ∈
OS [x0, . . . , xd, τ ]/(x0 · · ·xa − τ). Set
AS(a, d) := (Spec◦S
(OS [x0, . . . , xd, τ ]/(x0 · · ·xa − τ)),MS(a, d)).
Then we have the following natural morphism
(1.1.17.1) AS(a, d) −→ S.
Definition 1.1.18. Assume that MS is the free hollow log structure of rank 1.
(1) We call AS(a, d) (0 ≤ a ≤ d) the standard semistable log scheme over S.
(2) We call MS(a, d) the standard log structure on
◦
AS(a, d).
By killing “τ”, we have the following natural exact closed immersion
(1.1.18.1) AS(a, d)
⊂
−→ AS(a, d)
of fs(=fine and saturated) log schemes over S −→ S if the log structure of S is the
free hollow log structure of rank 1: we have the following commutative diagram of
log schemes
(1.1.18.2)
AS(a, d)
⊂
−−−−→ AS(a, d)y y
S
⊂
−−−−→ Sy y
◦
S
◦
S.
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Remark 1.1.19. Assume that S = (A1◦
S
, (N ∋ 1 7−→ τ ∈ OS [τ ])a). Let n be a positive
integer. Set
◦
AS(a, d, n) := Spec◦S
(OS [x0, . . . , xd, τ ]/(x0 · · ·xa − τ
n)).
Then we have a natural structural morphism
◦
AS(a, d, n) −→
◦
S. Assume that a ≥ 1
and n > 1. Then the composite morphism
◦
AS(a, d, n) −→
◦
S −→
◦
S is not smooth.
Though we consider AS(a, d, n) in this book, we do not consider
◦
AS(a, d, n) for the
case n > 1 for this reason.
Lemma 1.1.20. The sheaf OAS(a,d) is a free OS-module.
Proof. The set {
∏d
i=0 x
ei
i |ei = 0 for some 0 ≤ i ≤ a} gives a basis of OAS(a,d) over
OS .
Lemma 1.1.21. Let S be a family of log points and let X be an SNCL scheme over
S. Zariski locally on X, there exists a log scheme X over S fitting into the following
cartesian diagram
(1.1.21.1)
X
⊂
−−−−→ Xy y
AS(a, d)
⊂
−−−−→ AS(a, d)y y
S
⊂
−−−−→ S,
where the vertical morphism X −→ AS(a, d) is solid and e´tale.
Proof. This is a special case of (1.1.5).
Definition 1.1.22. Let f : X −→ S be a morphism of log schemes (on the Zariski
sites). Set X := X ×S S. We call f (or X/S) a strict semistable log scheme over
S if
◦
X is a smooth scheme over
◦
S, if
◦
X is a relative SNCD on
◦
X/
◦
S (with some
decomposition ∆ := {
◦
Xλ}λ∈Λ of
◦
X by smooth components of
◦
X over
◦
S) and if,
for any point of x ∈
◦
X, there exist an open neighbourhood
◦
V of x and an open
neighbourhood
◦
W ≃ Spec
W
(OW [τ ]) (where W :=W ×S S) of
◦
f(x) such that MW ≃
(N ∋ 1 7−→ τ ∈ OW [τ ])a and such that f |V factors through a strict e´tale morphism
π : V−→AW (a, d) such that ∆ ◦
V
= {π∗(xi) = 0}ai=0 in
◦
V . (Similarly we can give the
definition of a formal strict semistable log scheme over S.)
Remark 1.1.23. For a solid morphism T −→ S, the fiber product X×S T is a strict
semistable log scheme over T .
We recall the following(=the exactification) which has been proved in [Sh3].
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Proposition 1.1.24. ([Sh3, Proposition-Definition 2.10]) Let T be a fine log
formal Zp-scheme. Let Cexhom,p (resp. Cp) be the category of homeomorphic exact
immersions (resp. the category of immersions) of fine log formal Zp-schemes with
adic topologies defined by quasi-coherent ideal sheaves of structure sheaves over T .
Let ιp be the natural functor Cexhom,p −→ Cp. Then ιp has a right adjoint functor
( )ex : Cp −→ Cexhom,p.
For a notational reason which will be needed later, we recall the construction of
( )ex in [Sh3].
By the universality, the problem is local. We may assume that immersions are
closed immersions. We may assume that an object Y
⊂
−→ Q in Cp has a global
chart (P −→ Q) such that the morphism P gp −→ Qgp is surjective. (As in [Sh3,
Proposition-Definition 2.10], we do not assume that the morphism P −→ Q is sur-
jective.) Let P ex be the inverse image of Q by the morphism P gp −→ Qgp. Then
the natural morphism P ex −→ Q is surjective. We have a fine log formal Zp-scheme
Qprex := Q ×Spflog(Zp{P}) Spf
log(Zp{P ex}) over Q with a morphism Y −→ Qprex.
(The notation “prex” is the abbreviation of pre-exactification.) By the proof of
[Kk2, (4.10) (1)], the morphism Y −→ Qprex is an exact immersion. Indeed, the
element e in the proof of [Kk2, (4.10) (1)] comes from an element of P ex since the
morphism P ex −→ Q is surjective. Let Qex be the formal completion of Qprex
along Y . Let g : Y −→ Qex be the natural morphism. Since the morphism g
is exact, the morphism g∗ : g∗(MQex) −→ MY is injective. Hence the morphism
g−1(MQex/O∗Qex) = g
∗(MQex)/O∗Y −→ MY /O
∗
Y is injective. Since
◦
Qex =
◦
Y as topo-
logical spaces, MQex,x/O∗Qex,x =MY,x/O
∗
Y,x for a point x of
◦
Y . Hence we see that the
morphism Y
⊂
−→ Qex is the desired homeomorphic exact immersion over T . We call
the immersion Y
⊂
−→ Qex or simply Qex the exactification of the immersion Y
⊂
−→ Q.
More generally, let T be a fine log formal scheme. Let CT be the category of
immersions of fine log formal schemes over T with adic topologies by quasi-coherent
ideal sheaves of structure sheaves and let Cexhom,T be the category of homeomorphic
exact immersions of fine log formal schemes over T with adic topologies by quasi-
coherent ideal sheaves of structure sheaves. For an object Y
⊂
−→ Q in C which
has a global chart (P −→ Q) such that the morphism P gp −→ Qgp is surjective,
set OQ{P} := lim←−λOQ/Iλ[P ] and OQ{P
ex} := lim
←−λ
OQ/Iλ[P ex], where {Iλ} is the
system of ideal sheaves of definitions of Q. If we replace Zp{P} and Zp{P ex} with
OQ{P} and OQ{P ex}, respectively, then we have the following exactification functor
( )ex : CT −→ C
ex
hom,T ,
which is the right adjoint functor of the natural functor ι : Cexhom,T −→ CT .
Remark 1.1.25. In [Sh3, Proposition-Definition 2.10] Shiho has considered immer-
sions and homeomorphic exact immersions in the category (LFS/B) of fine log (not
necessarily p-adic) formal schemes which are separated and topologically of finite type
over a p-adic fine log formal scheme B which is separated and topologically of finite
type over Spf(W ), whereW is a fixed Cohen ring of a field of characteristic p > 0. We
do not assume that the category in (1.1.24) is this restricted one. Instead, we assume
that immersions and homeomorphic exact immersions of fine log formal Zp-schemes
with adic topologies by quasi-coherent ideal sheaves of structure sheaves.
Proposition 1.1.26 (Base changes of exactifications). Let T ′ −→ T be a mor-
phism of fine log formal schemes. Let Q be a fine log formal scheme over T . Let
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Y
⊂
−→ Q be an immersion of fine log formal schemes over T . Let Y
⊂
−→ Qex be
the exactification of Y
⊂
−→ Q. Then the immersion Y ×T T ′
⊂
−→ Qex ×T T ′ is the
exactification of the immersion Y ×T T
′ ⊂−→ Q×T T ′ over T ′.
Proof. Because exact morphisms are stable under base changes ([Kk2, p. 209]), the
immersion Y ×T T ′
⊂
−→ Qex×T T ′ is exact. Because
◦
Qex is the formal completion of
◦
Q
along
◦
Y , it is easy to check that (Qex×T T ′)◦ is also the formal completion ofQex×T T ′
along (Y ×T T
′)◦. Hence (Qex ×T T ′)◦ is isomorphic to (Y ×T T ′)◦ as a topological
space. We claim that Qex ×T T ′ has the universal property that (Q ×T T ′)ex has.
Indeed, let U
⊂
−→ V be an exact immersion of fine log formal schemes over T ′ fitting
into the following commutative diagram
U
⊂
−−−−→ Vy y
Y ×T T ′
⊂
−−−−→ Q×T T ′.
Then we have the following commutative diagram
U
⊂
−−−−→ Vy y
Y
⊂
−−−−→ Q.
Hence we have a natural morphism V −→ Qex by the universality of Qex. Conse-
quently we have the following desired commutative diagram
U
⊂
−−−−→ Vy y
Y ×T T ′
⊂
−−−−→ Qex ×T T ′,
which shows that Qex ×T T ′ = (Q×T T ′)ex.
Proposition 1.1.27. Let Y
⊂
−→ Z
⊂
−→ Q be a composite morphism in CT . Let QexZ
and QexY be the exactifications of Z
⊂
−→ Q and Y
⊂
−→ Q, respectively. Assume that
the morphism Y
⊂
−→ Z is exact. Then QexY is the formal completion of Q
ex
Z along Y .
Proof. By the universality of the exactification, we have a natural morphism QexY −→
QexZ . The problem is local. Take a local chart P −→ Q of Z
⊂
−→ Q such that the
morphism P gp −→ Qgp is surjective. Then the morphism P −→ Q also gives a local
chart of Y
⊂
−→ Q. The desired equality follows from the local description of the
exactification.
Proposition 1.1.28. Let T be a fine log formal scheme. Let Y
⊂
−→ Q be an immer-
sion of fine log formal schemes over T . Let (Q ×T Q)exY be the exactification of the
diagonal immersion Y
⊂
−→ Q×T Q. Let (Qex ×T Qex)exY be also the exactification of
the diagonal immersion Y
⊂
−→ Qex ×T Qex. Then the following hold:
(1) (Qex ×T Qex)exY = (Q×T Q)
ex
Y .
(2) The log formal scheme (Qex ×T Qex)exY is the formal completion of the exacti-
fication of the diagonal immersion Qex
⊂
−→ Qex ×T Qex along Y .
1.1. SNCL SCHEMES 53
Proof. (1): (1) follows from the universality of the exactificiation.
(2): (2) follows from (1.1.27).
We recall the following ([NS1, (2.1.5)]) which will be used in this section and later
sections:
Proposition 1.1.29 (Local structures of exact closed immersions). Let T0
⊂
−→
T be a closed immersion of fine log schemes. Let Y (resp. Q) be a log smooth scheme
over T0 (resp. T ), which can be considered as a log scheme over T . Let ι : Y
⊂
−→ Q be
an exact closed immersion over T . Let y be a point of
◦
Y and assume that there exists
a chart (Q −→ MT , P −→ MY , Q
ρ
−→ P ) of Y −→ T0
⊂
−→ T on a neighborhood of
y such that ρ is injective, such that Coker(ρgp) is torsion free and that the natural
homomorphism OY,y ⊗Z (P gp/Qgp) −→ Ω1Y/T0,y is an isomorphism. Let A
n
T (n ∈ N)
be the log affine space over T whose log structure is the inverse image of T by the
natural projection An◦
T
−→
◦
T . Then, on a neighborhood of y, there exist a nonnegative
integer c and the following cartesian diagram
(1.1.29.1)
Y −−−−−→ Q′ −−−−−→ Q


y


y


y
(T0 ⊗Z[Q] Z[P ], P
a)
⊂
−−−−−→ (T ⊗Z[Q] Z[P ], P
a)
⊂
−−−−−→ (T ⊗Z[Q] Z[P ], P
a)×T AcT ,
where the vertical morphisms are strict e´tale and the lower second horizontal morphism
is the base change of the zero section T
⊂
−→ AcT and Q
′ := Q×AcT T .
The following is a variant of an enlargement defined in [Og4, §3]:
Definition 1.1.30. Let Z be a fine log (formal) scheme. A log nil enlargement of
Z is, by definition, an exact closed immersion T0
⊂
−→ T of fine log (formal) schemes
defined by a quasi-coherent nil-ideal sheaf J of OT with morphism z : T0 −→ Z of
fine log (formal) schemes. We denote the log nil enlargement by (T, T0, z) or simply
by (T, z). We define a morphism of log nil enlargements in an obvious way (cf. the
Introduction).
Let T0
⊂
−→ T be an exact nil-immersion of fine log (formal) schemes. Let N =
(N,α) be a fine log substructure of T0 = (
◦
T 0,MT0
αT0−→ OT0). Let N
inv be the
inverse image of N/O∗T0 by the following morphism: MT
proj.
−→ MT /O∗T
∼
−→MT0/O
∗
T0
.
Consider the following composite morphism N inv
⊂
−→ MT
αT−→ OT , where αT is the
structural morpphism. Then we have essentially proved the following in [NS1, (2.3.1)].
Lemma 1.1.31. Let n be a nonnegative integer and let J be the ideal sheaf of the
immersion T0
⊂
−→ T . Assume that J is n-torsion and that locally on T , there exists
a chart P −→MT0 such that P
gp has no n-torsion. Then N inv is fine.
Definition 1.1.32. Let the notations and the assumptions be as in (1.1.31). We call
N inv the canonical extension of N to
◦
T .
Definition 1.1.33. Let the notations be as in (1.1.30).
(1) Set Z ◦
T0
:= Z × ◦
Z
◦
T 0. Let (MZ◦
T0
, (α : MZ◦
T0
−→ OT0)) be the log structure
associated to the following composite morphism
MZ◦
T0
−→MT0 −→ OT0 .
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Then Z ◦
T0
= (
◦
T 0, (MZ◦
T0
, (α : MZ◦
T0
−→ OT0))).
(2) SetM := (Im(MZ◦
T0
−→MT0))
inv. Let Z(T ) be a log (formal) scheme obtained
by
◦
T and M . We call Z(T ) the canonical extension of Z ◦
T 0
. (If Z(T ) is constant, we
can consider the hollowing out Z(T )♮ of Z(T ) defined in [Og4, Remark 7].)
Proposition 1.1.34. (1) Assume that the morphism MZ◦
T0
−→ MT0 is injective.
Then there exists a natural exact closed immersion Z ◦
T 0
⊂
−→ Z(T ).
(2) Assume that J and Im(MZ◦
T0
−→ MT0) satisfy the assumption in (1.1.31).
Then Z(T ) is fine.
Proof. (1): Set N := Im(MZ◦
T0
−→ MT0). Obviously we have a closed immersion
(
◦
T 0, N)
⊂
−→ Z(T ). By the assumption, we have an isomorphism Z ◦
T 0
∼
−→ (
◦
T 0, N).
Consequently we have the closed immersion Z ◦
T 0
⊂
−→ Z(T ).
(2): (2) follows from (1.1.31).
Proposition 1.1.35. Let Z −→ Z ′ be a morphism of fine log (formal) schemes.
Let (T, T0, z) −→ (T ′, T ′0, z
′) be a morphism of log nil enlargements over Z −→ Z ′.
Assume that the morphisms MZ◦
T0
−→ MT0 and MZ′◦
T ′0
−→ MT ′0 are injective. Then
there exist canonical morphisms Z ◦
T 0
−→ Z ′◦
T ′0
and Z(T ) −→ Z ′(T ′) of log (formal)
schemes fitting into the following commutative diagram
(1.1.35.1)
Z(T ) −−−−→ Z ′(T ′)
⋃x x⋃
Z ◦
T 0
−−−−→ Z ′◦
T ′0
.
Here the vertical morphisms in (1.1.35.1) are natural exact closed immersions.
Proof. The proof is straightforward.
The following is a nontirvial statement and it is important in this book, though
the proof of it is not difficult.
Corollary 1.1.36. Let Z −→ Z ′ and (T, T0, z) be as in (1.1.35). Assume that the
underlying morphism
◦
Z −→
◦
Z ′ is equal to id◦
Z
and the morphisms MZ◦
T0
−→MT0 and
MZ′◦
T0
−→MZ◦
T0
are injective. Then there exists the following commutative diagram
(1.1.36.1)
Z(T ) −−−−→ Z ′(T )
⋃x x⋃
Z ◦
T 0
−−−−→ Z ′◦
T 0
.
Proof. This immediately follows from (1.1.35).
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Now let S be a family of log points. Let T be a fine log scheme. Let T0
⊂
−→ T be a
log nil enlargement of S defined by a quasi-coherent nil-ideal sheaf J ofOT . By (1.1.3)
(2) the morphism MS◦
T0
−→MT0 is injective. Set M := (Im(MS◦
T0
−→MT0))
inv. By
(1.1.31) this is a fine log structure on
◦
T . (In this case, because the following sequence
0 −→ O∗T −→M −→M/O
∗
T −→ 0
is locally split since there exists an isomorphism M/O∗T ≃ N locally on T , we
also easily see that M is indeed a fine log structure on
◦
T .) Because MS(T )/O
∗
S(T )
is constant, we can consider the hollowing out S(T )♮ ([Og4, Remark 7]) of S(T );
S(T )♮ is a family of log points. We obtain equalities S◦
T 0
= Speclog
S(T )
(OS(T )/J ) =
Speclog
S(T )♮
(OS(T )♮/J ).
The following notion will be necessary in this book.
Definition 1.1.37. We say that a log nil enlargement T0
⊂
−→ T with morphism
T0 −→ S is restrictively hollow or we say that T is restrictively hollow with respective
to the morphism T0 −→ S if S(T ) is hollow.
Let X/S be an SNCL scheme. Let T0
⊂
−→ T and T0 −→ S be before (1.1.37). Set
X ◦
T 0
:= X ×S S◦
T 0
= X ×◦
S
◦
T 0 (we can consider X as a fine log scheme over
◦
S). Then
◦
(X ◦
T 0
) =
◦
X ×◦
S
◦
T 0. Let X ◦
T 0
⊂
−→ P be an immersion into a log smooth scheme over
S(T )♮. Let X ◦
T 0
⊂
−→ P be also an immersion into a log smooth scheme over S(T )♮.
(We do not assume that there exists an immersion P
⊂
−→ P).
Remark 1.1.38. Let S and (T,J ) with morphism T0 −→ S be as above. Let
T ′0 −→ S be a morphism of fine log schemes. Assume that the morphism T0 −→ S
factors thorough a morphism T0 −→ T
′
0. Then it is easy to see that S◦
T ′0
(T ) = S(T ).
Proposition 1.1.39. Assume that X ◦
T 0
⊂
−→ P (resp. X ◦
T 0
⊂
−→ P) has a global chart
P −→ Q (resp. P −→ Q) such that the morphism P gp −→ Qgp (resp. P gp −→
Qgp) is surjective. Let P ex (resp. P ex) be the inverse image of Q by the morphism
P gp −→ Qgp (resp. P gp −→ Qgp). Set Pprex := P ×Speclog(Z[P ]) Spec
log(Z[P ex])
(resp. Pprex := P×Speclog(Z[P ])Spec
log(Z[P ex])). Then, locally on X ◦
T 0
, there exists an
open neighborhood Pprex′ (resp. Pprex′) of Pprex (resp. Pprex) fitting into the following
cartesian diagram for some 0 ≤ a ≤ d ≤ d′ :
(1.1.39.1)
X ◦
T 0
⊂
−−−−→ Pprex′y y
AS◦
T0
(a, d)
⊂
−−−−→ AS(T )♮(a, d
′)
(resp.
(1.1.39.2)
X ◦
T 0
⊂
−−−−→ Pprex′y y
AS◦
T0
(a, d)
⊂
−−−−→ A
S(T )♮
(a, d′) ),
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where the vertical morphisms are solid and e´tale.
Proof. Because the proof for the case X ◦
T 0
⊂
−→ Pprex is the same as that for the case
X ◦
T 0
⊂
−→ Pprex, we give only the proof for X ◦
T 0
⊂
−→ Pprex.
Let x be a point of
◦
XT0 . Since the immersion X ◦
T 0
⊂
−→ Pprex is exact, we have an
isomorphism
(1.1.39.3) MPprex,x/O∗Pprex,x
∼
−→MX◦
T0
,x/O
∗
X◦
T0
,x ≃ N
a+1
for some a ∈ Z≥−1. Now (1.1.39) follows from (1.1.29).
Proposition 1.1.40. (1) Let Pex be the exactification of the immersion X ◦
T 0
⊂
−→ P.
Then Pex is a formal SNCL scheme over S(T )♮.
(2) Let Pex be the exactification of the immersion X
⊂
−→ P. Then Pex is a strict
semistable family over S(T )♮;
◦
Pex is a formally smooth scheme over
◦
T such that
◦
D :=
◦
Pex × ◦
S(T )♮
◦
T is a formal SNCD on
◦
Pex and such that MPex = M(
◦
D), where
M(
◦
D) is the associated log structure to
◦
D on
◦
Pex/
◦
T ([NS1, p. 61] (cf. [Fa], [Kk2])).
Proof. (1): Since
◦
Pex is topologically isomorphic to
◦
X , (1.1.40) follows from (1.1.39).
(2): (2) also immediately follows from (1.1.39) as in (1).
By the proof of (1.1.40), we see the following:
For a smooth component
◦
Xλ of
◦
XT0 , we can define a closed subscheme
◦
Pexλ of
◦
Pex
(resp.
◦
Pexλ of
◦
Pex) fitting into the following commutative diagram:
◦
Xλ
⊂
−−−−→
◦
Pexλ
⋂y y⋂
◦
X
⊂
−−−−→
◦
Pex
(resp.
◦
Xλ
⊂
−−−−→
◦
Pexλ
⋂y y⋂
◦
X
⊂
−−−−→
◦
Pex )
where
◦
Xλ
⊂
−→
◦
Pexλ (resp.
◦
Xλ
⊂
−→
◦
Pexλ ) is an isomorphism as topological spaces. (In
§1.3 below we give different definitions of
◦
Pexλ and
◦
Pexλ . )
Let the notations be as in the beginning of this section. Let v : T ′ −→ T be a
morphism of log schemes with locally free hollow log structures of ranks r′ and r. Let
x be a point of
◦
T ′. Let
v∗ : Nr =MT,v(x)/O∗T,v(x) −→MT ′,x/O
∗
T ′,x = N
r′(1.1.40.1)
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be the induced morphism. Set ei = (0, . . . , 0,
i
1, 0, . . . , 0) ∈ Nr (0 ≤ i ≤ r). Let
A ∈ Mr′r(Z) be the representing matrix of v∗gp: v∗gp(e1, . . . , er) = (e1, . . . , er′)A.
Let d′1|d
′
2| · · · |d
′
t−1|d
′
t (0 ≤ t ≤ min{r, r
′}, d′1, . . . , d
′
t ∈ Z) be associated divisors to A
obtained by the theory of elementary divisors. Set di := |d′i|.
Definition 1.1.41. We denote (d1, . . . , dt) by deg(v)x; deg(v)x is independent of the
choice of x. We denote it simply by deg(v) and we call deg(v) the (mapping) degree
of v. We set degπ(v) := d1 · · · · dt. (The subscript π means the product.)
Remark 1.1.42. (1) If r = r′ = 1, then it is easy to see that deg(v) = 1 if and only
if v is strict.
(2) Let
v∗Z : Z
r =MT,v(x)/O
∗
T,v(x) −→MT ′,x/O
∗
T ′,x = Z
r′(1.1.42.1)
be the induced morphism by (1.1.40.1). It is easy to see that
degπ(v) = vol((Im(v
∗
Z)⊗Z R)/Im(v
∗
Z)),(1.1.42.2)
where vol means the volume with respect to the standard Haar measure on Im(v∗Z)⊗Z
R.
Proposition 1.1.43. Let v′ : T ′′ −→ T ′ be a similar morphism of log schemes with
locally free hollow log structures of ranks r′′ and r′. Then
degπ(v
′ ◦ v) = degπ(v
′) degπ(v).(1.1.43.1)
Proof. This immediately follows from the formula (1.1.42.2).
We conclude this section by proving the following useful proposition.
Proposition 1.1.44 (A log version of [BO1, N. B. in 5.27]). Let Y −→ T be
a log smooth morphism of fine log schemes. Let ι : Z0
⊂
−→ Z be an exact nil closed
immersion of fine log affine schemes over T . Then the natural morphism
Y (Z) := HomT (Z, Y ) −→ Y (Z0) := HomT (Z0, Y )(1.1.44.1)
is surjective.
Proof. As in [BO1, N.B. in 5.27], express
◦
Z = Spec(B) and
◦
Z0 = Spec(B/J), J =⋃
λ Jλ, where Jλ is a finitely generated ideal of B. Set Bλ := B/Jλ. Then we have the
natural nilpotent closed immersion Spec(Bλ)
⊂
−→
◦
Z. Set Zλ := Z× ◦
Z
Spec(Bλ). Then
we have the natural exact closed nilpotent immersion Zλ
⊂
−→ Z and the natural exact
closed nil immersion Z0
⊂
−→ Zλ. Since ι is an isomorphism as topological spaces, we
identify a sheaf on Z with a sheaf on Z0 and with a sheaf on Zλ. Because MZ0 is the
inverse image of MZ , MZ0 =MZ ⊕O∗Z O
∗
Z0
. Since OZ0 = lim−→λ
OZλ , O
∗
Z0
= lim
−→λ
O∗Zλ .
HenceMZ0 =MZ⊕O∗Z lim−→λO
∗
Zλ
= lim
−→λ
(MZ⊕O∗ZO
∗
Zλ
) = lim
−→λ
MZλ . Let h : Z0 −→ Y
be a morphism over T . Let g0 : Z0 −→ T be the structural morphism. Then we have
the following commutative diagram
(1.1.44.2)
MZ0 = lim−→λ
MZλ ←−−−− h
−1(MY )y y
OZ0 = lim−→λ
OZλ ←−−−− h
−1(OY )
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over g−10 (MT ) −→ g
−1
0 (OT ). By [EGA IV-3, (8.8.2) (i)] the lower horizontal mor-
phism in (1.1.44.2) factors through a morphism
◦
h−1λ (OY ) −→ OZλ for some λ, where◦
hλ :
◦
Zλ −→
◦
Y is a morphism of schemes. Hence the morphism h−1(O∗Y ) −→ O
∗
Z0
fac-
tors through a morphism
◦
h−1λ (O
∗
Y ) −→ O
∗
Zλ
for some λ. Take a local chart P −→ OY
of MY . Since P is finitely generated and since h
−1(O∗Y ) −→ O
∗
Z0
factors through
◦
h−1λ (O
∗
Y ) −→ O
∗
Zλ
for some λ, the morphism h−1(MY ) −→ MZ0 factors through
◦
h−1λ (MY ) −→MZλ for some λ locally on
◦
Z0. Since
◦
Z0 is quasi-compact, the morphism
h−1(MY ) −→MZ0 factors through
◦
h−1λ (MY ) −→MZλ for some λ. Hence we have the
morphism hλ : Zλ −→ Y over T such that the composite morphism Z0
⊂
−→ Zλ
hλ−→ Y
is equal to h. By the definition of the log smoothness, the morphism Y (Z) −→ Y (Zλ)
is surjective. Consequently the morphism (1.1.44.1) is surjective.
1.2 Review for results in [Nakk4] and bisimplicial
(exact) immersions I
In this section we review several results and additional remarks to [Nakk4] for later
sections. We give only the statements of the results; see [loc. cit.] for the proofs of
them.
Let ∆ be the standard simplicial category: an object of ∆ is denoted by [n] :=
{0, . . . , n} (n ∈ N); a morphism in ∆ is a non-decreasing function [n] −→ [m] (n,m ∈
N).
Let Y be a fine log (formal) scheme over a fine log (formal) scheme T . Let Y• be
a fine simplicial log (formal) scheme over Y . Let sm−1i : Ym−1 −→ Ym (m ∈ Z>0, 0 ≤
i ≤ m − 1) be the degeneracy morphism corresponding to the standard degeneracy
map ∂im : [m] −→ [m−1]: ∂
i
m(j) = j (0 ≤ j ≤ i), ∂
i
m(j) = j−1 (i < j ≤ m). Following
[SGA 4-2, Vbis §5] and [D4, (6.2.1.1)], set N(Y0) := Y0 and let N(Ym) (m ∈ Z>0) be
the intersection of the complements of sm−1i (Ym−1) (0 ≤ i ≤ m− 1). The simplicial
log (formal) scheme Y• is said to be split ([loc. cit.]) if Ym =
∐
0≤l≤m
∐
[m]։[l]N(Yl),
where the subscripts [m]։ [l]’s run through the surjective non-decreasing morphisms
[m] −→ [l]’s.
Lemma 1.2.1 ([Nakk4, (6.1)]). Assume that Y• is split. Then there exists a fine
split simplicial log (formal) scheme Y ′• with a morphism Y
′
• −→ Y• of simplicial log
(formal) schemes over Y satisfying the following conditions:
(1.2.1.1) Y ′m (m ∈ N) is the disjoint union of log affine open (formal) subschemes
which cover Ym and whose images in Y are contained in log affine open (formal)
subschemes of Y .
(1.2.1.2) If
◦
Y m (m ∈ N) is quasi-compact, then the number of the log affine open
(formal) subschemes in (1.2.1.1) can be assumed to be finite.
Set Ymn := cosk
Ym
0 (Y
′
m)n (m,n ∈ N). Then there exists a natural morphism Y•• −→
Y• over Y . For each n ∈ N, Y•n is split.
The construction of Y ′• is as follows.
Let Y ′0 be the disjoint union of log affine open (formal) subschemes which cover
Y0 and whose images in Y are contained in log affine open (formal) subschemes of
Y . Let m be a positive integer. Assume that we are given Y ′•≤m−1. The log scheme
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coskYm−1(Y
′
•≤m−1)m is the disjoint union of the members of a log affine open covering
of coskYm−1(Y•≤m−1)m. Consider the natural composite morphismN(Ym)
⊂
−→ Ym −→
coskYm−1(Y•≤m−1)m and a log affine open covering of N(Ym) which refines the inverse
image of the open covering of coskYm−1(Y•≤m−1)m. Let N(Ym)
′ be the disjoint union
of the members of this open covering. Then we have the following commutative
diagram:
(1.2.1.3)
N(Ym)
′ −−−−→ coskYm−1(Y
′
•≤m−1)my y
N(Ym) −−−−→ cosk
Y
m−1(Y•≤m−1)m.
Then we set Y ′m =
∐
0≤l≤m
∐
[m]։[l]N(Yl)
′, which is the inductive construction of Y ′• .
In [Nakk4] we have called the simplicial log (formal) scheme Y ′• satisfying (1.2.1.1)
and (1.2.1.2) the disjoint union of the members of an affine simplicial open covering
of Y•/Y . In this book, if there exists a morphism Z ′• −→ Z• of fine simplicial log
(formal) schemes over Y satisfying (1.2.1.1) and (1.2.1.2), then we also say that Z•
has an affine simplicial open covering Z ′• over Y . In [loc. cit.] we have also called the
bisimplicial scheme Z•• in (1.2.1) the Cˇech diagram of Z ′• over Z•/Y .
Proposition 1.2.2 ([Nakk4, (6.3)]). (1) Let Z• −→ Y• be a morphism of fine split
simplicial log (formal) schemes over a morphism Z −→ Y of fine log (formal) schemes
over T . Then there exist the disjoint unions of the members of affine simplicial
open coverings Y ′• and Z ′• of Y•/Y and Z•/Z, respectively, fitting into the following
commutative diagram:
(1.2.2.1)
Z ′• −−−−→ Y
′
•y y
Z• −−−−→ Y•.
(2) Let Y•/Y/T be as in (1.2.1). Let Y ′• and Y ′′• be two disjoint unions of the
members of affine simplicial open coverings of Y•/Y . Then there exists a disjoint
union of the members of an affine simplicial open covering Y ′′′• of Y•/Y fitting into
the following commutative diagram:
(1.2.2.2)
Y ′′′• −−−−→ Y ′′•y y
Y ′• −−−−→ Y•.
Next we need the obvious log version ΓTN (Y )
≤l (N, l ∈ N) of [CT1, §11] for log
schemes.
Let C be a category which has finite inverse limits. Let l be a nonnegative integer.
Following [CT1, §11], define a set Hom≤l∆ ([n], [m]) (n,m ∈ N): the set Hom
≤l
∆ ([n], [m]),
by definition, consists of the morphisms γ : [n] −→ [m] in ∆ such that the cardinality
of the set γ([n]) is less than or equal to l.
Let N be a nonnegative integer. Let us recall the definition of the simplicial object
Γ := ΓCN (X)
≤l in C for an object X ∈ C ([Tsuz2, (7.3.1)]): for an object [m] ∈ ∆, set
Γm :=
∏
γ∈Hom≤l∆ ([N ],[m])
Xγ
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with Xγ = X ; for a morphism α : [m
′] −→ [m] in ∆, αΓ : Γm −→ Γm′ is defined to be
the following: “(cγ) 7−→ (dβ)” with “dβ = cαβ”. In fact, we have a functor
(1.2.2.3) ΓCN (?)
≤l : C −→ C∆ := {simplicial objects of C}.
Set ΓCN (X) = Γ
C
N(X)
≤N . The functor ΓCN (?)
≤l commutes with finite inverse limits.
For l ≥ N , ΓCN (X)
≤l = ΓCN (X).
Definition 1.2.3. We call the functor ΓCN (?)
≤l Tsuzuki’s functor. For an object X
of C, we call ΓCN (X)
≤l Tsuzuki’s simplicial object of X .
In [CT1, (11.2.5)] Chiarellotto and Tsuzuki have essentially proved the following:
Lemma 1.2.4 ([Tsuz2, (7.3.2)]). coskCl (Γ
C
N (X)•≤l) = Γ
C
N (X)
≤l.
Let N and m be nonnegative integers. Let X•≤N be an N -truncated simplicial
object of C and let f : XN −→ Y be a morphism in C. Then we have a morphism
(1.2.4.1) X•≤N −→ ΓCN(Y )•≤N
making the following diagram commutative:
(1.2.4.2)
Xm −−−−→
∏
γ∈Hom∆([N ],[m]) Yγ
X(δ)
y yproj
XN
f
−−−−→ Yδ = Y
for any morphism δ : [N ] −→ [m] in ∆.
Let T be a fine log (formal) scheme. Let CT be the category of fine log (formal)
schemes over T . Set ΓTN (?) := Γ
CT
N (?) and cosk
T
N (?) = cosk
CT
N (?). Now we limit
ourselves to the case C = CT . By ([Kk2, (1.6), (2.8)]) the finite inverse limit exists in
CT . Hence we can apply the constructions above to CT .
The following are immediate generalizations of [CT1, (11.2.4), (11.2.6)]:
Lemma 1.2.5 ([Nakk4, (6.6)]). Let N be a nonnegative integer. Then the following
hold:
(1) Let X•≤N be a fine N -truncated simplicial log (formal) scheme over T . If
f : XN −→ Y is an immersion of fine log (formal) schemes over T , then the morphism
X•≤N −→ ΓTN (Y )•≤N in (1.2.4.1) is an immersion of fine N -truncated simplicial log
(formal) schemes over T .
(2) Let X −→ T be a morphism of fine log (formal) schemes. Assume that the
morphism X −→ T satisfies a condition (P) which is stable under the morphism
X ×T · · · ×T X︸ ︷︷ ︸
n times
proj.
−→ X ×T · · · ×T X︸ ︷︷ ︸
m times
for any n > m. Then the natural morphism
coskTl (Γ
T
N (X)•≤l)m −→ cosk
T
l′ (Γ
T
N (X)•≤l′)m
satisfies (P) for l′ < l and for any m ∈ N.
The following is an obvious generalization of [Nakk4, (6.10)], in which we have
assumed the immersion T
⊂
−→ T in the following is a nil-immersion of fine log schemes.
Proposition 1.2.6 (The existence of an embedding system). Let the notations
and the assumptions be as in (1.2.1). Let T
⊂
−→ T be an immersion of fine log
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schemes. Let N be a nonnegative integer. Assume that YN is log smooth over T . For
any point y of YN , assume that the assumption in (1.1.6) holds. Then there exists the
disjoint union Y ′•≤N of the members of an affine N -truncated simplicial open covering
of Y•≤N and an immersion Y ′•≤N
⊂
−→ Q′•≤N into a log smooth N -truncated simplicial
log scheme over T .
Proof. For the completeness of this book, we give the proof.
Because YN is log smooth over T , Y
′
N is also log smooth over T . By (1.1.6) we may
assume that there exists a closed immersion Y ′N
⊂
−→ Y ′N into a log smooth scheme
over T . Set Q′• := Γ
T
N (Y
′
N ). The immersion (1.2.4.1) is obtained by the following
composite morphism
Y ′m
⊂
−→ Πγ∈Hom∆([N ],[m])Y
′
m −→ Πγ∈Hom∆([N ],[m])Y
′
N
⊂
−→ Πγ∈Hom∆([N ],[m])Y
′
N = Q
′
m,
where the morphism Y ′m
⊂
−→ Πγ∈Hom∆([N ],[m])Y
′
m is the diagonal immersion. In fact,
by the following commutative diagram
Y ′l −−−−→ Y
′
N
⊂
−−−−→ Y ′Ny ∥∥∥ ∥∥∥
Y ′m −−−−→ Y ′N
⊂
−−−−→ Y ′N
for morphisms [m] −→ [l] and [N ] −→ [m] in ∆, we have the desired N -truncated
simplicial immersion Y ′•≤N
⊂
−→ Q′•≤N .
Let Y•≤N,• be the affine Cˇech diagram of Y ′•≤N over Y•≤N/Y : Ymn := cosk
Ym
0 (Y
′
m)n
(0 ≤ m ≤ N,n ∈ N). Set Qmn := cosk
T
0 (Q
′
m)n. Then there exists an immersion
Y•≤N,•
⊂
−→ Q•≤N,• into a log smooth (N,∞)-truncated scheme over T .
Let S be a family of log points. Let T0
⊂
−→ T be a log nil enlargement of S defined
by a quasi-coherent nil-ideal sheaf J of OT . Now we apply the above result to the
case of a truncated simplicial SNCL scheme over S◦
T 0
which has an affine truncated
simplicial open covering and the immersions S◦
T 0
⊂
−→ S(T )♮ and S◦
T 0
⊂
−→ S(T )♮.
(Recall S◦
T 0
, S(T ) and S(T )♮ before (1.1.37) and note that the immersion S◦
T 0
⊂
−→
S(T )♮ is not nil.)
Definition 1.2.7. Let N be a nonnegaitve integer. Let f : X•≤N −→ S be an N -
truncated simplicial fine log scheme over S. We call f or X•≤N/S an N -truncated
simplicial SNCL scheme over S if Xm (0 ≤ ∀m ≤ N) is an SNCL scheme over S.
Assume that X
•≤N,
◦
T0
:= X•≤N ×S S◦
T 0
= X•≤N ×◦
S
◦
T 0 has an affine N -truncated
simplicial open covering (we can consider X•≤N as an N -trucnated simplicial fine log
scheme over
◦
S). By abuse of notation, we denote by the same symbol f the structural
morphism X
•≤N,
◦
T0
−→ S◦
T 0
.
LetX ′
•≤N,
◦
T0
be the disjoint union of an affineN -truncated simplicial open covering
of X
•≤N,
◦
T0
over S◦
T 0
. Let X ′
N,
◦
T0
=
∐
i∈I XNi be an expression of X
′
N,
◦
T0
, where
XNi is a log open subscheme of X
N,
◦
T0
. Assume that f(
◦
XNi) is contained in an
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affine open subscheme of
◦
T = (S◦
T 0
)◦ such that the restriction of MS◦
T0
to this open
subscheme is free of rank 1. Assume also that there exists a strict e´tale morphism
XNi −→ AS◦
T0
(a, d). Then, replacingXNi by a small log open subscheme ofX
N,
◦
T0
, we
can assume that there exists a log smooth scheme P ′Ni/S(T ) fitting into the following
commutative diagram
(1.2.7.1)
XNi
⊂
−−−−→ P ′Niy y
AS◦
T0
(a, d)
⊂
−−−−→ A
S(T )♮
(a, d)y y
S◦
T 0
⊂
−−−−→ S(T )♮,
where the morphism P ′Ni −→ AS(T )♮(a, d) is solid and e´tale. Set P
′
N :=
∐
i∈I P
′
Ni
and Γ′• := Γ
S(T )♮
N (P
′
N ). Set
(1.2.7.2) X
mn,
◦
T0
:= cosk
X
m,
◦
T0
0 (X
′
m,
◦
T 0
)n (0 ≤ m ≤ N,n ∈ N)
and
(1.2.7.3) Pmn := cosk
S(T )♮
0 (Γ
′
m)n (0 ≤ m ≤ N,n ∈ N).
Then we have an (N,∞)-truncated bisimplicial SNCL scheme X
•≤N,•,
◦
T0
and an
(N,∞)-truncated bisimplicial immersion
(1.2.7.4) X
•≤N,•,
◦
T0
⊂
−→ P•≤N,•
into a log smooth (N,∞)-truncated bisimplicial scheme over S(T )♮. Thus we have
proved the following:
Proposition 1.2.8. Assume that X
•≤N,
◦
T0
has an affine N -truncated simplicial open
covering of X ′
•≤N,
◦
T0
over S◦
T 0
. for which there exists the commutative diagram
(1.2.7.1). Then the following hold:
(1) There exists an immersion
(1.2.8.1)
X
•≤N,•,
◦
T0
⊂
−−−−→ P•≤N,•y y
S◦
T 0
⊂
−−−−→ S(T )♮
into a log smooth (N,∞)-truncated bisimplicial log scheme over S(T )♮.
(2) There exists an immersion
(1.2.8.2)
X
•≤N,•,
◦
T0
⊂
−−−−→ P•≤N,•y y
S◦
T 0
⊂
−−−−→ S(T )♮
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into a log smooth (N,∞)-truncated bisimplicial log scheme over S(T )♮.
Corollary 1.2.9. Let the notations be as above. Then there exist an immersion
(1.2.9.1)
X
•≤N,•,
◦
T0
⊂
−−−−→ Pex•≤N,•y y
S◦
T 0
⊂
−−−−→ S(T )♮
into an (N,∞)-truncated bisimplicial strict semistable log formal scheme over S(T )♮
and an immersion
(1.2.9.2)
X
•≤N,•,
◦
T0
⊂
−−−−→ Pex•≤N,•y y
S◦
T 0
⊂
−−−−→ S(T )♮
into an (N,∞)-truncated bisimplicial formal SNCL scheme over S(T )♮.
Proof. (1.2.9) follows from (1.1.40).
Remark 1.2.10. (1) Let (Y•≤N , D•≤N) be an N-truncated simplicial smooth scheme
with anN -truncated simplicial relative SNCD over a scheme T0. Let T0
⊂
−→ T be a nil
closed immersion. Assume that (Y•≤N , D•≤N) has an affine N -truncated simplicial
open covering. Then, if we use the same argument as those in (1.2.8) and (1.2.9) for
(Y•≤N , D•≤N) over T0
⊂
−→ T , we can solve a formal version of [Nakk4, Problem 6.13].
That is, there exists an (N,∞)-truncated admissible immersion (Y•≤N,•, D•≤N,•)
⊂
−→
(Y•≤N,•,D•≤N,•) into an (N,∞)-truncated bisimplicial smooth formal scheme with
an (N,∞)-truncated bisimplicial relative formal SNCD over T .
(2) In the case N = 0, one can construct an exact immersion X
0•,
◦
T 0
⊂
−→ Pex0• by
using concrete (log) blow ups (cf. [Hy2], [Mo], [GK], [NS1]). However, as in [CT2], the
concrete construction is not necessary in this book. Moreover, one can dispense with
the complicated local calculations in [GK, §2] and [CT2, §4] if one uses (1.1.29) as in
(1.1.39), (1.1.40) and (1.2.9): (1.2.9) simplifies the complicated local calculations in
[loc. cit.] remarkably. In fact, if we use only concrete log blow ups, it seems hopeless
to construct the (N,∞)-truncated bisimplicial immersions in (1.2.9.1) and (1.2.9.2).
1.3 Log crystalline de Rham complexes
In this section we give several fundamental properties of sheaves of log differential
forms tensored with the structure sheaves of log PD-envelopes. First we recall the
preweight filtration on sheaves of differential forms ([Nakk4]).
Let Y be a fine log (formal) scheme over a fine log (formal) scheme T . As in
[Nakk4, (4.0.2)], we define the preweight filtration P on the sheaf Ωi
Y/
◦
T
(i ∈ N) of log
differential forms on Yzar as follows:
(1.3.0.1) PkΩ
i
Y/
◦
T
=

0 (k < 0),
Im(Ωk
Y/
◦
T
⊗OY Ω
i−k
◦
Y /
◦
T
−→ Ωi
Y/
◦
T
) (0 ≤ k ≤ i),
Ωi
Y/
◦
T
(k > i).
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A morphism g : Y −→ Z of log schemes over
◦
T induces the following morphism of
filtered complexes:
(1.3.0.2) g∗ : (Ω•
Z/
◦
T
, P ) −→ g∗((Ω•
Y/
◦
T
, P )).
More generally, for a flat OY -module E and a flat OZ-module F with a morphism
h : F −→ g∗(E) of OZ -modules, we have the following morphism of filtered complexes:
(1.3.0.3) h : (F ⊗OZ Ω
•
Z/
◦
T
, P ) −→ g∗((E ⊗OY Ω
•
Y/
◦
T
, P )).
For a morphism T ′ −→ T of fine log (formal) schemes, set YT ′ := Y ×T T ′ and let
q : YT ′ −→ Y be the first projection. For a flat OYT ′ -module E , let P be the induced
filtration on E ⊗OY
T ′
Ωi
YT ′/
◦
T ′
by the filtration P on Ωi
YT ′/
◦
T ′
:
Pk(E ⊗OY
T ′
Ωi
YT ′/
◦
T ′
) := E ⊗OY
T ′
PkΩ
i
YT ′/
◦
T ′
.(1.3.0.4)
Proposition 1.3.1. Assume that the morphism T ′ −→ T is solid. Then
PkΩ
i
YT ′/
◦
T ′
= q∗(PkΩi
Y/
◦
T
).(1.3.1.1)
Proof. Because the morphism is T ′ −→ T is solid, we have an equality YT ′ = Y × ◦
T
◦
T ′.
We also have an equality
◦
Y T ′ =
◦
Y × ◦
T
◦
T ′ since the morphsim T ′ −→ T is integral
([Kk2, (4.4)]). Hence (1.3.1.1) follows from [Kk2, (1.7) (ii)].
For a finitely generated monoid Q and a set {q1, . . . , qn} (n ∈ Z≥1) of generators
of Q, we say that {q1, . . . , qn} is minimal if n is minimal. Assume that Y = (
◦
Y ,MY )
is an fs(=fine and saturated) log (formal) scheme. Let y be a point of
◦
Y . Let
m1,y, . . . ,mr,y be local sections of MY around y whose images in MY,y/O
∗
Y,y form a
minimal set of generators of MY,y/O∗Y,y. Let
◦
D(MY )i (1 ≤ i ≤ r) be the local closed
subscheme of
◦
Y defined by the ideal sheaf generated by the image of mi,y in OY,y.
For a nonnegative integer k, let
◦
D(k)(MY ) be the disjoint union of the (k + 1)-fold
intersections of different
◦
D(MY )i’s. Assume that
(1.3.1.2) MY,y/O
∗
Y,y ≃ N
r
for any point y of
◦
Y and for some r ∈ N depending on y. Since Aut(Nr) ≃ Sr (as
mentioned in §1.1), Aut(MY,y/O∗Y,y) ≃ Sr. As a result, the scheme
◦
D(k)(MY ) is inde-
pendent of the choice of m1,y, . . . ,mr,y and it is globalized. We denote this globalized
scheme by the same symbol
◦
D(k)(MY ). Set
◦
D(−1)(MY ) :=
◦
Y and
◦
D(k)(MY ) := ∅ for
k ∈ Z≤−2. Let b(k) :
◦
D(k)(MY ) −→
◦
Y (k ∈ Z) be the natural morphism.
Proposition 1.3.2 ([Nakk4, (4.3)]). Let g : Y −→ Y ′ be a morphism of fs log
(formal) schemes satisfying the condition (1.3.1.2). Let b′(k) :
◦
D(k)(MY ′) −→
◦
Y ′ (k ∈
Z) be the analogous morphism to b(k). Assume that, for each point y ∈
◦
Y and for each
member m of the minimal generators of MY,y/O∗Y,y, there exists a unique member m
′
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of the minimal generators of M
Y ′,
◦
g(y)
/O∗
Y ′,
◦
g(y)
such that g∗(m′) ∈ mZ>0 . Then there
exists a canonical morphism
◦
g(k) :
◦
D(k)(MY ) −→
◦
D(k)(MY ′) fitting into the following
commutative diagram of schemes:
(1.3.2.1)
◦
D(k)(MY )
◦
g(k)
−−−−→
◦
D(k)(MY ′)
b(k)
y yb′(k)
◦
Y
◦
g
−−−−→
◦
Y ′.
Remark 1.3.3. Because the construction of
◦
g(k) is necessary for (1.3.20) below, we
review it as follows (cf. [SaT2, p. 614]).
First we consider the local case. Let {mi,y}ri=1 and {D(MY )i}
r
i=1 be as above. Set
y′ :=
◦
g(y). Let {mi′,y′}r
′
i′=1 and {D(MY ′)i′}
r′
i′=1 be the similar objects for Y
′ around
y′. We may assume that g∗(mi′,y′) ∈ m
Z>0
i,y (1 ≤ i ≤ r). This means that g induces
a natural local morphism D(MY )i −→ D(MY ′)i (1 ≤ i ≤ r). Let D(k)(MY ; g) be
the disjoint union of all (k + 1)-fold intersections of D(MY ′)1, . . . , D(MY ′)r. Then
we have a natural morphism D(k)(MY ) −→ D(k)(MY ; g). By composing this with
the natural inclusion morphism D(k)(MY ; g)
⊂
−→ D(k)(MY ′), we have a morphism
D(k)(MY ) −→ D(k)(MY ′). This is a desired local morphism. This local morphism is
compatible with localization. Hence it is globalized. By this construction, for another
analogous morphism g′ : Y ′ −→ Y ′′ to g, we have the following equality
(
◦
g′ ◦
◦
g)(k) = (
◦
g′)(k) ◦ (
◦
g)(k).(1.3.3.1)
We also have an obvious equality (idY )
(k) = idD(k)(MY ).
As in [D2, (3.1.4)] and [NS1, (2.2.18)], we have an orientation sheaf ̟
(k)
zar(
◦
D(MY ))
(k ∈ N) in
◦
D(k)(MY )zar associated to the set
◦
D(MY )i’s. We review it. Let E be the set
of subsets of {
◦
D(MY )i} consisting of (k+1)-elements. Set̟
(k)
zar(
◦
D(MY )) :=
∧k+1(ZE)
if k ≥ 0, ̟
(−1)
zar (
◦
D(MY )) = Z and ̟
(k)
zar(
◦
D(MY )) = 0 if k ≤ −2. We call ̟
(k)
zar(
◦
D(MY ))
the (k + 1)-fold zariskian orientation sheaf of Y . We have the following equality:
(1.3.3.2) b
(k)
∗ ̟(k)zar(
◦
D(MY )) =
k+1∧
(MgpY /O
∗
Y ).
In the case where Y = X is a (formal) SNCL scheme over a (formal) family of
log points S, we denote
◦
D(MX)i, b
(k) and ̟
(k)
zar(
◦
D(MX)) by
◦
Xi, a
(k), ̟
(k)
zar(
◦
X/
◦
S)
(k ∈ Z≥1), respectively. Note that ̟
(k)
zar(
◦
X/
◦
S) depends only on
◦
X (not on X). Note
also that
◦
D(k)(MX) is nothing but
◦
X(k).
Let (T,J , δ) be a fine log PD-scheme with quasi-coherent PD-ideal sheaf J such
that a prime number p is locally nilpotent on T . Set T0 := Spec
log
T
(OT /J ). Let
Y (resp. Q) be a log smooth scheme over T0 (resp. T ). Let ι : Y
⊂
−→ Q be an
immersion over T . Let E be the log PD-envelope of ι over (T,J , δ). Let Qex be the
exactification of ι. Then E is the classical PD-envelope of the immersion
◦
Y
⊂
−→
◦
Qex
over (
◦
T ,J , δ) with the inverse image of the log structure of Qex ([Kk2, (6.6)], [BO1,
3.20 Remarks 7)]). For any point y of
◦
Y , assume that there exists a chart (Q −→
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MT , P −→ MY , Q
ρ
−→ P ) of Y −→ T0
⊂
−→ T on a neighborhood of y such that ρ
is injective, such that Coker(ρgp) is torsion free and that the natural homomorphism
OY,y ⊗Z (P gp/Qgp) −→ Ω1Y/T0,y is an isomorphism. The following is a generalization
of [NS1, (2.2.17) (1)]:
Proposition 1.3.4. Set U := T or
◦
T . Then the following hold:
(1) The natural morphism
(1.3.4.1) OQex ⊗OQ Ω
i
Q/U −→ Ω
i
Qex/U (i ∈ N)
is an isomorphism. Consequently the natural morphism
(1.3.4.2) OE ⊗OQ Ω
i
Q/U −→ OE ⊗OQex Ω
i
Qex/U
is an isomorphism.
(2) The natural morphism
(1.3.4.3) OE ⊗OQex PkΩ
i
Qex/
◦
T
−→ OE ⊗OQex Ω
i
Qex/
◦
T
(i, k ∈ Z)
is injective.
Proof. The question is local on Y ; we may assume the existence of the commutative
diagram (1.1.29.1); we may also assume the existence of the log scheme Qprex between
(1.1.24) and (1.1.25).
(1): Because the natural morphismQprex −→ Q is log e´tale, ΩiQprex/U = OQprex⊗OQ
ΩiQ/U (i ∈ N). Hence Ω
i
Qex/U = OQex ⊗OQprex Ω
i
Qprex/U = OQex ⊗OQ Ω
i
Q/U and
OE ⊗OQex Ω
i
Qex/U = OE ⊗OQ Ω
i
Q/U .
(2): (The proof of (2) is the same as that of [NS1, (2.2.17) (1)].) Let x1, . . . , xc be
the coordinates ofAcT in (1.1.29.1). SetK := (x1, . . . , xc)OQex andQ
′ := SpeclogQex(OQex/K).
Then Q′ is a log smooth lift of Y over T . Since Q′ is log smooth over T , there exists
a section of the surjection OQex/KN −→ OQex/K = OQ′ . Set K0 := (x1, . . . , xc) in
OQ′ [x1, . . . , xc]. Then, as in [BO1, 3.32 Proposition], we have a morphism
OQ′ [x1, . . . , xc] −→ OQex/KN
such that the induced morphism OQ′ [x1, . . . , xc]/KN0 −→ OQex/K
N is an isomor-
phism. Set Q′′ := AcT . Because p is locally nilpotent on T , we may assume that
there exists a positive integer N such that KNOE = 0. By [BO1, 3.32 Proposition],
OE is isomorphic to the PD-polynomial algebra OQ′〈x1, . . . , xc〉. Hence we have the
following isomorphisms
(1.3.4.4) OE ⊗OQex Ω
i
Qex/
◦
T
∼
−→
⊕
i′+i′′=i
Ωi
′
Q′/
◦
T
⊗OT OT 〈x1, . . . , xc〉 ⊗OQ′′ Ω
i′′
◦
Q′′/
◦
T
and
(1.3.4.5) OE⊗OQex PkΩ
i
Qex/
◦
T
∼
−→
⊕
i′+i′′=i
PkΩ
i′
Q′/
◦
T
⊗OT OT 〈x1, . . . , xc〉⊗OQ′′ Ω
i′′
◦
Q′′/
◦
T
.
Since the complex OT 〈x1, . . . , xc〉⊗OQ′′ Ω
•
◦
Q′′/
◦
T
consists of free OT -modules, we obtain
the desired injectivity.
Corollary 1.3.5 ([Kk2, Lemma 2.22]). Assume that the morphism Y −→ T0 is
integral. Then OE ⊗OQex Ω
i
Qex/T is a sheaf of flat OT -modules.
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Proof. The question is local on Y . Hence we may have the isomorphism (1.3.4.4).
Because the morphism Y −→ T is integral, so is the morphism Q′ −→ T . Because
this morphism is log smooth and integral, it is flat by [Kk2, (4.5)]. Since the complex
OT 〈x1, . . . , xc〉 ⊗OQ′′ Ω
•
Q′′/T consists of free OT -modules, we obtain (1.3.5) by the
analogue of (1.3.4.4):
(1.3.5.1) OE ⊗OQex Ω
i
Qex/T
∼
−→
⊕
i′+i′′=i
Ωi
′
Q′/T ⊗OT OT 〈x1, . . . , xc〉 ⊗OQ′′ Ω
i′′
Q′′/
◦
T
.
Definition 1.3.6. (1) We deonte by P the filtration on OE ⊗OQex Ω
•
Qex/
◦
T
defined
by the family {OE ⊗OQex PkΩ
•
Qex/
◦
T
}k∈Z of subcomplexes of OE ⊗OQex Ω
•
Qex/
◦
T
:
Pk(OE ⊗OQex Ω
•
Qex/
◦
T
) = OE ⊗OQex PkΩ
•
Qex/
◦
T
. We call P the preweight filtration
on OE ⊗OQex Ω
•
Qex/
◦
T
.
(2) Let E be a flat OE-module. We denote by P the filtration on E ⊗OQex Ω
•
Qex/
◦
T
induced by the filtration P in (1). We call P the Poincare´ filtration on E⊗OQexΩ
•
Qex/
◦
T
.
Remark 1.3.7. (1) Let Y be a fine log scheme over a closed log subscheme of T .
Let Y
⊂
−→ Q be an immersion over T . As in [NS2, (6.2)], consider the case where
the immersion Y
⊂
−→ Q is not exact. Let PQ (resp. P ) be the filtration on Ωi
Q/
◦
T
(resp. Ωi
Qex/
◦
T
) defined by the formula (1.3.0.1). It is natural to ask whether the
following equality
(1.3.7.1) P = PQ ⊗OQ OQex
holds. However this does not hold. Indeed, let κ be a field and let s := (Spec(κ),N⊕
κ∗) be the log point. Consider the case T = s, Y = As(2, 2),
Q = Y ×s Y = (Spec(κ[x, y, x
′, y′]/(xy, x′y′)), (O∗Qx
NyNx′Ny′N)/(xy = x′y′))
and consider the diagonal immersion Y
⊂
−→ Q. Then Qex = (Spec(κ[x, y][[u − 1, v −
1]]/(xy)),O∗Qexx
NyN) (x′ = xu, y′ = yv). By the definition of P ,
PQ1 Ω
2
Q/
◦
T
= Im(Ω1
Q/
◦
T
⊗OQΩ
1
◦
Q/
◦
T
−→ Ω2
Q/
◦
T
)
is generated by xd log x∧d log x′, x′d log x∧d log x′, xd log x∧d log y, yd log x∧d log y,
xd log x ∧ d log y′, y′d log x ∧ d log y′, x′d log x′ ∧ d log y, yd logx′ ∧ d log y, x′d log x′ ∧
d log y′, y′d log x′ ∧ d log y′, yd log y ∧ d log y′ and y′d log y ∧ d log y′. By using the
relation x′ = xu, we see that
d log x ∧ d log u 6∈ Im(PQ1 Ω
2
Q/
◦
T
⊗OQ OQex −→ Ω
2
Qex/
◦
T
) = PQ1 Ω
2
Q/
◦
T
⊗OQ OQex ;
but
d log x ∧ d log u ∈ P1Ω
2
Qex/
◦
T
.
In this way, we think that the filtration PQ is not good when Y ⊂−→ Q is not exact.
Furthermore, in the case where Y/T is an SNCL scheme, we do not know whether
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grP
Q
k (Ω
•
Q/T ) (k ∈ Z) is expressed in terms of de Rham complexes of smooth schemes
over
◦
T when Y
⊂
−→ Q is not exact. In these two reasons, we do not consider PQ any
more in this book when this immersion is not exact.
(2) If the immersion Y
⊂
−→ Q is exact, then it is clear that (1.3.7.1) holds.
Definition 1.3.8. Let (T,J , δ) be a fine log PD-scheme such that p is also locally
nilpotent on T . Assume that J is quasi-coherent. Set T0 := Spec
log
T
(OT /J ). Let Z
be a fine log scheme. We call (T,J , δ) with morphism T0 −→ Z (or simply (T,J , δ))
a log PD-enlargement of Z (cf. [Og4]). Let Z ′ −→ Z be a morphism from a fine log
scheme. We define a morphism of log PD-enlargements over Z ′ −→ Z in an obvious
way.
Let S be a family of log points. Let (T,J , δ) and T0 be as in (1.3.8) for the case
Z = S. Assume that we are given a morphism T0 −→ S of fine log schemes. Set S◦
T 0
:=
S ×◦
S
◦
T 0. By abuse of notation, let MS◦
T0
be the inverse image of the log structure
MS◦
T0
by the morphism T0 −→ S◦
T 0
. Then the natural morphism MS◦
T0
−→ MT0 is
injective by (1.1.3) (2). Let M be the canonical extension of MS◦
T0
to
◦
T ((1.1.32)),
that is, M is the inverse image of Im(MS◦
T0
−→MT0)/O
∗
T0
by the following composite
morphism
MT −→MT /O
∗
T
∼
−→MT0/O
∗
T0 .(1.3.8.1)
Then M is a fine log structure on
◦
T ((1.1.31)). Let S(T ) be the resulting log scheme.
If T is restrictively hollow with respective to the morphism T0 −→ S ((1.1.37)), then
S(T ) is a family of log points and S◦
T
= Speclog
S(T )
(OS(T )/J ); we also have the following
natural morphism of log PD-schemes:
(T,J , δ) −→ (S(T ),J , δ).(1.3.8.2)
Now we do not assume that S(T ) is not hollow. Consider the hollowing out S(T )♮
and the log scheme S(T )♮. Let D(S(T )♮) be the log PD-envelope of the immersion
S(T )♮
⊂
−→ S(T )♮ over (
◦
T ,J , δ); D(S(T )♮) is the classical PD-envelope of the immer-
sion
◦
T
⊂
−→
◦
S(T )♮ over (
◦
T ,J , δ) endowed with the inverse image of the log structure
of S(T )♮. Locally on S(T )♮, O
D(S(T )♮)
≃ OT 〈τ〉. Hence OD(S(T )♮) is a locally-free
OT -module. By killing the PD-ideal sheaf of OD(S(T )♮), we obtain a well-defined sur-
jective morphism O
D(S(T )♮)
−→ OT . This morphism gives us an exact immersion
S(T )♮
⊂
−→ D(S(T )♮).
Let Y be a log smooth scheme over S. Let U0 (resp. U) be S◦
T 0
or T0 (resp. S(T )
or T ). When U = T (and U 6= S(T )), we always assume that S(T ) is hollow. Set
YU0 := Y ×S U0 and
◦
Y U0 :=
◦
(YU0). Then YS◦
T0
= Y ×S S◦
T 0
= Y ×◦
S
◦
T 0 =: Y◦
T 0
(we
can consider Y as a fine log scheme over
◦
S) and YT0 = YS◦
T0
×S◦
T0
T0.
Let Y◦
T 0
⊂
−→ Q be an immersion into a log smooth scheme over S(T )♮ with
structural morphism g : Q −→ S(T )♮. Let Qex be the exactification of the immer-
sion Y◦
T 0
⊂
−→ Q. By abuse of notation, we also denote the structural morphism
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Qex −→ S(T )♮ by g. Set Q := Q ×
S(T )♮
S(T )♮. Let Qex be the exactification of the
immersion Y◦
T 0
⊂
−→ Q. Then Qex = Qex ×
S(T )♮
S(T )♮ by (1.1.26). Let E and E be
the log PD-envelopes of the immersions Y◦
T 0
⊂
−→ Q and Y◦
T 0
⊂
−→ Q over (
◦
T ,J , δ) and
(S(T )♮,J , δ), respectively. Then there exists a natural morphism E −→ D(S(T )♮) by
the universality of the log PD-envelopes and the following equality holds:
(1.3.8.3) E = E×
D(S(T )♮)
S(T )♮.
The following will be important for the definition of (Azar, P ) in the next section.
Theorem 1.3.9. For any point y of
◦
Y T0 , assume that there exists a chart (Q −→
MS(T )♮ , P −→ MY◦
T0
, Q
ρ
−→ P ) of Y◦
T 0
−→ S◦
T 0
⊂
−→ S(T )♮ on a neighborhood of
y such that ρ is injective, such that Coker(ρgp) is torsion free and that the natural
homomorphism OY◦
T0
,y ⊗Z (P
gp/Qgp) −→ Ω1Y◦
T0
/S◦
T0
,y is an isomorphism. Then the
following natural morphism
OE ⊗OQex PkΩ
•
Qex/
◦
T
−→ OE ⊗OQex Ω
•
Qex/
◦
T
(1.3.9.1)
is injective.
Proof. This is a special case of (1.3.4) (2).
Remark 1.3.10. (1) Assume that T is restrictively hollow with respective to the
morphism T0 −→ S. Then set QexT := Q
ex ×S(T ) T . The reader should note that,
though we shall consider Ω•QexT /T in this book, we do not consider Ω
•
QexT /
◦
T
at all because
Ωi
QexT /
◦
T
(i ∈ Z) is a too big sheaf in this book by the reason that the log structure of
T is bigger than that of S(T ) in general.
(2) In (1.3.13) below we shall see that the following natural morphism
OE ⊗OQex PkΩ
•
Qex/
◦
T
−→ OE ⊗OQex Ω
•
Qex/
◦
T
(1.3.10.1)
is not necessarily injective.
Proposition 1.3.11. The following hold:
(1) The morphism Q⋆ −→
◦
T is (formally) log smooth and the morphism
◦
Q⋆ −→
◦
T
is flat.
(2) The natural morphism
(1.3.11.1) OE ⊗OQ Ω
i
Q/
◦
T
−→ OE ⊗OQex Ω
i
Qex/
◦
T
(i ∈ N)
is an isomorphism.
(3) The sheaf Ωi
Q⋆/
◦
T
(i ∈ N) is a locally free OQ⋆-module of finite rank.
Proof. (1): For any point t ∈
◦
S(T )♮, (M
S(T )♮
/O∗
S(T )♮
)t is generated by an element. By
[Kk2, (4.4)] the morphism Q⋆ −→ S(T )♮ is integral. Since the morphism S(T )♮ −→
◦
T
is integral, the composite morphismQ⋆ −→
◦
T is also integral ([Kk2, (4.3.1)]). Because
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Q⋆/S(T )♮ and S(T )♮ −→
◦
T are (formally) log smooth, so is the composite morphism
Q⋆/
◦
T . Now (1) follows from [Kk2, (4.5)].
(2): The proof of (2) is the same as that of (1.3.4) (1).
(3): Because Q⋆/
◦
T is (formally) log smooth, (3) follows from [Kk2, Proposition
3.10].
Next, in (1.3.12) and (1.3.13), we discuss delicate problems about the injectivities
of morphisms of (log) de Rham complexes:
Proposition 1.3.12. Let the notations and the assumptions be as in (1.3.11). Then
the following hold:
(1) Set Ω•
Q⋆/
◦
T
(−
◦
Q⋆) := IQ⋆ ⊗OQ⋆ Ω
•
Q⋆/
◦
T
(recall the ideal sheaf IQ⋆ defined before
(1.1.4)). Then Ω•
Q⋆/
◦
T
(−
◦
Q⋆) is a subcomplex of Ω•
Q⋆/
◦
T
.
(2) Assume that, for any point x ∈
◦
Q⋆, there exists a basis {mi}ki=1 of (MQ⋆/O
∗
Q⋆)x
and a positive integer ei > 0 (1 ≤ i ≤ k) such that
∏k
i=1m
ei
i is the image of the gen-
erator of (g∗(M
S(T )♮
/O∗
S(T )♮
))x in (MQ⋆/O
∗
Q⋆)x. Then Ω
•
Q⋆/
◦
T
(−
◦
Q⋆) is a subcomplex
of P0Ω
•
Q⋆/
◦
T
.
(3) Let the assumption be as in (2). Then the following formula holds:
(1.3.12.1) PkΩ
•
Qex/
◦
T
= PkΩ
•
Qex/
◦
T
/Ω•
Qex/
◦
T
(−
◦
Qex) (k ∈ N).
(4) Let the assumptions be as in (2) without assuming that
∏k
i=1m
ei
i is the image
of the generator of (g∗(M
S(T )♮
/O∗
S(T )♮
))x in (MQ⋆/O
∗
Q⋆)x. Let mi be a lift of mi to
MQ⋆,x (1 ≤ i ≤ k). Assume furthermore that
◦
Q⋆/
◦
T is smooth and that {dα(mi)}ki=1
is a part of a basis of Ω1◦
Q⋆/
◦
T
. Then the following natural morphism
(1.3.12.2) Ω•◦
Q⋆/
◦
T
−→ Ω•
Q⋆/
◦
T
is injective.
(5) Let the assumptions be as in (2) and (4). Then the injective morphism Ω•
Q⋆/
◦
T
(−
◦
Q⋆) −→
Ω•
Q⋆/
◦
T
factors through the following injective morphism:
(1.3.12.3) Ω•
Q⋆/
◦
T
(−
◦
Q⋆) −→ Ω•◦
Q⋆/
◦
T
.
Proof. (1): Let x be a point of
◦
Q⋆. Let τ be a local section of M
S(T )♮,g(x)
which gives
a generator of (M
S(T )♮
/O∗
S(T )♮
)g(x). By abuse of notation, we denote the image of τ
in O
S(T )♮,g(x)
by τ . By (1.3.11) (1) the morphism
◦
Q⋆ −→
◦
S(T )♮ is flat. Consequently
the natural morphism IQ⋆ −→ OQ⋆ is injective. By this injectivity and (1.3.11) (3),
the natural morphism Ωi
Q⋆/
◦
T
(−
◦
Q⋆) −→ Ωi
Q⋆/
◦
T
(i ∈ N) is injective. For a local section
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ω ∈ Ω•
Q⋆/
◦
T
around x, d(τω) = τd log τ ∧ω+τdω. Hence Ω•
Q⋆/
◦
T
(−
◦
Q⋆) is a subcomplex
of Ω•
Q⋆/
◦
T
.
(2): The question is local. Let α : MQ⋆,x −→ OQ⋆,x be the structural morphism.
Let mi be a lift of mi to MQ⋆,x as stated in (4). Consider a section d logmi1 ∧ · · · ∧
d logmil ∧ ω (1 ≤ i1 < · · · < il ≤ k) with ω ∈ P0Ω
j
Q⋆/
◦
T
(j ∈ N). By the assumption,
we may assume that
∏k
i=1 α(m
ei
i ) = τ . Then
τd logmi1 ∧ · · · ∧ d logmil ∧ ω = dα(mi1 ) ∧ · · · ∧ dα(mil ) ∧ ω
′
with ω′ ∈ P0Ω
j−l
Q⋆/
◦
T
. Hence Ω•
Q⋆/
◦
T
(−
◦
Q⋆) is a subcomplex of P0Ω•
Q⋆/
◦
T
.
(3): By (2) the complex Ω•
Q⋆/
◦
T
(−
◦
Q⋆) is a subcomplex of PkΩ•
Q⋆/
◦
T
(k ∈ N). By
the definition of PkΩ
•
Qex/
◦
T
, we have a natrural surjective morphism
PkΩ
•
Qex/
◦
T
/Ω•
Qex/
◦
T
(−
◦
Qex) −→ PkΩ
•
Qex/
◦
T
.
The following diagram shows that this morphism is injective:
(1.3.12.4)
PkΩ
•
Qex/
◦
T
/Ω•
Qex/
◦
T
(−
◦
Qex) −−−−→ PkΩ•
Qex/
◦
T
⋂y y⋂
Ω•
Qex/
◦
T
/Ω•
Qex/
◦
T
(−
◦
Qex)
∼
−−−−→ Ω•
Qex/
◦
T
.
Hence we obtain (1.3.12.1).
(4): Take a local chart ({1} −→ O∗T , P −→ MQ⋆ , {1}
⊂
−→ P ) of the morphism
Q⋆ −→
◦
T on a neighborhood of x. Because Q⋆ is (formally) log smooth over
◦
T , we
can take the P such that OQ⋆ is e´tale over OT [P ], in particular, flat over OT [P ].
Since P is integral, any element a ∈ P defines an injective multiplication
a· : OT [P ]
⊂
−→ OT [P ].
Hence the morphism
(1.3.12.5) a· : OQ⋆ −→ OQ⋆
is injective. We may assume that mi is the image of an element of P and that
Ω1◦
Q⋆/
◦
T
=
k⊕
j=1
OQ⋆dα(mj)⊕
l⊕
j=1
OQ⋆dxj (l ∈ N),
Ω1
Q⋆/
◦
T
=
k⊕
j=1
OQ⋆d logmj ⊕
l⊕
j=1
OQ⋆dxj (l ∈ N)
with xi ∈ O ◦
Q⋆
. Let i be a nonnegative integer and consider a local section ω ∈ Ωi◦
Q⋆/
◦
T
.
Set ωj := d logmj (0 ≤ j ≤ k) and ωj := dxj−k (k + 1 ≤ j ≤ k + l). Express the
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image of ω in Ωi
Q⋆/
◦
T
by the following form
ω =
∑
j1<···<ji
aj1···jiωj1 ∧ · · · ∧ ωji (aj1···ji ∈ OQ⋆).
For j1 < · · · < ji, let n := n(j1, . . . , ji) be an integer such that jn ≤ k and jn+1 > k.
By the definition of ω, we have aj1···ji = bj1···jiα(mj1) · · ·α(mjn) for some bj1···ji ∈
OQ⋆ . Hence
ω =
∑
j1<···<ji
bj1···jidα(mj1 ) ∧ · · · ∧ dα(mjn(j1 ···ji)) ∧ ωjn(j1···ji)+1 ∧ · · · ∧ ωji
in Ωi◦
Q⋆/
◦
T
. Assume that the image of ω in Ωi
Q⋆/
◦
T
is zero. Then 0 = aj1···ji =
bj1···jiα(mj1 ) · · ·α(mjn) by the assumption about the locally freeness of Ω1◦
Q⋆/
◦
T
. By
the injectivity of the morphism (1.3.12.5), we obtain bj1···ji = 0. Hence ω = 0 and we
have shown that the natural morphism Ω•◦
Q⋆/
◦
T
−→ Ω•
Q⋆/
◦
T
is injective.
(5): By (1) the morphism Ω•
Q⋆/
◦
T
(−
◦
Q⋆) −→ Ω•
Q⋆/
◦
T
is injective. By (2) the mor-
phism Ω•
Q⋆/
◦
T
(−
◦
Q⋆T ) −→ Ω
•
Q⋆/
◦
T
factors through the morphism Ω•
Q⋆/
◦
T
(−
◦
Q⋆) −→
Im(Ω•◦
Q⋆/
◦
T
−→ Ω•
Q⋆/
◦
T
). The target of the last morphism is isomorphic to Ω•◦
Q⋆/
◦
T
by (4).
Remark 1.3.13. Let the notations be as in (1.3.12).
(1) The following natural morphisms are not injective in general:
(1.3.13.1) OE ⊗OQex Ω
•
Qex/
◦
T
(−
◦
Qex) −→ OE ⊗OQex Ω
•
◦
Qex/
◦
T
and
(1.3.13.2) OE ⊗OQex Ω
•
Qex/
◦
T
(−
◦
Qex) −→ OE ⊗OQex Ω
•
Qex/
◦
T
.
Indeed, consider the case where • = 0, Q = S(T )♮ and O
S(T )♮
= OT [τ ] for the
morphisms (1.3.13.1) and (1.3.13.2). Then the morphisms (1.3.13.1) and (1.3.13.2)
are equal to
(1.3.13.3) OT 〈τ〉 ⊗OT [[τ ]] τOT [[τ ]] −→ OT 〈τ〉.
Clearly this morphism is not injective. Indeed, let n be a positive integer such that
pnOT = 0. Consider a section τ [p
n−1] ⊗ τ in OT 〈τ〉 ⊗OT [[τ ]] τOT [[τ ]]. Then, by the
natural isomorphism 1 ⊗ (τ×) ≃ OT 〈τ〉 ⊗OT [[τ ]] OT [[τ ]]
∼
−→ OT 〈τ〉 ⊗OT [[τ ]] τOT [[τ ]],
this section comes from τ [p
n−1]⊗1, which is not zero. However the image of τ [p
n−1]⊗τ
in OT 〈τ〉 is equal to ττ [p
n−1] = pn!/(pn − 1)!τ [p
n] = pnτ [p
n] = 0.
(2) The morphism
(1.3.13.4) OE ⊗OQex Ω
•
◦
Qex/
◦
T
−→ OE ⊗OQex Ω
•
Qex/
◦
T
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is not necessarily injective. Consider the case where • = 1, Q = S(T )♮ and O
S(T )♮
=
OT [τ ] in the notation (1). Then the morphism (1.3.13.4) is equal to
OT 〈τ〉 ⊗OT [[τ ]] OT [[τ ]]dτ −→ OT 〈τ〉 ⊗OT [[τ ]] OT [[τ ]]d log τ.
The image of the nonzero section τ [p
n−1] ⊗ dτ of OT 〈τ〉 ⊗OT [[τ ]] OT [[τ ]]dτ by this
morphism is ττ [p
n−1] ⊗ d log τ , which is 0 by the same reason as that of the non-
injectiviey in (1).
(3) The natural morphisms
(1.3.13.5) OE ⊗OQex Ω
•
Qex/
◦
T
(−
◦
Qex) −→ OE ⊗OQex Ω
•
◦
Qex/
◦
T
and
(1.3.13.6) OE ⊗OQex Ω
•
◦
Qex/
◦
T
−→ OE ⊗OQex Ω
•
Qex/
◦
T
are not necessarily injective. Indeed, consider the case • = 0 and Q = S(T )♮ for the
morphism (1.3.13.5). Then the morphism (1.3.13.5) is the zero morphism. However
the source of the morphism (1.3.13.5) is OT ⊗O
S(T)♮
τO
S(T )♮
≃ OT , which is not zero.
Next consider the case Q = S(T )♮ for the morphism (1.3.13.6). Then the morphism
(1.3.13.6) for the case • = 1 is the following zero morphism
0: OTdτ −→ OTd log τ.
Let X be an SNCL scheme over S. Set
X ◦
T 0
:= X ×S S◦
T 0
= X ×◦
S
◦
T 0, XT0 := X ×S T0,
◦
X
(k)
T0
:=
◦
X(k) ×◦
S
◦
T 0 (k ∈ Z≥0).
The orientation sheaf ̟
(k)
zar(
◦
XT0/
◦
T 0) extends to an abelian sheaf ̟
(k)
crys(
◦
XT0/
◦
T ) on
(
◦
X
(k)
T0
/
◦
T )crys as in [NS1]. We call ̟
(k)
crys(
◦
XT0/
◦
T ) the (k+1)-fold crystalline orientation
sheaf of
◦
XT0/(
◦
T,J , δ). Let f : XT0 −→ S◦
T 0
and
◦
f (k) :
◦
X
(k)
T0
−→
◦
T 0 be the structural
morphisms. By abuse of notation, denote by f and
◦
f (k) the structural morphisms
X ◦
T 0
−→ S◦
T 0
−→ S(T )♮ and
◦
f (k) :
◦
X
(k)
T0
−→
◦
T (k ∈ N), respectively. Let fT : XT0 −→
T0
⊂
−→ T be also the structural morphism. Then
◦
fT =
◦
f .
In this section we assume that there exists an immersion X ◦
T 0
⊂
−→ P into a log
smooth scheme over S(T )♮. The log formal schemes Pprex between (1.1.24) and
(1.1.25) and Pex satisfy the condition (1.3.1.2) by (1.1.39) and (1.1.40).
Let D be the log PD-envelope of the immersion X ◦
T 0
⊂
−→ P over (S(T )♮,J , δ). By
abuse of notation, for 1 ≤ i ≤ r and for any different i0, . . . , ik (1 ≤ i0, . . . , ik ≤ r),
denote D(MPex)i by Pexi and denote by
◦
Pexi0···ik the local closed subscheme
◦
Pexi0 ∩
· · · ∩
◦
Pexik of
◦
Pex. It is easy to check that Pexi is equal to P
ex
i defined in §1.1. We
denote
◦
D(k)(MPex) and ̟
(k)
zar(
◦
D(MPex)) by
◦
Pex,(k) and ̟
(k)
zar(
◦
Pex/
◦
T ), respectively.
We have a natural immersion
◦
X
(k)
T0
⊂
−→
◦
Pex,(k) of (formal) schemes over
◦
T . Be-
cause
◦
X
(k)
T0,zar
=
◦
P
ex,(k)
zar as topological spaces, we can identify ̟
(k)
zar(
◦
Pex/
◦
T ) with
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̟
(k)
zar(
◦
XT0/
◦
T 0). Denote the natural local exact closed immersion
◦
Pexi0···ik
⊂
−→
◦
Pex
by bi0···ik . Let b
(k) :
◦
Pex,(k) −→
◦
Pex (k ∈ N) be the natural morphism. Set PT :=
P ×S(T ) T , P
ex
T := P
ex ×S(T ) T and DT = D ×S(T ) T when T is restrictively hollow
with respective to the morphism T0 −→ S.
The following (2) is a generalization of the Poincare´ residue isomorphism, which
is an SNCL version of [Nakk4, (4.3)]:
Proposition 1.3.14. (1) The scheme
◦
Pex,(k) (k ∈ N) is formally smooth over
◦
T
around
◦
X(k).
(2) Identify the points of
◦
D with those of
◦
XT0 . Identify also the images of the
points of
◦
XT0 in
◦
Pex with the points of
◦
XT0 . Let x be a point of
◦
D. (Let r be a
nonnegative integer such that MX◦
T,x
/O∗X◦
T,x
≃ Nr.) Then, for a positive integer k, the
following morphism
(1.3.14.1)
Res : OD ⊗OPex PkΩ
•
Pex/
◦
T
−→ OD ⊗OPex b
(k−1)
∗ (Ω•−k◦
Pex,(k−1)/
◦
T
⊗Z ̟
(k−1)
zar (
◦
Pex/
◦
T ))
σ ⊗ ωd logmi0 · · · d logmik−1 7−→ σ ⊗ b
∗
i0···ik−1(ω)⊗ (orientation (i0 · · · ik−1))
(σ ∈ OD, ω ∈ P0Ω
•
Pex/
◦
T
)
(cf. [D2, (3.1.5)]) induces the following “Poincare´ residue isomorphism”
grPk (OD ⊗OPex Ω
•
Pex/
◦
T
)
∼
−→ OD ⊗OPex b
(k−1)
∗ (Ω•−k◦
Pex,(k−1)/
◦
T
⊗Z ̟
(k−1)
zar (
◦
Pex/
◦
T ))
(1.3.14.2)
(
∼
−→ OD ⊗OPex b
(k−1)
∗ (Ω•−k◦
Pex,(k−1)/
◦
T
⊗Z ̟
(k−1)
zar (
◦
X/
◦
T ))).
Proof. (1): (1) immediately follows from (1.1.39).
(2): As in the usual case, we can easily check that the morphism (1.3.14.1) is
well-defined and surjective. The question is local. Replacing P by Pprex, we may
assume that the immersion X ◦
T 0
⊂
−→ P is exact. We may assume that MS(T )♮ is free
of rank 1. Because the question is local on X ◦
T 0
, we may assume that P is an SNCL
scheme over S(T )♮ by (1.1.39). Furthermore, by (1.1.21), we may assume that there
exists the following cartesian diagrams
(1.3.14.3)
P
⊂
−−−−→ Py y
AS(T )♮(a, d
′) ⊂−−−−→ A
S(T )♮
(a, d′)y y
S(T )♮
⊂
−−−−→ S(T )♮,
where the vertical morphism P −→ A
S(T )♮
(a, d′) is solid and e´tale. Let b(k) :
◦
P(k) −→
◦
P be the natural morphism. Then, by the usual Poincare´ residue isomorphism [NS1,
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(2.2.21.3)], we have the following isomorphism
(1.3.14.4) Res : grPk Ω
•
P/
◦
T
∼
−→ b
(k−1)
∗ (Ω•−k◦
P(k−1)/
◦
T
⊗Z ̟
(k−1)
zar (
◦
P/
◦
T )) (k ≥ 1).
Because grPk Ω
•
P/
◦
T
= (PkΩ
•
P/
◦
T
/Ω•
P/
◦
T
(−
◦
P))/(Pk−1Ω•
P/
◦
T
/Ω•
P/
◦
T
(−
◦
P)) = grPk Ω
•
P/
◦
T
by
(1.3.12.1), we have the following isomorphism
(1.3.14.5) Res : grPk Ω
•
P/
◦
T
∼
−→ b
(k−1)
∗ (Ω•−k◦
P(k−1)/
◦
T
⊗Z ̟
(k−1)
zar (
◦
P/
◦
T )) (k ≥ 1).
By (1.3.9) and (1.3.14.5), we have the following exact sequence
0 −→ Pk−1(OD ⊗OP Ω
•
P/
◦
T
) −→ Pk(OD ⊗OP Ω
•
P/
◦
T
)
(1.3.14.6)
−→ OD ⊗OP b
(k−1)
∗ (Ω•−k◦
P(k−1)/
◦
T
⊗Z ̟
(k−1)
zar (
◦
P/
◦
T )) −→ 0.
Let J be the defining ideal sheaf of the immersion X
⊂
−→ P . By [BO1, 3.20 Remarks
7)], OD⊗OP = OD⊗OP/J n for some n ∈ N. Hence the fourth term of (1.3.14.6) is
equal to the right hand side of (1.3.14.2).
Corollary 1.3.15. The complexes OD⊗OPex Ω
•
Pex/
◦
T
, grPk (OD⊗OPex Ω
•
Pex/
◦
T
) (k ∈ N)
and Pk(OD ⊗OPex Ω
•
Pex/
◦
T
) consist of locally free OT -modules.
Proof. Since the question is local on X , we may assume that X = AS(a, d) and
Pprex = P = AS(T )♮(a, d
′) (a ∈ N, d ≤ d′) by (1.1.29). Then it is clear that OD⊗OPex
Ω•
Pex/
◦
T
consists of locally free OT -modules. The fourth term of (1.3.14.6) consists
of locally free OT -modules. Hence the descending induction on k shows the locally
freeness of Pk(OD ⊗OPex Ω
•
Pex/
◦
T
).
Let
◦
D(k) be the PD-envelope of the immersion
◦
X
(k)
T0
⊂
−→
◦
Pex,(k) over (
◦
T ,J , δ).
Let c(k) :
◦
D(k) −→
◦
D be the natural morphism of schemes over
◦
T .
Lemma 1.3.16. (cf. [NS1, (2.2.16)], [Nakk4, (4.5)]) (1)
◦
D(k) =
◦
D× ◦
Pex
◦
Pex,(k).
(2) Assume that T is restrictively hollow with respective to the morphism T0 −→ S.
Then the log scheme DT is the log PD-envelope of the immersion XT0
⊂
−→ PT over
(T,J , δ).
(2)′ Let the assumption be as in (2). Then (DT )◦ =
◦
D.
Proof. By the universality of the (log) PD-envelope, the questions are local. We may
assume that the immersion X ◦
T 0
⊂
−→ P is exact. Let x be a point of
◦
XT0 . We may
assume that there exists the following cartesian diagram
(1.3.16.1)
X ◦
T 0
⊂
−−−−→ Py y
AS◦
T0
(a, d)
⊂
−−−−→ AS(T )♮(a, d
′)
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locally around x, where the lower horizontal morphism is an exact closed immersion
defined by the ideal sheaf (xd+1, . . . , xd′). Then we have the equality
(1.3.16.2) X ◦
T 0
= AS◦
T0
(a, d)×A
S(T )♮
(a,d′) P .
(1): The proof is the same as that of [NS1, (2.2.16) (2)].
(2), (2)′: Since T is restrictively hollow with respective to the morphism T0 −→ S,
S(T ) = S(T )♮. Let D′(T ) be the log PD-envelope of the immersion XT0
⊂
−→ PT over
(T,J , δ). Then, by [BO1, 3.21 Proposition], we have a natural morphism D′(T ) −→
DT . Hence the question is local and we may assume the existence of (1.3.16.1). In
this case, the natural morphism is an isomorphism by the equality (1.3.16.2). We
have also proved (2)′.
Now we define various morphisms of log schemes and ringed topoi.
Let pT0 : XT0 −→ X ◦
T 0
(resp. p ◦
T 0
: XT0 −→ X ◦
T 0
) be the first projection over
T0 −→ S◦
T 0
(resp.
◦
T 0). Recall that
◦
XT0 =
◦
X ×◦
S
◦
T 0 ((1.1.17)). Hence
◦
pT0 =
◦
p◦
T 0
=
id ◦
XT0
. Let pPDT : DT −→ D be the first projection over T −→ S(T ) when T is
restrictively hollow with respective to the morphism T0 −→ S. Then
◦
pPDT = idD by
(1.3.16) (2)′. Let
pTcrys : ((XT0/T )crys,OXT0/T ) −→ ((X ◦T 0
/S(T ))crys,OX◦
T0
/S(T ))
and
p ◦
Tcrys
: ((XT0/
◦
T )crys,O
XT0/
◦
T
) −→ ((X ◦
T 0
/
◦
T )crys,O
X◦
T0
/
◦
T
)
be the induced morphism by pT0 and p ◦
T 0
, respectively. Set U0 := S◦
T 0
or T0 and
U := S(T )♮ or T , respectively. Let
(1.3.16.3)
uXU0/U : ((XU0/U)crys,OXU0/U ) −→ ((XU0 )zar, f
−1(OT )) = ((X ◦
T 0
)zar, f
−1(OT ))
and
◦
uX◦
T0
/S(T )♮ =
◦
uXT0/T : ((
◦
XT0/
◦
T )crys,O ◦
XT0/
◦
T
) −→ ((XT0)zar, f
−1
T (OT ))(1.3.16.4)
= ((X ◦
T 0
)zar, f
−1(OT ))
be the natural projections. Let
ǫXU0/U : ((XU0/U)crys,OXU0/U ) −→ ((
◦
XS◦
T0
/
◦
S(T )♮)crys,O ◦
XS◦
T0
/
◦
S(T )♮
)(1.3.16.5)
= ((
◦
XT0/
◦
T )crys,O ◦
XT0/
◦
T
)
be the morphism forgetting the log structures of XU0 and U . Let
(1.3.16.6)
ǫ
XU0/
◦
T
: ((XU0/
◦
T )crys,O
XU0/
◦
T
) −→ ((
◦
XU0/
◦
T )crys,O ◦
XU0/
◦
T
) = ((
◦
XT0/
◦
T )crys,O ◦
XT0/
◦
T
)
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be the morphism forgetting the log structure of XU0 . Let
(1.3.16.7) ǫ
XU0/U/
◦
T
: ((XU0/U)crys,OXU0/U ) −→ ((XU0/
◦
T )crys,O
XU0/
◦
T
)
be the morphism forgetting the log structure of U . Then
(1.3.16.8) ǫXU0/U = ǫXU0/
◦
T
◦ ǫ
XU0/U/
◦
T
.
Let F be a quasi-coherent log crystal of OX◦
T0
/S(T )♮-modules and let (F ,∇) be the
quasi-coherent OD-module with the integrable connection associated to F : ∇ : F −→
F ⊗OP Ω1P/S(T )♮ . Then, by [Kk2, (6.4)] (or the log Poincare´ lemma ([NS1, (2.2.8)])),
we have the following formula
RuX◦
T0
/S(T )♮∗(F ) = F ⊗OP Ω
•
P/S(T )♮ = F ⊗OPex Ω
•
Pex/S(T )♮(1.3.16.9)
in D+(f−1(OT )). If T is restrictively hollow with respective to the morphism T0 −→
S, then S(T )♮ = S(T ) and
RuX◦
T0
/S(T )♮∗(F ) = F ⊗OP Ω
•
P/S(T )♮ = F ⊗OPT OPT ⊗OP Ω
•
P/S(T )♮(1.3.16.10)
= F ⊗OPT Ω
•
PT /T = F ⊗OPexT Ω
•
PexT /T
in D+(f−1(OT )). We have used (1.3.16) (2), (2)’ and the formula in the end of [Kk2,
(1.7)] for the second equality and the third equality, respectively.
Assume that the following cartesian diagram
(1.3.16.11)
P
⊂
−−−−→ Py y
S(T )♮
⊂
−−−−→ S(T )♮
exists, where the right vertical morphism is log smooth. Let D be the log PD-
envelope of the immersion X ◦
T 0
⊂
−→ P over (
◦
T ,J , δ);
◦
D is also the PD-envelope
the immersion
◦
X ◦
T 0
⊂
−→
◦
Pex over (
◦
T ,J , δ). Let F be a quasi-coherent log crystal of
O
X◦
T0
/
◦
T
-modules. Let (F ,∇) be the quasi-coherent OD-module with the integrable
connection associated to F :
∇ : F −→ F ⊗OP Ω
1
P/
◦
T
= F ⊗OPex Ω
1
Pex/
◦
T
.
Set F := OD ⊗OD F and let
(1.3.16.12) ∇ : F −→ F ⊗OP Ω
1
P/
◦
T
= F ⊗OPex Ω
1
Pex/
◦
T
be the induced connection by ∇.
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Let E be a quasi-coherent crystal of O ◦
XT0/
◦
T
-modules. Now we assume that
F = ǫ∗
X◦
T0
/
◦
T
(E). Let (E ,∇) be the quasi-coherent OD-module with the integrable
connection associated to ǫ∗
X◦
T0
/
◦
T
(E):
∇ : E −→ E ⊗OP Ω
1
P/
◦
T
= E ⊗OPex Ω
1
Pex/
◦
T
.
Set E := OD ⊗O
D
E and let
(1.3.16.13) ∇ : E −→ E ⊗OP Ω
1
P/
◦
T
= E ⊗OPex Ω
1
Pex/
◦
T
be the induced connection by ∇.
Let k be a nonnegative integer. Let a(k) :
◦
X
(k)
T0
−→
◦
XT0 be the morphism de-
fined after (1.3.3.2) for the SNCL scheme X ◦
T 0
/S◦
T0
and let a
(k)
crys : (
◦
X
(k)
T0
/
◦
T )crys −→
(
◦
XT0/
◦
T )crys be the morphism of topoi induced by a
(k). Set E ◦
X
(k)
T0
/
◦
T
:= a
(k)∗
crys (E). By
the usual Poincare´ lemma and (1.3.16) (1), we have the following formula
Ru ◦
X
(k)
T0
/
◦
T∗
(E ◦
X
(k)
T0
/
◦
T
⊗Z ̟
(k)
crys(
◦
XT0/
◦
T ))
∼
−→ c(k)∗(E)⊗O◦
Pex,(k)
Ω•◦
Pex,(k)/
◦
T
⊗Z ̟
(k)
zar(
◦
XT0/
◦
T 0)
(1.3.16.14)
= E ⊗O◦
Pex
Ω•◦
Pex,(k)/
◦
T
⊗Z ̟
(k)
zar(
◦
XT0/
◦
T 0)
in D+(
◦
f (k)−1(OT )).
Proposition 1.3.17. Let the notations be as above. Assume that E is a flat quasi-
coherent crystal of O ◦
XT /
◦
T
-modules. Then the complex E ⊗OPex Ω
•
Pex/
◦
T
gives the
subcomplex E ⊗OPex PkΩ
•
Pex/
◦
T
for any k ∈ Z.
Proof. By (1.3.9) the natural morphism
E ⊗OPex PkΩ
i
Pex/
◦
T
−→ E ⊗OPex Ω
i
Pex/
◦
T
(i ∈ N)(1.3.17.1)
is injective. We have only to prove that the connection
(1.3.17.2) ∇ : E −→ E ⊗OPex Ω
1
Pex/
◦
T
induces a connection
(1.3.17.3) E −→ E ⊗OPex P0Ω
1
Pex/
◦
T
.
The problem is local. Replacing P with Pprex, we may assume that there exists the
cartesian diagram (1.3.14.3). Let ǫ : D −→
◦
D be the natural morphism. Then
(1.3.17.4) E = ǫ∗
X◦
T0
/
◦
T
(E)D = ǫ
∗(E ◦
D
) = E ◦
D
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since
◦
ǫ is equal to id ◦
D
. Because
◦
Pex is formally smooth over
◦
T , E induces an integrable
connection
(1.3.17.5) E −→ E ⊗OPex Ω
1
◦
Pex/
◦
T
.
By (1.3.12.1) we obtain the connection (1.3.17.3).
By abuse of notation, let us denote by P the filtration {E ⊗OPex PkΩ
•
Pex/
◦
T
}k∈Z on
E ⊗OPex Ω
•
Pex/
◦
T
.
Definition 1.3.18. We call P the Poincare´ filtration on E ⊗OPex Ω
•
Pex/
◦
T
. When E =
O ◦
XT0/
◦
T
, we call the Poincare´ filtration the preweight filtration on OD ⊗OPex Ω
•
Pex/
◦
T
.
Corollary 1.3.19. Let E be as in (1.3.17). Let k be a positive integer. Then
(1.3.19.1)
grPk (E ⊗OPex Ω
•
Pex/
◦
T
)
∼
−→ a
(k−1)
∗ Ru ◦
X
(k−1)
T0
/
◦
T∗
(E ◦
X
(k−1)
T0
/
◦
T
⊗Z ̟
(k−1)
crys (
◦
XT0/
◦
T ))
in D+(f−1(OT )).
Proof. By (1.3.14.2) we have the following
(1.3.19.2)
grPk (E ⊗OPex Ω
•
Pex/
◦
T
) = a
(k−1)
∗ c(k−1)∗(E)⊗O◦
Pex,(k−1)
Ω•◦
Pex,(k−1)/
◦
T
⊗Z̟
(k−1)
zar (
◦
XT0/
◦
T 0).
(1.3.19) immediately follows from (1.3.16.14).
The following is an SNCL version of [Nakk4, (4.8)]:
Proposition 1.3.20 (The contravariant functoriality of the Poincare´ residue
morphism). Let E be as in (1.3.17). Let S be as above and let u : S −→ S′ be
a morphism of family of log points. Let (T,J , δ) −→ (T ′,J ′, δ′) be a morphism of
log PD-enlargements over u. Assume that p is locally nilpotent on
◦
T ′. Set T ′0 :=
Speclog
T ′
(OT ′/J ′). Let X ′/S′ be an SNCL scheme. Let X ′◦
T ′0
⊂
−→ P ′ be an immersion
into a log smooth scheme over S′(T ′)♮ fitting into the following commutative diagram
over the morphism S(T )♮ −→ S′(T ′)♮ :
(1.3.20.1)
X ◦
T 0
⊂
−−−−→ P
g|X◦
T0
y yg
X ′◦
T ′0
⊂
−−−−→ P ′.
Set P ′ := P ′ ×
S′(T ′)♮
S′(T ′)♮. Let g : P −→ P ′ be the induced morphism by g. Let
gex : Pex −→ P ′ex be the induced morphism by g. Let a′(k) :
◦
X
′(k)
T ′0
−→
◦
X ′T ′0 (k ∈ N) be
the natural morphism of schemes over
◦
T ′0. Assume that, for each point x ∈
◦
Pex and
for each member m of the minimal generators of MPex,x/O∗Pex,x, there exists a unique
member m′ of the minimal generators of MP′ex,◦g(x)/O
∗
P′ex,◦g(x) such that g
∗(m′) = m
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and such that the image of the other minimal generators of MP′ex,◦g(x)/O
∗
P′ex,◦g(x) by
g∗ are the trivial element of MPex,x/O∗Pex,x. Let D
′ be the log PD-envelope of the
immerison X ′◦
T ′0
⊂
−→ P ′ over (S′(T ′)♮,J ′, δ′). Let
◦
D′(k) be the analogous schemes
to
◦
D(k). Let E′ (resp. (E ′,∇′)) be an analogous sheaf (resp. sheaf with integral
connection) to E (resp. (E ,∇)) for X ′◦
T ′0
/(S(T )♮,J ′, δ′). Let a′(k) :
◦
X
′(k)
T ′0
−→
◦
X ′◦
T ′0
(resp. c′(k) :
◦
D′(k) −→
◦
D′) be an analogous morphism to a(k) (resp. c(k)) for X ′◦
T ′0
(resp. the PD-immersion X ′◦
T ′0
⊂
−→ D′). Assume that we are given a morphism
E′ −→ (
◦
g|X◦
T0
)crys∗(E). Then the following diagram is commutative:
(1.3.20.2)
gex∗ (Res) : gex∗ (grPk (E ⊗OPex Ω
•
Pex/
◦
T
))
∼
−−−−→x
Res : grPk (E
′ ⊗OP′ex Ω
•
P′ex/
◦
T ′
)
∼
−−−−→
gex∗ a
(k−1)
∗ (c(k−1)∗(E) ⊗OPex Ω
•
◦
Pex,(k−1)/
◦
T
⊗Z ̟
(k−1)
zar (
◦
XT0/
◦
T 0){−k})x
a′(k−1)∗ (c′(k−1)∗(E ′)⊗OP′ex Ω
•
◦
P′ex,(k−1)/
◦
T ′
⊗Z ̟
(k−1)
zar (
◦
X ′T0/
◦
T ′0){−k}).
Proof. We immediately obtain (1.3.20) from the condition g∗(m′) = m and by the
definition of the morphism g(k) :
◦
Pex,(k) −→
◦
P ′ex,(k) in (1.3.2).
Next we give an intrinsic description of P0(E ⊗OPex Ω
•
Pex/
◦
S
) in D+(f−1(OT )).
By (1.3.12) the natural morphism Ω•◦
Pex/
◦
T
−→ Ω•◦
Pex/
◦
T
induces a morphism P0Ω
•
Pex/
◦
T
−→
Ω•◦
Pex/
◦
T
. Consequently we have the following morphism
P0(E ⊗OPex Ω
•
Pex/
◦
T
) −→ E ⊗OPex Ω
•
◦
Pex/
◦
T
.(1.3.20.3)
Let {
◦
Xλ}λ∈Λ be the set of the smooth components of
◦
XT0 :
◦
XT0 =
⋃
λ∈Λ
◦
Xλ;
◦
Xλ is smooth over
◦
S ◦
T 0
. Let
◦
Pexλ be the smooth closed subscheme of
◦
Pex over
◦
T
which is topologically isomorphic to
◦
Xλ. For different λ0, . . . , λk, set
◦
Xλ0···λk :=◦
Xλ0 ∩ · · · ∩
◦
Xλk and
◦
Pexλ0···λk :=
◦
Pexλ0 ∩ · · · ∩
◦
Pexλk . Let
◦
Dλ0···λk be the PD-envelope of
the immersion
◦
Xλ0···λk
⊂
−→
◦
Pexλ0···λk over (
◦
T ,J , δ) and let cλ0···λk :
◦
Dλ0···λk −→
◦
D be
the natural morphism of schemes. Let
(1.3.20.4) ι
λ0···λˆj ···λk+1
λ0···λk+1 :
◦
Xλ0 ∩ · · · ∩
◦
Xλk+1
⊂
−→
◦
Xλ0 ∩ · · · ∩
◦ˆ
Xλj ∩ · · · ∩
◦
Xλk+1
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be the natural closed immersion. Let
ι(k)∗ : c(k)∗ (c(k)∗(E)⊗O◦
Pex,(k)
Ω•◦
Pex,(k)/
◦
T
⊗Z ̟
(k)
zar(
◦
Pex/
◦
T ))(1.3.20.5)
−→ c
(k+1)
∗ (c(k+1)∗(E)⊗O◦
Pex,(k+1)
Ω•◦
Pex,(k+1)/
◦
S
⊗Z ̟
(k+1)
zar (
◦
Pex/
◦
T ))
be the natural Cˇech morphism, which is the summation of the following morphism
with respect to λj and 0 ≤ j ≤ k + 1 (cf. [Nakk2, (5.0.5)]):
cλ0···λˆj ···λk+1∗(c
∗
λ0···λˆj ···λk+1(E)⊗OPexλ0···λˆj ···λk+1
Ω•
Pex
λ0···λˆj ···λk+1
/
◦
T
⊗Z ̟zarλ0···λˆj ···λk+1(
◦
Pex/
◦
T ))
(1.3.20.6)
−→ cλ0···λk+1∗(c
∗
λ0···λk+1(E)⊗OPexλ0···λk+1
Ω•
Pexλ0···λk+1/
◦
T
⊗Z ̟zarλ0···λk+1(
◦
Pex/
◦
T )))
ωλ0···λˆj ···λk+1 7−→ (−1)
jι
λ0···λˆj ···λk+1∗
λ0···λk+1 (ωλ0···λˆj ···λk+1)⊗ (λ0 · · ·λk+1).
Proposition 1.3.21 (cf. [Mo, Lemma 3.15.1], [Nakk2, (6.29)]). The following
sequence obtained by the morphism (1.3.20.3) is exact:
(1.3.21.1)
0 −→ P0(E ⊗OPex Ω
•
Pex/
◦
T
) −→ c
(0)
∗ (c(0)∗(E)⊗O◦
Pex,(0)
Ω•◦
Pex,(0)/
◦
T
⊗Z ̟
(0)
zar(
◦
Pex/
◦
T ))
ι(0)∗
−→ c
(1)
∗ (c(1)∗(E)⊗O◦
Pex,(1)
Ω•◦
Pex,(1)/
◦
T
⊗Z ̟
(1)
zar(
◦
Pex/
◦
T ))
ι(1)∗
−→ · · · .
Proof. (The idea of the following proof is the same as that of (1.3.4).) The question
is local. We may assume that E = O ◦
XT0/
◦
T
. We may assume that there exists the
cartesian diagram (1.3.14.3). Let the notations be as in the proof of (1.3.4) for the
case Q = P.
Set P ′ := P ′ ×
S(T )♮
S(T )♮. Let b′(k) :
◦
P ′(k) −→
◦
P ′ (k ∈ N) be the analogous
morphism to b(k) :
◦
P(k) −→
◦
P . By [DI, (4.2.2) (a), (c)] we have the following exact
sequence
0 −→ Ω•◦
P′/
◦
T
/Ω•
P′/
◦
T
(−
◦
P ′) −→ b′(0)∗ (Ω•◦P′(0)/
◦
T
⊗Z ̟
(0)
zar(
◦
P ′/
◦
T )) −→ · · · .
Because
OD ⊗OP (Ω
•
◦
P/
◦
T
/Ω•
P/
◦
T
(−
◦
P))
∼
−→(Ω•◦
P′/
◦
T
/Ω•
P′/
◦
T
(−
◦
P ′))⊗OT
OT 〈xd+1, . . . , xd′〉 ⊗OP′′ Ω
•
P′′/
◦
T
,
because
OD ⊗OP b
(k)
∗ (Ω•◦P(k)/
◦
T
⊗Z ̟
(k)
zar(
◦
P/
◦
T ))
∼
−→b′(k)∗ (Ω•◦P′(k)/
◦
T
⊗Z ̟
(k)
zar(
◦
P ′/
◦
T ))⊗OT
OT 〈xd+1, . . . , xd′〉 ⊗OP′′ Ω
•
P′′/
◦
T
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and because the complex OT 〈xd+1, . . . , xd〉⊗OP′′ Ω
•
P′′/
◦
T
consists of free OT -modules,
we see that the following sequence is exact:
(1.3.21.2)
0 −→ OD⊗OP (Ω
•
◦
P/
◦
T
/Ω•
P/
◦
T
(−
◦
P)) −→ OD⊗OP b
(0)
∗ (Ω•◦P(0)/
◦
T
⊗Z̟
(0)
zar(
◦
P/
◦
T )) −→ · · · .
By (1.3.12) (4) and (1.3.12.1) we have the following isomorphism:
Ω•◦
P/
◦
T
/Ω•
P/
◦
T
(−
◦
P) ≃ P0Ω
•
P/
◦
T
/Ω•
P/
◦
T
(−
◦
P) = P0Ω
•
P/
◦
T
.(1.3.21.3)
By (1.3.16) (1), (1.3.21.2) and (1.3.21.3) we see that the sequence (1.3.21.1) is exact.
The following is an intrinsic description of P0(E ⊗OPex Ω
•
Pex/
◦
T
):
Proposition 1.3.22. There exists the following isomorphism
P0(E ⊗OPex Ω
•
Pex/
◦
T
)
∼
−→MF(a
(0)
∗ Ru ◦
X
(0)
T0
/
◦
T∗
(E ◦
X
(0)
T0
/
◦
T
⊗Z ̟
(0)
crys(
◦
XT0/
◦
T ))
(1.3.22.1)
−→ MF(a
(1)
∗ Ru ◦
X
(1)
T0
/
◦
T∗
(E ◦
X
(1)
T0
/
◦
T
⊗Z ̟
(1)
crys(
◦
XT0/
◦
T ))
−→ · · ·
−→ MF(a
(m)
∗ Ru ◦
X
(m)
T0
/
◦
T∗
(E ◦
X
(m)
T0
/
◦
T
⊗Z ̟
(m)
crys(
◦
XT0/
◦
T ))
−→ · · · · · · ) · · · ).
Here MF means the mapping fiber of a morphism of complexes of derived categories
(cf. Notations (14)). The isomorphism (1.3.22.1) is independent of the choice of the
immersion X ◦
T 0
⊂
−→ P over S(T )♮. In particular, P0(E ⊗OPex Ω
•
Pex/
◦
T
) is independent
of the choice of the immersion X ◦
T 0
⊂
−→ P.
Proof. By (1.3.21.1), (1.3.16.4) and using mapping fibers repeatedly, we obtain the
description (1.3.22.1).
Assume that we are given another immersion X
⊂
−→ P ′ over S(T )♮. Then, by
considering the produt P ×
S(T )♮
P ′, we may assume that there exists a morphism
P −→ P ′ extending idX◦
T0
. Let C• be the complex on the right hand side on (1.3.22.1).
Let E ′ be the analogue of E for P ′. Then we have the following commutative diagram:
P0(E ⊗OPex Ω
•
Pex/
◦
T
)
∼
−−−−→ C•
≃
x ∥∥∥
P0(E
′ ⊗OP′ex Ω
•
P′ex/
◦
T
)
∼
−−−−→ C•
Hence we obtain the desired independence.
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Corollary 1.3.23. The filtered complex (E ⊗OPex Ω
•
Pex/
◦
T
, P ) is independent of the
choice of the immersion X ◦
T 0
⊂
−→ P. That is, in the notations in (1.3.20), assume
that g|X◦
T0
= idX◦
T0
and that the morphism E′ −→ (
◦
g|X)crys∗(E) is equal to idE. Then
(E ⊗OPex Ω
•
Pex/
◦
T
, P ) = (E ′ ⊗OP′ex Ω
•
P′ex/
◦
T
, P ).
Proof. This immediately follow from (1.3.22.1), (1.3.19.1) and the induction.
Remark 1.3.24. (1.3.19.1), (1.7.23) below and the descending induction also show
(1.3.23).
Next we give another description of (E ⊗OPex Ω
•
Pex/
◦
T
, P ). This is a log version of
[I2, 0 (3.1.6)].
Definition 1.3.25. Let T be a fine log (formal) scheme. Let Y/T be a fine log
(formal) scheme over T . Let (Y ×T Y )ex be the exactification of the diagonal im-
mersion Y
⊂
−→ Y ×T Y . Let I be the defining ideal sheaf of the diagonal immer-
sion Y
⊂
−→ (Y ×T Y )ex. Set P (Y ex/T ) := Spec
log
(Y×TY )ex(O(Y×TY )ex/I
2). We call
P (Y ex/T ) the log infinitesimal neighborhood of Y ex in (Y ×T Y )ex.
We recall the following proposition:
Proposition 1.3.26 ([Kk2, (5.8)] and [Sh1, Proposition 3.2.5]). Let the nota-
tions be as in (1.3.25). Then there exists a canonical isomorphism
Ω1Y/T = I/I
2.(1.3.26.1)
Proposition 1.3.27. Let the notations be as in (1.1.28). Let J be the defining
ideal sheaf of the diagonal immersion Qex
⊂
−→ (Qex ×T Qex)ex. Then P (Qex/T ) =
Speclog
(Qex×TQex)ex(O(Qex×TQex)ex/J
2).
Proof. This immediately follows from (1.1.28) (1).
Let (T,J , δ) be a fine log PD-scheme. Let g : T −→ U be a morphism of fine log
(formal) schemes. Consider the sheaf
⊕
i∈N Ω
i
T/U of dga’s over g
−1(OU ). Denote by
Ω•T/U,δ the quotient of
⊕
i∈N Ω
i
T/U by the ideal sheaf generated by local sections of
the form d(a[n])− δn−1(a)da (a ∈ J , n ∈ Z≥1).
The following (1) and (2) are log versions of [I2, 0 (3.1.4), (3.1.6)]. We also recall
Illusie’s result itself for our memory.
Lemma 1.3.28. (1) Let (U,K, ǫ) be a fine log PD-scheme. Set U0 := Spec
log
U
(OU/K).
Let Z be a fine log scheme over U0. Let Z
⊂
−→ Z be an immersion into a (not
necessarily log smooth) fine log (formal) scheme over U . Let E be the log PD-envelope
of the immersion Z
⊂
−→ Z over (U,K, ǫ). Let g : Z −→ U be the structural morphism.
Then the following hold:
(1) The derivation d : OZex −→ Ω1Zex/U extends uniquely to a derivation d : OE −→
OE ⊗OZex Ω
1
Zex/U such that d(a
[n]) = a[n−1]da for any local section a of the PD-ideal
sheaf of OE and n ∈ Z≥1.
(2) There exists the following isomorphism of dga’s over g−1(OU ) :
(1.3.28.1) Ω•E/U,[ ]
∼
−→ OE ⊗OZex Ω
•
Zex/U .
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(3) ([I2, 0 (3.1.6)]) There exists the following isomorphism of dga’s over g−1(OU ) :
(1.3.28.2) Ω•◦
E/
◦
U,[ ]
∼
−→ OE ⊗OZex Ω
•
◦
Zex/
◦
U
.
Proof. (1): We may assume that the immersion Z
⊂
−→ Z is closed. Let i : Z
⊂
−→ Zex
be the exactification of this closed immersion. By the log version of [BO1, 6.2.1
Lemma], icrys∗(OZ/U ) is a crystal of OZex/U -modules and icrys∗(OZ/U )Zex = OE.
Hence we have the log HPD-stratification
OE ⊗OZex ODZex/U (1) ≃ ODZ,ǫ(Zex×UZex) ≃ ODZex/U (1) ⊗OZex OE.
Here DZex/U (1) and DZ,ǫ(Zex ×U Zex) are the log PD-envelopes of the immersions
Zex
⊂
−→ Zex ×U Zex and Z
⊂
−→ Zex ×U Zex over (U,K, ǫ), respectively. Conse-
quently we have an integrable connection on OE. This is nothing but the desired
connection, which is easily proved (see [BO1, 6.4 Exercise]). The uniqueness of
d : OE −→ OE ⊗OZex Ω
1
Zex/U is obvious.
(By the proof of (2) below, we can also give another proof of (1) directly as in [I2,
0 (3.1.4)].)
(2): (We need a nontrivial additional argument to the proof of [I2, 0 (3.1.4)].)
Set J := Ker(OZex −→ OZ) and J := Ker(OE −→ OZ). Consider a sheaf
A := OE ⊕ (OE ⊗OZex Ω
1
Zex/U ) of OE-modules. Define a multiplicative structure
of A by the following equalities: ω · ω′ = 0 and ω[n] = 0 for local sections ω, ω′ ∈
OE⊗OZex Ω
1
Zex/U and n ≥ 2. Define also a PD-structure δ on J ⊕ (OE⊗OZex Ω
1
Zex/U )
by following equality: δn((a, ω)) = (a
[n], a[n−1]ω) (a ∈ J , ω ∈ OE ⊗OZex Ω
1
Zex/U ,
n ∈ N) ([loc. cit.]). Because
◦
E is the PD-envelope of the immersion Z
⊂
−→ Zex over
(
◦
U,K, ǫ), there exists a morphism Spec◦
E
(A) −→
◦
E by the universality of
◦
E. A local
section a of OE is mapped to (a, da) ∈ A, where
d : OE −→ OE ⊗OZex Ω
1
Zex/U(1.3.28.3)
is a derivation of OE. (Since the induced morphism OE −→ A is a PD-morphism,
we see that d(a[n]) = a[n−1]da for a local section a of J as in [loc. cit.]. Hence we
see that the derivation (1.3.28.3) is equal to the extended derivation in (1).) As a
consequence, we have the following morphism of sheaves of abelian groups:
d log : O∗E ∋ u 7−→ d log u = u
−1du ∈ OE ⊗OZex Ω
1
Zex/U .(1.3.28.4)
Let η : E −→ Zex be the natural morphism. Let α : MZex −→ OZex and β : ME −→
OE be the structural morphisms. We have the following morphism of sheaves of
abelian groups:
η−1(MZex) ∋ m 7−→ d logm ∈ OE ⊗OZex Ω
1
Zex/U .(1.3.28.5)
For the restriction of the morphisms (1.3.28.4) and (1.3.28.5) to η−1(O∗Zex) are the
same, we have the following morphism
d log : O∗E ⊕η−1(O∗Zex ) η
−1(MZex) −→ OE ⊗OZex Ω
1
Zex/U .(1.3.28.6)
Obviously hold the relations d(α(m)) = α(m) ⊗ d logm in OE ⊗OZex Ω
1
Zex/U for a
local section m of η−1(MZex) and ud logu = du for a local section u of O∗E. Hence
holds the relation
d(β(m)) = β(m) ⊗ d logm(1.3.28.7)
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in OE ⊗OZex Ω
1
Zex/U for a local section m of ME = O
∗
E ⊕η−1(O∗Zex ) η
−1(MZex).
Because the sheaf Ω1E/U is universal for the morphism of sheaves of abelian groups
from OE⊗ZM
gp
E and the derivation of OE ((1.3.28.3)) with the relation (1.3.28.7), we
have a natural morphism Ω1E/U−→OE⊗OZex Ω
1
Zex/U . By virtue of (1), this morphism
induces a morphism Ω•E/U,[ ]−→OE ⊗OZex Ω
•
Zex/U of dga’s over g
−1(OU ).
On the other hand, the natural composite morphismOE⊗OZexΩ
1
Zex/U −→ Ω
1
E/U −→
Ω1E/U,[ ] induced by the natural morphism E −→ Z
ex induce a morphism OE ⊗OZex
Ω•Zex/U −→ Ω
•
E/U,[ ] of dga’s over g
−1(OU ). This morphism is the inverse of the
morphism OE ⊗OZex Ω
•
Zex/U −→ Ω
•
E/U,[ ].
(3): This has been proved in [I2, 0 (3.1.4), (3.1.6)].
The filtration P on Ω•
E/
◦
U
induces a filtration P on Ω•
E/
◦
U,[ ]
.
Corollary 1.3.29. There exists the following isomorphism of filtered dga’s over
g−1(OU ) :
(1.3.29.1) (Ω•
E/
◦
U,[ ]
, P )
∼
−→ (OE ⊗OZex Ω
•
Zex/
◦
U
, P ).
Proof. (1.3.29.1) immediately follows from (1.3.28.1) and (1.3.28.2).
We can use the following lemma (1.3.30) and the following corollary (1.3.33) in the
proofs of (1.5.2) and (1.5.6) below (see the explanation for (3) in the Introduction).
Lemma 1.3.30. Let (U,K, ǫ) −→ (U ′,K′, ǫ′) be a morphism of fine log PD-schemes.
Set U0 := Spec
log
U
(OU/K) and U ′0 := Spec
log
U ′
(OU ′/K′). Let Z (resp. W ) be a fine log
scheme over U0 (resp. a fine log scheme over U
′
0). Let Z
⊂
−→ Z (resp. W
⊂
−→ W)
be an immersion into a fine log (formal) scheme over U (resp. a fine log (formal)
scheme over U ′). Let E (resp. F) be the log PD-envelope of the immersion Z ⊂−→ Z
over (U,K, ǫ) (resp. W
⊂
−→W over (U ′,K′, ǫ′)). Then the following hold:
(1) Let g : E −→ F be a morphism of fine log schemes over U −→ U ′ extending a
morphism g : Z −→ W over the morphism U0 −→ U ′0. Then g induces the following
morphism of filtered complexes in C+F(g−1(OU ′ )) :
(1.3.30.1) g∗ : (OF ⊗OWex Ω
•
Wex/
◦
U ′
, P ) −→ g∗((OE ⊗OZex Ω
•
Zex/
◦
U
, P )).
(2) Let the notations be as in (1). The composite morphism in D+(g−1(OU ′))
(1.3.30.2) OF⊗OWex Ω
•
Wex/U ′
g∗
−→ g∗(OE⊗OZex Ω
•
Zex/U ) −→ Rg∗(OE⊗OZex Ω
•
Zex/U )
is equal to the induced morphim OW/U ′ −→ Rgcrys∗(OZ/U ) in D+(OW/U ′ ) by the
morphism OW/U ′ −→ gcrys∗(OZ/U ) in C+(OW/U ′ ) via the log Poincare´ lemma.
Proof. (1): The morphism E −→ F induces the pull-back morphism
g∗ : Ω•
F/
◦
U ′,[ ]
−→ g∗(Ω•
E/
◦
U,[ ]
).(1.3.30.3)
Since the following diagram
E −−−−→ Fy y
◦
E −−−−→
◦
F
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is commutative, the morphism (1.3.30.3) gives the following morphism:
g∗ : (Ω•
F/
◦
U ′,[ ]
, P ) −→ g∗(Ω•
E/
◦
U,[ ]
, P ).
By (1.3.29.1) we have the morphism (1.3.30.1).
(2): We have the following commutative diagram
(1.3.30.4)
OF −−−−→ g∗(OE)y y
OF ⊗OWex Ω
•
Wex/U ′ −−−−→ Rg∗(OE ⊗OZex Ω
•
Zex/U ).
This commutative diagram is nothing but the following commutative diagram in
D+(g−1(OU ′ )) by the log Poincare´ lemma:
(1.3.30.5)
(OW/U ′)F −−−−→ g∗((OZ/U )E)y y
RuW/U ′∗(OW/U ′ ) −−−−→ Rg∗RuZ/U∗(OZ/U ) = RuW/U ′∗Rgcrys∗(OZ/U ).
Lemma 1.3.31. Let the notations be as in (1.3.30). Assume that W is log smooth
over U ′ and that
◦
Z and
◦
Z are affine. Let g : Z −→W be a morphism over U0 −→ U ′0.
Let ⋆ be nothing or ex. Then there exists a morphism g : E −→ W⋆ over U −→ U ′
fitting into the following commutative diagram
(1.3.31.1)
Z
⊂
−−−−→ E
g
y yg
W
⊂
−−−−→ W⋆.
(The morphism g induces a morphism E −→ F, which we denote by g again by abuse
of notation.)
Proof. Since the immersion Z
⊂
−→ E is nil and the morphismW −→ U ′ is formally log
smooth, we have the desired morphism g : E −→W by (1.1.44). Since the morphism
Z
⊂
−→ E is exact, we have the morphism g : E −→ Wex by the universality of the
exactification.
Remark 1.3.32. Because we do not assume that the immersion Z
⊂
−→ Z is not nil
in (1.3.30) and (1.3.31), we do not necessarily have the following (usual) commutative
diagram:
(1.3.32.1)
Z
⊂
−−−−→ Z⋆y y
W
⊂
−−−−→ W⋆
(⋆=nothing or ex). As a result, we do not have the morphism g in (1.3.31.1) a priori.
However, if we replace Z by Z ×U (W ×U ′ U), we have the following commutative
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diagram
(1.3.32.2)
Z
⊂
−−−−→ Z ×U (W ×U ′ U)y y
W
⊂
−−−−→ W ,
where the right vertical morphism is the following composite morphism Z×U (W×U ′
U)
2nd.proj.
−→ W ×U ′ U
1st.proj.
−→ W . This simple observation is very useful for the proof
of the functoriality of canonical (iso)morphisms (e. g., (1.5.2), (2.1.11) (2) below). I
cannot find a reference in which the product Z ×U (W ×U ′ U) and the commutative
diagram (1.3.32.2) are considered in the proof of the functoriality of a canonical
isomorphism except the proof of [Be5, (1.6)].
Corollary 1.3.33. Assume furthermore that (U,K, ǫ) = (
◦
T ,J , δ) and (U ′,K′, ǫ′) =
(
◦
T ′,J ′, δ′). Let Z (resp. W ) be a fine log affine scheme over S◦
T 0
(resp. a fine log
scheme over S′◦
T ′0
). Let Z
⊂
−→ Z (resp. W
⊂
−→W) be an immersion into a log (formal)
affine scheme over S(T )♮ (resp. a log smooth (formal) scheme over S′(T ′)♮). Let E
(resp. F) be the log PD-envelope of the immersion Z
⊂
−→ Z (resp. W
⊂
−→ W) over
(
◦
T ,J , δ) (resp. (
◦
T ′,J ′, δ′)). Set Z := Z ×
S(T )♮
S(T )♮, W := W ×
S′(T ′)♮
S′(T ′)♮,
E := E×
D(S(T )♮)
S(T )♮ and F := F×
D(S′(T ′)♮)
S′(T ′)♮.
Then the following hold:
(1) There exists a morphism g : E −→ F of fine log schemes over S(T )♮ −→ S′(T ′)♮
extending a morphism g : Z −→ W over the morphism ST0 −→ S
′
T ′0
.
(2) The morphism
g∗ : (Ω•
W/
◦
T ′0
, P ) −→ g∗((Ω•
Z/
◦
T 0
, P ))
lifts to a morphism
(1.3.33.1) g∗ : (OF ⊗OWex Ω
•
Wex/
◦
T ′
, P ) −→ g∗((OE ⊗OZex Ω
•
Zex/
◦
T
, P )).
(3) The morphism
g∗ : (Ω•
W/
◦
T ′0
, P ) −→ g∗((Ω•
Z/
◦
T 0
, P ))
lifts to a morphism
(1.3.33.2) gPD∗ : (OF ⊗OWex Ω
•
Wex/
◦
T ′0
, P ) −→ g∗((OE ⊗OZex Ω
•
Zex/
◦
T 0
, P )).
Proof. (1): (1) follows from (1.3.31).
(2): (2) follows from (1.3.30) (1).
(3): (3) immediately follows from (2).
Remark 1.3.34. Note that the log formal scheme Wex is not necessarily log smooth
over
◦
T ′.
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We finish this section by considering a section of P1(OD ⊗OPex Ω
1
Pex/
◦
T
) for the
next section.
Let τ be a local section ofMS(T )♮ such that the image of τ inMS(T )♮/O
∗
T is the local
generator. Then we have a section d log τ ∈ Ω1
S(T )♮/
◦
T
. Because d log u = 0 in Ω1
S(T )♮/
◦
T
(u ∈ O∗T ), d log τ is independent of the choice of a local section ofMS(T )♮ whose image
inMS(T )♮/O
∗
T is the local generator. By this observation, θS(T )♮ := d log τ ∈ Ω
1
S(T )♮/
◦
T
is globalized and it is a well-defined global section of Ω1
S(T )♮/
◦
T
for a (general) family
S of log points. Let
Z
⊂
−−−−→ Qy y
S◦
T 0
⊂
−−−−→ S(T )♮
be a commutative diagram of fine log schemes, where the upper horizontal morphism
is an immersion. Let E be the log PD-envelope of the immersion Z
⊂
−→ Q over
(
◦
T ,J , δ). Let θQ be the image of θS(T )♮ in P1(OE ⊗OQ Ω1Q/
◦
T
). The section θQ
induces the following morphism
(1.3.34.1)
θQ∧ : (OE⊗OQΩ
i
Q/
◦
S
)/Pk(OE⊗OQΩ
i
Q/
◦
T
) −→ (OE⊗OQΩ
i+1
Q/
◦
S
)/Pk+1(OE⊗OQΩ
i+1
Q/
◦
T
) (i, k ∈ Z).
1.4 Zariskian p-adic filtered Steenbrink complexes
Let S, (T,J , δ), T0 −→ S, S◦
T 0
, S(T ) and S(T )♮ be as in §1.3. Let X•≤N/S be
an N -truncated simplicial SNCL scheme ((1.2.7)). Set X•≤N,T0 := X•≤N ×S T0
and X
•≤N,
◦
T0
:= X•≤N ×S S◦
T 0
= X•≤N ×◦
S
◦
T 0. Let f : X•≤N,
◦
T0
−→ S◦
T 0
be the
structural morphism. By abuse of notation, let us also denote the structural mor-
phism X
•≤N,
◦
T0
−→ S(T )♮ by f . When we have to consider the structural morphism
X
m,
◦
T0
−→ S(T )♮ for each 0 ≤ m ≤ N , we denote it by fm. We would not like to use
the notation f•≤N for the structural morphism X•≤N,
◦
T0
−→ S(T )♮ because we would
like to use this notation for the structural morphism X
•≤N,
◦
T0
−→ S(T )♮•≤N , where
S(T )♮•≤N is the N -truncated simplicial constant log schemes obtained by S(T )
♮
•≤N .
By abuse of notation, we denote the structural morphism X•≤N,T0 −→ S(T ) by f and
let fT : X•≤N,T0 −→ T be the base change of f : X•≤N,
◦
T0
−→ S(T ). Then
◦
f =
◦
fT .
When we have to consider the structural morphism Xm,T0 −→ T for each 0 ≤ m ≤ N ,
we denote it by fm,T . Assume that X•≤N,
◦
T0
has an affine N -truncated simplicial
open covering X ′
•≤N,
◦
T0
of X
•≤N,
◦
T0
. (We do not assume that X•≤N has an affine
N -truncated simplicial open covering of X•≤N .) Let E•≤N be a flat quasi-coherent
crystal of O ◦
X•≤N,T0/
◦
T
-modules.
The aim in this section is to construct a filtered complex
(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) ∈ D+F(f−1(OT )),
which we call the zariskian p-adic filtered Steenbrink complex ofE•≤N forX
•≤N,
◦
T0
/S(T )♮.
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For the moment, consider the case N = 0. Set X := X0 and E := E
0. Assume
that there exist an immersionX ◦
T 0
⊂
−→ P over S(T )♮ in §1.3 and the cartesian diagram
(1.3.16.11). Let D, D, (E ,∇), Pex and (E ,∇) be as in §1.3.
Set
Azar(P
ex/S(T )♮, E)ij := E ⊗OPex Ω
i+j+1
Pex/
◦
T
/Pj(1.4.0.1)
:= E ⊗OPex Ω
i+j+1
Pex/
◦
T
/Pj(E ⊗OPex Ω
i+j+1
Pex/
◦
T
) (i, j ∈ N).
The sheaf Azar(P
ex/S(T )♮, E)ij has a quotient filtration P obtained by the filtration
P on E ⊗OPex Ω
i+j+1
Pex/
◦
T
. Following [RZ], we consider the following boundary morphisms
of double complexes:
(1.4.0.2)
Azar(Pex/S(T )♮, E)i,j+1
(−1)iθPex∧
x
Azar(Pex/S(T )♮, E)ij
(−1)j+1d
−−−−−−→ Azar(Pex/S(T )♮, E)i+1,j .
Then we have the double complex Azar(Pex/S(T )♮, E)••. Let Azar(Pex/S(T )♮, E) be
the single complex of Azar(Pex/S(T )♮, E)••. The complex Azar(Pex/S(T )♮, E) has a
filtration P = {Pk}k∈Z defined by the following formula:
(1.4.0.3)
PkAzar(P
ex/S(T )♮, E)•• := (· · · (P2j+k+1+Pj)Azar(Pex/S(T )♮, E)ij · · · ) ∈ C+F(f−1(OT )).
Let (Azar(Pex/S(T )♮, E), P ) be the filtered single complex of the filtered double com-
plex (Azar(Pex/S(T )♮, E)••, P ).
Lemma 1.4.1. Assume that there exists the following commutative diagram
(1.4.1.1)
X ◦
T 0
⊂
−−−−→ P1 −−−−→ S(T )♮∥∥∥ y ∥∥∥
X ◦
T 0
⊂
−−−−→ P2 −−−−→ S(T )♮,
where the left horizontal morphisms above are immersions into log smooth schemes
over S(T )♮. Set Pl := P l ×S(T )♮ S(T )
♮ (l = 1, 2) and let Dl (l = 1, 2) be the log
PD-envelope of the immersion X
⊂
−→ Pl over (S(T )
♮,J , δ). Let El := (El,∇l) be
the ODl-module with integrable connection obtained in (1.3.16.13). Then the induced
morphism
(1.4.1.2) (Azar(P
ex
2 /S(T )
♮, E2), P ) −→ (Azar(P
ex
1 /S(T )
♮, E1), P )
is a filtered quasi-isomorphism.
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Proof. Let a(k) :
◦
X
(k)
T0
−→
◦
XT0 be as in §1.3. Then we have the following formula:
grPk Azar(P
ex
l /S(T )
♮, El) =
⊕
j≥max{−k,0}
(grP2j+k+1Azar(P
ex
l /S(T )
♮, El)
•j{−j}, (−1)j+1d)
(1.4.1.3)
=
⊕
j≥max{−k,0}
(grP2j+k+1(El ⊗OPex
l
Ω•+j+1
Pexl /
◦
T
){−j}, (−1)j+1d)
≃
⊕
j≥max{−k,0}
a
(2j+k)
∗ (Ru ◦
X
(2j+k)
T0
/
◦
T∗
(E ◦
X
(2j+k)
T0
/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
XT0/
◦
T ))){−2j − k}.
Here we have used (1.3.19.1) for the last isomorphism. Therefore the morphism
(1.4.1.2) is a filtered quasi-isomorphism.
Let Y be an SNCL scheme over S and assume that there exists an immersion
Y◦
T 0
⊂
−→ Q into a log smooth scheme over S(T )♮. Assume that there exist morphisms
g : X ◦
T 0
−→ Y◦
T 0
and g : P −→ Q (i = 1, 2) making the following diagram commuta-
tive:
X ◦
T 0
⊂
−−−−→ P
g
y yg
Y◦
T 0
⊂
−−−−→ Q.
Set Q := Q×
S(T )♮
S(T )♮ and let E be the log PD-envelope of the immersion Y◦
T 0
⊂
−→ Q
over (S(T )♮,J , δ). Let g˜ : P −→ Q be the base change morphism of g by the morphism
S(T )♮
⊂
−→ S(T )♮. Let gPD : D −→ E be the natural morphism induced by g˜. Let
◦
gcrys : ((
◦
XT0/
◦
T )crys,O ◦
XT0/
◦
T
) −→ ((
◦
Y T0/
◦
T )crys,O ◦
Y T0/
◦
T
) be the induced morphism of
ringed topoi by
◦
g :
◦
XT0 −→
◦
Y T0 . Let E (resp. F ) be a flat quasi-coherent crystal
of O ◦
XT0/
◦
T
-modules (resp. a flat quasi-coherent crystal of O ◦
Y T0/
◦
T
-modules). Assume
that we are given a morphism F −→
◦
gcrys∗(E). Let (F ,∇) be the OE-module with
integrable connection obtained in (1.3.16.13) for F . Then, by (1.3.17), we have the
following morphism of filtered complexes:
(1.4.1.4) (F ⊗OQex Ω
•
Qex/
◦
T
, P ) −→ gPD∗ ((E ⊗OPex Ω
•
Pex/
◦
T
, P )).
Now we come back to the situation in the beginning of this section.
LetX ′
•≤N,
◦
T0
⊂
−→ P ′•≤N be an immersion into a log smooth scheme over S(T )♮ (this
immersion exists by (1.3.14.3) and (1.2.6) if each log affine subscheme of X ′m (0 ≤ m ≤
N) is sufficiently small). Set Xmn := cosk
Xm
0 (X
′
m)n (0 ≤ m ≤ N,n ∈ N) and Pmn :=
cosk
S(T )♮
0 (P
′
m)n. Then we have a natural immersion X•≤N,•,
◦
T0
⊂
−→ P•≤N,• over
S◦
T 0
⊂
−→ S(T )♮. Let D•≤N,• be the log PD-envelope of the immersion X•≤N,•,
◦
T0
⊂
−→
P•≤N,• over (
◦
T ,J , γ). Set D•≤N,• := D•≤N,•×D(S(T )♮)S(T )
♮. Let f• : X•≤N,•,
◦
T0
−→
S(T )♮ and let f•,T : X•≤N,•,T0 −→ T be the structural morphisms. Then
◦
f• =
◦
f•,T .
When we have to consider the structural morphism Xm,•,T0 −→ T for each 0 ≤
1.4. ZARISKIAN P -ADIC FILTERED STEENBRINK COMPLEXES 91
m ≤ N , we denote it by fm,•,T . (We do not want to use the notation f•≤N,•,T for the
structural morphism X•≤N,•,T0 −→ T as before.) Set P•≤N,• := P•≤N,•×S(T )♮S(T )
♮.
We have a natural immersion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over S◦
T 0
⊂
−→ S(T )♮. When T
is restrictively hollow with respective to the morphism T0 −→ S, set P•≤N,•,T :=
P•≤N,• ×S(T ) T and we have a natural immersion X•≤N,•,T0
⊂
−→ P•≤N,• ×S T over
T0
⊂
−→ T . Let E•≤N,• be the flat quasi-coherent crystal of O ◦
X•≤N,•,T0/
◦
T
-modules
obtained by E•≤N . Let (Emn,∇mn) (0 ≤ m ≤ N) be the quasi-coherent ODmn -
module with the integrable connection associated to ǫ∗
Xmn,T0/
◦
T
(Emn): ∇mn : Emn −→
Emn ⊗OPmn Ω
1
Pmn/
◦
T
. Set Emn := ODmn ⊗ODmn E
mn and let
(1.4.1.5) ∇mn : Emn −→ Emn ⊗OPmn Ω
1
Pmn/
◦
T
= Emn ⊗OPexmn Ω
1
Pexmn/
◦
T
be the induced connection by ∇mn. By (1.4.1.4) we have the following (N,∞)-
truncated bicosimplicial filtered complex
(1.4.1.6) (E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
, P ).
Set
(1.4.1.7)
Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij := (E•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
T
)/Pj (i, j ∈ N).
We consider the following boundary morphisms of the following double complex:
(1.4.1.8)
Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)i,j+1
(−1)iθPex
•≤N,•,T
∧
x
Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)ij
(−1)j+1d
−−−−−−→ Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)i+1,j .
Then we have the (N,∞)-truncated bicosimplicial double complexAzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)••.
LetAzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•) be the single complex of Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)••.
The double complex Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)•• has a filtration P = {Pk}k∈Z de-
fined by the following formula:
(1.4.1.9)
PkAzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•) := (· · ·P2j+k+1Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)ij · · · ).
Let (Azar(Pex•≤N,•/S(T )
♮, E•≤N,•), P ) be the filtered single complex of the filtered dou-
ble complex (Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)••, P ).
Let
(1.4.1.10) a(k)m :
◦
X
(k)
m,T0
−→
◦
Xm,T0 (0 ≤ m ≤ N, k ∈ N)
and
(1.4.1.11) a
(k)
m• :
◦
X
(k)
m•,T0 −→
◦
Xm•,T0 (0 ≤ m ≤ N, k ∈ N)
be the natural morphisms of schemes and the natural morphism of simplicial schemes,
respectively. Let
(1.4.1.12)
a(k)m,crys : ((
◦
X
(k)
m,T0
/
◦
T )crys,O ◦
X
(k)
m,T0
/
◦
T
) −→ ((
◦
Xm,T0/
◦
T )crys,O ◦
Xm,T0/
◦
T
) (0 ≤ m ≤ N, k ∈ N
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and
(1.4.1.13)
a
(k)
m•,crys : ((
◦
X
(k)
m•,T0/
◦
T )crys,O ◦
X
(k)
m•,T0
/
◦
T
) −→ ((
◦
Xm•,T0/
◦
T )crys,O ◦
Xm•,T0/
◦
T
) (0 ≤ m ≤ N, k ∈ N)
be the morphisms of ringed topoi obtained by (1.4.1.10) and (1.4.1.11), respectively.
The following (1) is an SNCL version of [Nakk4, (4.14)]. The following is a key
lemma for (1.4.5) below:
Lemma 1.4.2. Let m ≤ N and k be nonnegative integers. Then the following hold:
(1) For the morphism g : Pexmn −→ P
ex
mn′ corresponding to a morphism [n
′] −→ [n]
in ∆, the assumption in (1.3.2) is satisfied for Y = Pexmn and Y
′ = Pexmn′ . Consequently
there exists a morphism
◦
g(k) :
◦
P
ex,(k)
mn −→
◦
P
ex,(k)
mn′ (k ∈ N) fitting into the commutative
diagram (1.3.2.1) for Y = Pexmn and Y
′ = Pexmn′ ; the family {
◦
P
ex,(k)
mn }n∈N gives a
simplicial (formal) scheme
◦
P
ex,(k)
m• with natural morphism b
(k)
m• :
◦
P
ex,(k)
m• −→
◦
Pexm• of
simplicial schemes.
(2) Let
◦
D
(k)
m• (k ∈ N) be the PD-envelope of the simplicial immersion
◦
X
(k)
m•,T0
⊂
−→
◦
P
ex,(k)
m• . Let c
(k)
m• :
◦
D
(k)
m• −→
◦
Dm• be the natural morphism. Then the following holds:
grPk (E
m• ⊗OPexm• Ω
•
Pexm•/
◦
T
) =a
(k−1)
m•∗ (c
(k−1)∗
m• (Em•)
(1.4.2.1)
⊗O
P
ex,(k−1)
m•
Ω•◦
Pex,(k−1)m• /
◦
T
⊗Z ̟
(k−1)
zar (
◦
Pexm•/
◦
T )){−k}
in C+(f−1m•,T (OT )).
(3) The following holds:
grPk Azar(P
ex
m•/S(T )
♮, Em•)(1.4.2.2)
=
⊕
j≥max{−k,0}
(c
(2j+k)
m•∗ (c
(2j+k)∗
m• (Em•)⊗O◦
P
ex,(2j+k)
m•
Ω•◦
Pex,(2j+k)m• /
◦
T
⊗Z ̟
(2j+k)
zar (
◦
Pexm•/
◦
T )){−2j − k}, (−1)j+1d)
in C+(f−1m•(OT )). Consequently
grPk Azar(P
ex
m•/S(T )
♮, Em•) =
⊕
j≥max{−k,0}
(a
(2j+k)
m•∗ (Ru ◦
X
(2j+k)
m•,T0
/
◦
T∗
(Em•◦
X
(2j+k)
m•,T0
/
◦
T
⊗Z
(1.4.2.3)
̟(2j+k)crys (
◦
Xm•,T0/
◦
T ))){−2j − k}, (−1)j+1d)
in D+(f−1m•(OT )).
Proof. (1): Fix 0 ≤ m ≤ N . Set Mmn := MPexmn (n ∈ N) and Mmn := MXmn . Let
en be a local section of a member of the local minimal generators of Mmn/O∗Pexmn .
Then the image en of en in Mmn/O∗Xmn (n ∈ N) is also a local section of a member of
the local minimal generators since the immersion Xmn
⊂
−→ Pexmn is exact. Because a
standard degeneracy morphism si : Xml −→ Xm,l+1 (l ∈ N, 0 ≤ i ≤ l) and a standard
face morphism pi : Xml −→ Xm,l−1 (l > 0, 0 ≤ i ≤ l) are obtained by local open
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immersions, we can easily check that there exists a unique member el±1 of the local
minimal generators of Mm,l±1/O∗Xm,l±1 such that s
∗
i (el+1) = el and p
∗
i (el−1) = el.
Let g : Xmn −→ Xmn′ be the morphism corresponding to a morphism [n′] −→ [n].
Since the morphism [n′] −→ [n] is a composite morphism of standard degeneracy
morphisms and standard face morphisms, we see that there exists a unique member
en′ of the local minimal generators of Mmn′/O∗Xmn′ such that g
∗(en′) = en. Let
ιm• : Xm•
⊂
−→ Pexm• be the immersion of simplicial log (formal) schemes. Then we
have the following commutative diagram:
(1.4.2.4)
g∗(Mmn/O∗Pexmn) −−−−→ ιmn′∗g∗(Mmn/O
∗
Xmn
)
g∗
x xιmn′∗(g∗)
Mmn′/O∗Pex
mn′
−−−−→ ιmn′∗(Mmn′/O∗Xmn′ ).
Since the immersion Xml
⊂
−→ Pexml (l = n, n
′) is exact and since
◦
Pexml is topologically
isomorphic to
◦
Xml, the horizontal morphisms in (1.4.2.4) are isomorphisms. Hence
there exists a unique member en′ of the local minimal generators of Mmn′/O∗Pmn′
such that g∗(en′) = en. Thus we have checked the condition in (1.3.2).
(2): Let the notations be as in (1). Since si and pi are obtained by open immer-
sions, any member of the local minimal generators of Mmn′/O∗Xmn′ which is different
from en′ ’s is mapped to g∗(O∗Xmn) by the pull-back g
∗. The similar relation holds for
g∗. Hence, by (1), (1.3.19.2) and (1.3.20), we have the formula (1.4.2.1).
(3): We have the following formula by (2):
grPk Azar(P
ex
m•/S(T )
♮, Em•) =
⊕
j≥max{−k,0}
(grP2j+k+1Azar(P
ex
m•/S(T )
♮, Em•)•j{−j}, (−1)j+1d)
(1.4.2.5)
=
⊕
j≥max{−k,0}
(grP2j+k+1(E
m• ⊗OPexm• Ω
•+j+1
Pexm•/
◦
T
){−j}, (−1)j+1d)
=
⊕
j≥max{−k,0}
(a
(2j+k)
m•∗ (c
(2j+k)∗
m• Em• ⊗O◦
P
ex,(2j+k)
m•
Ω•◦
Pex,(2j+k)m• /
◦
T
⊗Z ̟
(2j+k)
zar (
◦
Pexm•/
◦
T )){−2j − k}, (−1)j+1d).
The last statement in (3) follows from these equalities and (1.3.16.14).
Lemma 1.4.3. Let k be a positive integer. Let
ι(k−1)∗mn : c
(k−1)
mn∗ (c(k−1)∗mn (E
mn)⊗OPexmn Ω
•
◦
Pex,(k−1)mn /
◦
T
⊗Z ̟
(k−1)
zar (
◦
Pexmn/
◦
T )) −→(1.4.3.1)
c
(k)
mn∗(c(k)∗mn (E
mn)⊗OPexmn Ω
•
◦
Pex,(k)mn /
◦
T
⊗Z ̟
(k)
zar(
◦
Pexmn/
◦
T ))
be the morphism (1.3.20.5). Then the following diagram is commutative:
(1.4.3.2)
grPk+1(E
mn ⊗OPexmn Ω
i+1
Pexmn/
◦
T
)
≃
−−−−→
θPexmn∧
x
grPk (E
mn ⊗OPexmn Ω
i
Pexmn/
◦
T
)
≃
−−−−→
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(c
(k)
mn∗(c
(k)∗
mn (Emn)⊗O◦
P
ex,(k)
mn
Ωi−k◦
Pex,(k)mn /
◦
T
⊗Z ̟
(k)
zar(
◦
Pexmn/
◦
T )){−k − 1})x(−1)i−kι(k−1)∗mn
(c
(k−1)
mn∗ (c
(k−1)∗
mn (Emn)⊗O◦
P
ex,(k−1)
mn
Ωi−k◦
Pex,(k−1)mn /
◦
T
⊗Z ̟
(k−1)
zar (
◦
Pexmn/
◦
T )){−k}).
Proof. The proof is the same as that of [Mo, 4.12] (cf. [Nakk2, (10.1.16)]).
Set U0 := S◦
T 0
or T0 and U := S(T )
♮ or T , respectively.
Let
πzar : ((X•≤N,•,T0)zar, f
−1
•,T (OT )) = ((X•≤N,•,
◦
T0
)zar, f
−1
• (OT ))(1.4.3.3)
−→ ((X
•≤N,
◦
T 0
)zar, f
−1(OT )) = ((X•≤N,T0)zar, f
−1
T (OT ))
and
πm,zar : ((Xm•,T0)zar, f
−1
m•,T (OT )) = ((Xm•,
◦
T 0
)zar, f
−1
m•(OT ))(1.4.3.4)
−→ ((X
m,
◦
T 0
)zar, f
−1
m (OT )) = ((Xm,T0)zar, f
−1
m,T (OT ))
be the natural morphisms of ringed topoi. Let
uX•≤N,U0/U : ((X•≤N,U0/U)crys,OX•≤N,U0/U ) −→ ((X•≤N,U0)zar, f
−1(OT ))(1.4.3.5)
= ((X
•≤N,
◦
T 0
)zar, f
−1(OT ))
and
◦
uX
•≤N,
◦
T0
/S(T )♮ =
◦
uX•≤N,T0/T : ((
◦
X•≤N,T0/
◦
T )crys,O ◦
X•≤N,T0/
◦
T
) −→ ((X•≤N,T0)zar, f
−1
T (OT ))
(1.4.3.6)
= ((X•≤N,T0)zar, f
−1(OT ))
be the natural projections. Let
ǫX•≤N,U0/U : ((X•≤N,U0/U)crys,OX•≤N,U0/U ) −→ ((
◦
X•≤N,U0/
◦
U)crys,O ◦
X•≤N,U0/
◦
U
)
(1.4.3.7)
= ((
◦
X•≤N,T0/
◦
T )crys,O ◦
X•≤N,T0/
◦
T
)
be the morphism forgetting the log structures of X•≤N,U0 and U . Let
ǫ
X•≤N,U0/
◦
T
: ((X•≤N,U0/
◦
T )crys,O
X•≤N,U0/
◦
T
) −→ ((
◦
X•≤N,U0/
◦
T )crys,O ◦
X•≤N,U0/
◦
T
)
(1.4.3.8)
= ((
◦
X•≤N,T0/
◦
T )crys,O ◦
X•≤N,T0/
◦
T
)
be the morphism forgetting the log structure of X•≤N,U0 . Let
(1.4.3.9)
ǫ
X•≤N,U0/U/
◦
T
: ((X•≤N,U0/U)crys,OX•≤N,U0/U ) −→ ((X•≤N,U0/
◦
T )crys,O
X•≤N,U0/
◦
T
)
be the morphism forgetting the log structure of U . Then
(1.4.3.10) ǫX•≤N,U0/U = ǫX•≤N,U0/
◦
T
◦ ǫ
X•≤N,U0/U/
◦
T
.
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Proposition 1.4.4. There exists the following isomorphism
θ := θX
•≤N,
◦
T0
/S(T )♮∧ : RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0/S(T)
♮
(E•≤N ))(1.4.4.1)
∼
−→ Rπzar∗(Azar(Pex•≤N,•/S(T )
♮, E•≤N,•))
in D+(f−1(OT )). This isomorphism is independent of the choice of an affine N -
truncated simplicial open covering of X
•≤N,
◦
T0
and the choice of an (N,∞)-truncated
bisimplicial immersion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over S(T )♮. In particular, the complex
Rπzar∗(Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)) is independent of the choices above.
Proof. First we claim that there exists an isomorphism between the source and the
target of (1.4.4.1). Let
πS(T )♮crys : ((X•≤N,•,
◦
T0
/S(T )♮)crys,OX
•≤N,•,
◦
T0
/S(T )♮)(1.4.4.2)
−→ ((X
•≤N,
◦
T0
/S(T )♮)crys,OX
•≤N,
◦
T0
/S(T )♮)
be the natural morphism of ringed topoi. Then, by the cohomological descent, we
have ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ) = RπS(T )♮crys∗(ǫ∗X
•≤N,•,
◦
T0
/S(T )♮(E
•≤N,•)). Let
uX
•≤N,•,
◦
T0
/S(T )♮ : ((X•≤N,•,
◦
T0
/S(T )♮)crys,OX
•≤N,•,
◦
T0
/S(T )♮) −→ ((X•≤N,•,
◦
T0
)zar, f
−1
•≤N,•(OT ))
(1.4.4.3)
be the natural projection. Then uX
•≤N,
◦
T0
/S(T )♮ ◦ πS(T )♮crys = πzar ◦ uX
•≤N,•,
◦
T0
/S(T )♮ .
Hence we have the following formula by the log Poincare´ lemma:
RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))(1.4.4.4)
= RuX
•≤N,
◦
T0
/S(T )♮∗RπS(T )♮crys∗(ǫ
∗
X
•≤N,•,
◦
T0
/S(T )♮(E
•≤N,•))
= Rπzar∗RuX
•≤N,•,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,•,
◦
T0
/S(T )♮(E
•≤N,•))
= Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
).
By using (1.3.15) and the OD•≤N,•-flatness of E
•≤N,•, it suffices to prove that the
natural morphism
θPex•≤N,•∧ : OD•≤N,• ⊗OPex•≤N,• Ω
i
Pex•≤N,•/S(T )♮ −→
{(OD•≤N,• ⊗OPex
•≤N,•
Ωi+1
Pex•≤N,•/
◦
T
/P0
(−1)iθPex
•≤N,•
−→ OD•≤N,• ⊗OPex
•≤N,•
Ωi+2
Pex•≤N,•/
◦
T
/P1
(−1)iθPex
•≤N,•
−→ · · · )}
is a quasi-isomorphism. Hence it suffices to prove that θPexmn∧ is a quasi-isomorphism.
As in [Mo, 3.15] (cf. [Nakk2, (6.28) (9), (6.29) (1)]), it suffices to prove that the
sequence
0 −→ grP0 (ODmn⊗OPexmnΩ
•
Pexmn/
◦
T
)
θPexmn∧−→ grP1 (ODmn⊗OPexmnΩ
•
Pexmn/
◦
T
)[1](1.4.4.5)
θPexmn∧−→ grP2 (ODmn⊗OPexmnΩ
•
Pexmn/
◦
T
)[2]
θPexmn∧−→ · · ·
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is exact. By (1.4.3) we have only to prove that the following sequence
0 −→ P0(ODmn⊗OPexmnΩ
•
Pexmn/
◦
T
)
−→ c
(0)
mn∗(O ◦
D
(0)
mn
⊗O
P
ex,(0)
mn
Ω•◦
Pex,(0)mn /
◦
T
⊗Z ̟
(0)
zar(
◦
Pexmn/
◦
T ))
ι(0)∗
−→ c
(1)
mn∗(O ◦
D
(1)
mn
⊗O
P
ex,(1)
mn
Ω•◦
Pex,(1)mn /
◦
T
⊗Z ̟
(1)
zar(
◦
Pexmn/
◦
T )) −→ · · ·
is exact. In (1.3.21) we have already proved this exactness.
Next we prove that the isomorphism is independent of the choices in (1.4.4).
Let X ′′
•≤N,
◦
T0
be another disjoint union of an affine N -truncated simplicial open
covering of X
•≤N,
◦
T0
. Set X ′′′
m,
◦
T 0
:= X ′
m,
◦
T 0
×X
m,
◦
T0
X ′′
m,
◦
T0
(0 ≤ m ≤ N). Then
we have the N -truncated simplicial scheme X ′′′
•≤N,
◦
T0
which is the disjoint union of
the members of an (not necessarily affine) N -truncated simplicial open covering of
X
•≤N,
◦
T0
/S◦
T 0
fitting into the following commutative diagram:
(1.4.4.6)
X ′′′
•≤N,
◦
T0
−−−−→ X ′′
•≤N,
◦
T0y y
X ′
•≤N,
◦
T0
−−−−→ X
•≤N,
◦
T0
.
Set X
mn,
◦
T 0
:= cosk
X
m,
◦
T0
0 (X
′
m,
◦
T 0
)n, X
′
mn,
◦
T 0
:= cosk
X
m,
◦
T0
0 (X
′′
m,
◦
T 0
)n and X
′′
mn,
◦
T 0
:=
cosk
X
m,
◦
T0
0 (X
′′′
m,
◦
T 0
)n (0 ≤ m ≤ N,n ∈ N). Let X ′
•≤N,•,
◦
T0
⊂
−→ P ′•≤N,• be another
immersion in (1.2.8.1). Set P ′′•≤N,• := P•≤N,• ×S(T )♮ P
′
•≤N,•. Then we have the
following commutative diagram
X
•≤N,•,
◦
T0
⊂
−−−−→ P•≤N,•x x
X ′′
•≤N,•,
◦
T0
⊂
−−−−→ P ′′•≤N,•y y
X ′
•≤N,•,
◦
T0
⊂
−−−−→ P ′•≤N,•.
Hence we may assume that there exists the following commutative diagram
(1.4.4.7)
X
•≤N,•,
◦
T0
⊂
−−−−→ P•≤N,•y y
X ′
•≤N,•,
◦
T0
⊂
−−−−→ P ′•≤N,•.
Set P ′•≤N,• := P
′
•≤N,•×S(T )♮S(T )
♮. Let P ′ex•≤N,• be the exactification of the immersion
X ′
•≤N,•,
◦
T0
⊂
−→ P ′•≤N,•. Let E
′•≤N,•⊗OP′ex
•≤N,•
Ω•
P′ex•≤N,•/
◦
T
be an analogous complex to
1.4. ZARISKIAN P -ADIC FILTERED STEENBRINK COMPLEXES 97
E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
for P ′•≤N,•. Then we have the following morphism
(1.4.4.8)
Rπzar∗(Azar(P ′ex•≤N,•/S(T )
♮, E ′•≤N,•), P )) −→ Rπzar∗(Azar(Pex•≤N,•/S(T )
♮, E•≤N,•), P ).
In particular, we have the morphism
(1.4.4.9)
Rπzar∗(Azar(P ′ex•≤N,•/S(T )
♮, E ′•≤N,•)) −→ Rπzar∗(Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)).
This morphism fits into the following commutative diagram
(1.4.4.10)
Rπzar∗(Azar(P ′ex•≤N,•/S(T )
♮, E ′•≤N,•)) −−−−→ Rπzar∗(Azar(Pex•≤N,•/S(T )
♮, E•≤N,•))
Rπzar∗(θP′ex
•≤N,•
∧)
x≃ ≃xRπzar∗(θPex•≤N,•∧)
Rπzar∗(E ′•≤N,• ⊗OP′ex
•≤N,•
Ω•P′ex•≤N,•/S(T )♮) Rπzar∗(E
•≤N,• ⊗OPex
•≤N,•
Ω•Pex•≤N,•/S(T )♮)
This diagram tells us the desired independence of the choices in (1.4.4).
Next, by using (1.4.1), (1.4.2) and (1.4.4), we prove that
Rπzar∗((Azar(Pex•≤N,•/S(T )
♮, E•≤N,•), P ))
depends only on X
•≤N,
◦
T0
/(S(T )♮,J , δ).
Theorem 1.4.5. The filtered complex
Rπzar∗((Azar(Pex•≤N,•/S(T )
♮, E•≤N,•), P ))
in D+F(f−1•≤N (OT )) is independent of the choice of an affine N -truncated simplicial
open covering of X
•≤N,
◦
T0
and the choice of an (N,∞)-truncated bisimplicial immer-
sion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over S(T )♮.
Proof. Let the notations be as in the proof of (1.4.4). Let us prove that the morphism
(1.4.4.8) is a filtered isomorphism.
Because there exist filtered flasque resolutions
(Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•), P ) −→ (I•≤N,•, P )
and
(Azar(P
′ex
•≤N,•/S(T )
♮, E ′•≤N,•), P ) −→ (I ′•≤N,•, P )
such that
(Azar(P
ex
m•/S(T )
♮, Em•)), P ) −→ (Im•, P ) (0 ≤ ∀m ≤ N)
and
(Azar(P
′ex
m•/S(T )
♮, E ′m•), P ) −→ (I ′m•, P ) (0 ≤ ∀m ≤ N)
are filtered flasque resolutions (see, e. g., [NS1, (1.5.0.4)]), it suffices to prove that we
have only to prove that the morphism
(1.4.5.1)
Rπm,zar∗((Azar(P ′exm•/S(T )
♮, E ′m•), P )) −→ Rπm,zar∗((Azar(Pexm•/S(T )
♮, Em•), P ))
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(0 ≤ m ≤ N) is an isomorphism. To prove this, we have only to prove that
(1.4.5.2) Rπm,zar∗(Azar(P ′exm•/S(T )
♮, E ′m•)) −→ Rπm,zar∗(Azar(Pexm•/S(T )
♮, Em•))
(0 ≤ m ≤ N) is an isomorphism in D+(f−1m (OT )) and
(1.4.5.3)
Rπm,zar∗(PkAzar(P ′exm•/S(T )
♮, E ′m•)) −→ Rπm,zar∗(PkAzar(Pexm•/S(T )
♮, Em•))
(0 ≤ m ≤ N, k ∈ Z) is an isomorphism in D+(f−1m (OT )).
By (1.4.4.1) we see that (1.4.5.2) is an isomorphism. The problem whether the
morphism (1.4.5.3) is an isomorphism is a local question on X
m,
◦
T 0
. Hence we may
assume that X
m,
◦
T0
is affine, in particular, quasi-compact. Hence, if k ≫ 0, then
PkAzar(P
ex
m•/S(T )
♮, Em•) = Azar(Pexm•/S(T )
♮, Em•).(1.4.5.4)
Consequently
Rπm,zar∗(PkAzar(Pexm•/S(T )
♮, Em•)) = Rπm,zar∗(Azar(Pexm•/S(T )
♮, Em•))(1.4.5.5)
if k ≫ 0. We have the following formula
grPk Rπm,zar∗(Azar(P
ex
m•/S(T )
♮, Em•)) ∼−→ Rπm,zar∗grPk Azar(P
ex
m•/S(T )
♮, Em•)
(1.4.5.6)
∼
−→ Rπm,zar∗(
⊕
j≥max{−k,0}
(a
(2j+k)
m•,T0∗(Ru ◦X(2j+k)m•,T0 /
◦
T∗
(Em◦
X
(2j+k)
m•,T0
/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
Xm•,T0/
◦
T )))
{−2j − k}, (−1)j+1d))
=
⊕
j≥max{−k,0}
(a
(2j+k)
m,T0∗ (Ru ◦X(2j+k)m,T0 /
◦
T∗
(Em◦
X
(2j+k)
m,T0
/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
Xm,T0/
◦
T ))){−2j − k}, (−1)j+1d)
and the analogous formula for Rπm,zar∗((Azar(P ′exm•/S(T )
♮, E ′m•), P )). Here we have
used [NS1, (1.3.4.5)] (resp. (1.4.2.3)) for the first isomorphism (resp. the second
isomorphism); we obtain the last equality by the cohomological descent. We also
obtain the following tautological traingle
Rπm,zar∗(Pk−1Azar(Pexm•/S(T )
♮, Em•)) −→ Rπm,zar∗(PkAzar(Pexm•/S(T )
♮, Em•))
(1.4.5.7)
−→ Rπm,zar∗(grPk Azar(P
ex
m•/S(T )
♮, Em•)) +1−→ .
and the analogous triangle for
Rπm,zar∗((Azar(P ′exm•/S(T )
♮, E ′m•), P )).
Now we see that (1.4.5.3) is an isomorphism by (1.4.5.5), (1.4.5.6) and (1.4.5.7) and
the descending induction on k.
We complete the proof of (1.4.5).
Remark 1.4.6. One can also prove (1.4.5) without using (1.4.4). Indeed, because we
have only to prove that the morphism (1.4.5.1) is an isomorphism, the problem is local
on X
m,
◦
T 0
. Hence we may assume that X
m,
◦
T0
is affine, in particular, quasi-compact.
Hence, if k ≫ 0, then we may assume that
◦
X
(k)
m,
◦
T 0
= ∅. If k ≪ 0 (resp. k ≫ 0),
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then 2j + k ≥ −k ≫ 0 (resp. 2j + k ≥ k ≫ 0). Hence the target of the isomorphism
(1.4.5.6) is 0 in either case. Consequently
PkRπm,zar∗(Azar(Pexm•/S(T )
♮, Em•)) = Rπm,zar∗(Azar(Pexm•/S(T )
♮, Em•)).(1.4.6.1)
Now, by the isomorphism (1.4.5.6) and the ascending induction on k, we see that the
morphism (1.4.5.1) is an isomorphism.
We shall use this argument in (1.5.12) below.
Definition 1.4.7. We call the filtered direct imageRπzar∗((Azar(Pex•≤N,•/S(T )
♮, E•≤N,•), P ))
the zariskian p-adic filtered Steenbrink complex of E•≤N for X
•≤N,
◦
T0
/(S(T )♮,J , δ).
We denote it by (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) ∈ D+F(f−1(OT )). When E•≤N =
O ◦
X•≤N,T0/
◦
T
, we denote (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) by (Azar(X•≤N,
◦
T0
/S(T )♮), P ).
We call (Azar(X•≤N,
◦
T 0
/S(T )♮), P ) the zariskian p-adic filtered Steenbrink complex of
X
•≤N,
◦
T0
/(S(T )♮,J , δ).
We restate the formula (1.4.5.6) as the following proposition:
Proposition 1.4.8. For each 0 ≤ m ≤ N , there exists the following canonical
isomorphism:
grPk Azar(X
m,
◦
T 0
/S(T )♮, Em)
∼
−→
⊕
j≥max{−k,0}
a
(2j+k)
m,T0∗ (Ru ◦X(2j+k)m,T0 /
◦
T∗
(Em◦
X
(2j+k)
m,T0
/
◦
T
(1.4.8.1)
⊗Z ̟
(2j+k)
crys (
◦
Xm,T0/
◦
T ))){−2j − k}, (−1)j+1d)
in D+(f−1(OT )).
Remark 1.4.9. (1) In the case of the trivial coefficient E = O ◦
X•≤N,T0/
◦
T
, we need
not assume the existence of P•≤N,• in this section; we have only to assume the exis-
tence of P•≤N,• because we need only the filtered double complex (OD•≤N,• ⊗OP•≤N,•
Ωi+j+1
P•≤N,•/
◦
T
/Pj , P )i,j∈N in this case.
(2) Let S be as in §1.3 or let S be a fine log formal scheme whose underlying formal
scheme is a p-adic formal V-scheme in the sense of [Og1]:
◦
S is a noetherian formal
scheme over Spf(V) with the p-adic topology which is topologically of finite type over
Spf(V). Let (T,J , δ) be a log PD (p-adic formal) scheme. We assume that
◦
T is flat
over Spf(V). Let T0 −→ S be a morphism of log PD (p-adic formal) schemes. Assume
that S is a (formal) family of log points. Let π be a nonzero element of the maximal
ideal of V . Assume also that πOT has a PD-structure δ. In a future paper in which
we discuss a p-adic Clemens-Schmid (exact) sequence (cf. [CT2]), we have to consider
(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) for a more generalized sheaf than E•≤N . Namely,
assume that, for the disjoint union X ′
•≤N,
◦
T0
of an affine N -truncated simplicial open
covering of X
•≤N,
◦
T0
and an (N,∞)-truncated bisimplicial immersion X
•≤N,•,
◦
T0
⊂
−→
P•≤N,• over S(T )♮ (X
mn,
◦
T 0
:= cosk
X
m,
◦
T0
0 (X
′
m,
◦
T 0
)n (0 ≤ m ≤ N,n ∈ N)) into a log
smooth (N,∞)-truncated log scheme over S(T )♮, we are given a flat quasi-coherent
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OD•≤N,•-module or a flat quasi-coherent KD•≤N,•-module (KD•≤N,• := OD•≤N,•⊗ZQ)
with integrable connection (E(D•≤N,•),∇):
∇ : E(D•≤N,•) −→ E(D•≤N,•)⊗OPex
•≤N,•
Ω1
Pex•≤N,•/
◦
T
.
We endow E(D•≤N,•) ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
with the tensor product P of the trivial
filtration on E(D•≤N,•) and the (pre)weight filtration (1.3.0.1) on Ω•
Pex•≤N,•/
◦
T
. Then,
by the same construction as that of (1.4.1.7), (1.4.1.8) and (1.4.1.9), we have the
filtered double complex (Azar(Pex•≤N,•/S(T )
♮, E(D•≤N,•))••, P ) and the single filtered
complex (Azar(Pex•≤N,•/S(T )
♮, E(D•≤N,•)), P ) associated to this double complex. We
assume that the following three conditions hold:
(1) We assume that, for another immersion X ′
•≤N,•,
◦
T0
⊂
−→ P ′•≤N,• above and for
the following commutative diagram
(1.4.9.1)
X
•≤N,•,
◦
T0
⊂
−−−−→ P•≤N,•y yg•≤N,•
X ′
•≤N,•,
◦
T0
⊂
−−−−→ P ′•≤N,•,
there exists a morphism
(1.4.9.2) ρg•≤N,• : E(D
′
•≤N,•) −→ g•≤N,•∗(E(D•≤N,•))
of OD′
•≤N,•
-modules or KD′
•≤N,•
-modules satisfying the usual cocycle condition for the
following commutative diagram:
(1.4.9.3)
X
•≤N,•,
◦
T0
⊂
−−−−→ P•≤N,•y y
X ′
•≤N,•,
◦
T0
⊂
−−−−→ P ′•≤N,•y y
X ′′
•≤N,•,
◦
T0
⊂
−−−−→ P ′′•≤N,•.
Here D′•≤N,• is the analogue of D•≤N,• for the immersion X•≤N,•,
◦
T0
⊂
−→ P•≤N,•.
(2) We assume that the following morphism
Rπzar∗(Azar(P ′ex•≤N,•/S(T )
♮, E(D′•≤N,•)) −→ Rπzar∗(Azar(P
ex
•≤N,•/S(T )
♮, E(D•≤N,•))
induced by the morphisms g•≤N,• : P•≤N,• −→ P ′•≤N,• and ρg•≤N,• is an isomorphism
in D+(f−1(OT )).
(3) We assume that, for a positive integer k, for nonnegative integers m and n
(0 ≤ m ≤ N,n ∈ N)), the following isomorphism
(1.4.9.4) grPk (E(D
′
mn)⊗OP′exmn Ω
•
P′exmn/
◦
T
)
∼
−→ grPk (E(Dmn)⊗OPexmn Ω
•
Pexmn/
◦
T
)
induced by the morphisms g•≤N,• : P•≤N,• −→ P ′•≤N,• and ρg•≤N,• is an isomorphism
in D+(f−1mn(OT )).
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Then, by the same proof as that of the well-definedness of (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ),
we can prove that the filtered complex Rπzar∗((Azar(Pex•≤N,•/S(T )
♮, E(D•≤N,•)), P ))
is a well-defined filtered complex.
Lemma 1.4.10. Let N be a nonnegative integer. Then the following hold:
(1) Let (U ′,K′, ǫ′) and (U,K, ǫ) be fine log PD-schemes on which p is locally nilpo-
tent. Set U0 := Spec
log
U
(OU/K) and U ′0 := Spec
log
U ′
(OU ′/K′). Assume that
◦
U ′ =
◦
U .
Let (U ′,K′, ǫ′) −→ (U,K, ǫ) be a morphism of log PD-schemes such that the underly-
ing morphism
◦
U ′ −→
◦
U of schemes is equal to id ◦
U
. Let Z•≤N be a log smooth integral
N -truncated simplicial log scheme over U0. Set Z
′
•≤N := Z•≤N ×U0 U
′
0 with projec-
tion q : Z ′•≤N −→ Z•≤N . Identify (Z
′
•≤N )zar with (Z•≤N )zar (Because Z −→ U0 is
integral,
◦
Z ′ =
◦
Z × ◦
U0
◦
U ′0 =
◦
Z.). Let F •≤N be a quasi-coherent flat OZ•≤N/U -module.
Then the natural morphism
RuZ•≤N/U∗(F
•≤N ) −→ RuZ′•≤N/U ′∗(q
∗
crys(F
•≤N ))(1.4.10.1)
is the identity.
(2) Let (U ′1,K
′
1, ǫ
′
1) −→ (U1,K1, ǫ1) be a similar morphism to the morphism (U
′,K′, ǫ′) −→
(U,K, ǫ) in (1) fitting into the following commutative diagram
(U ′1,K
′
1, ǫ
′
1) −−−−→ (U1,K1, ǫ1)y y
(U ′,K′, ǫ′) −−−−→ (U,K, ǫ).
Set U10 := Spec
log
U1
(OU1/K1) and U
′
10 := Spec
log
U ′1
(OU ′1/K
′
1). LetW•≤N/U10 (resp.W
′
•≤N/U
′
10)
be a similar log scheme to Z•≤N/U0 (resp. Z ′•≤N/U
′
0). Let g : W•≤N −→ Z•≤N be
a morphism over U10 −→ U0. Let g
′ : W•≤N −→ Z•≤N be the base change mor-
phism of g over U ′10 −→ U
′
0. Let G
•≤N be a similar log crystal of OW•≤N/U1-modules
to F •≤N and let F •≤N −→ gcrys∗(G•≤N ) be a morphism of OZ•≤N/U -modules. Let
r : W ′•≤N −→W•≤N be the projection. Then the following diagram is commutative:
(1.4.10.2)
RuZ•≤N/U∗(F
•≤N ) RuZ′•≤N/U ′∗(q
∗
crys(F
•≤N ))y y
Rg∗RuW•≤N/U1∗(G
•≤N ) Rg′∗RuW ′•≤N/U ′1∗(r
∗
crys(G
•≤N )).
Proof. (1): As stated above, we identify (Z ′•≤N )zar with (Z•≤N )zar. The natural
morphism F •≤N −→ qcrys∗q∗crys(F
•≤N ) induces the morphism (1.4.10.1). We may
assume that N = 0. Set Z := Z0 and F = F
0. The question is local. Hence we may
assume that Z has a log smooth integral lift Z/U by the proofs of [Kk2, (3.14)] and
[NS1, (2.3.14)] (cf. the proof of [NY, (4.7)]). Set ZU ′ := Z×UU ′ and let Q : ZU ′ −→ Z
be the projection. Because Z −→ U is also integral, (ZU ′ )◦ =
◦
Z × ◦
U
◦
U ′ =
◦
Z. Let
(F ,∇) be a quasi-coherent OZ -module with integrable connection corresponding to
F . Then Q∗(F) = F and Ω•Z′/U ′ = Q
∗(Ω•Z/U ) = Ω
•
Z/U by the formula in the end of
[Kk2, (1.7)]. By the log Poincare´ lemma, we obtain the following equality
RuZ′/U ′∗(q∗crys(F )) = Q
∗(F)⊗OZ′ Ω
•
Z′/U ′ = F ⊗OZ Ω
•
Z/U = RuZ/U∗(F ).
(2): (2) is obvious.
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Corollary 1.4.11. Assume that T is restrictively hollow with respective to the mor-
phism T0 −→ S. Then there exists the following isomorphism
θ := θX•≤N,T0/T : RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N )) ∼−→ Azar(X•≤N,
◦
T0
/S(T ), E•≤N)
(1.4.11.1)
in D+(f−1(OT )).
Proof. Because S(T )♮ = S(T ), we have the following isomorphism by (1.4.10.1) and
(1.4.4.1):
RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N )) = RuX
•≤N,
◦
T0
/S(T )∗(ǫ∗X
•≤N,
◦
T0/S(T)
(E•≤N ))
(1.4.11.2)
θ∧,≃
−→ Azar(X•≤N,
◦
T0
/S(T ), E•≤N).
Corollary 1.4.12 (Invariance of the Poincare´ filtration I with respect to
log structures). Let q be a nonnegative integer. Let (T ′,J ′, δ′) −→ (T,J , δ) be
a morphism from another log PD-enlargement of S. Set T ′0 := Spec
log
T ′
(OT ′/J ′).
Assume that S(T ) = S(T ′) and that T (and hence T ′) is restrictively hollow with
respective to the morphism T0 −→ S. Let P and P ′ be the induced filtrations on
RqfX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N )) and RqfX•≤N,T ′0/T
′∗(ǫ∗X•≤N,T ′
0
/T ′(E
•≤N ))
by
(Azar(X•≤N,
◦
T0
/S(T ), E•≤N), P ) and (Azar(X•≤N,
◦
T ′0
/S(T ′), E•≤N ), P )
and the isomorphism (1.4.11.1), respectively. Then P = P ′.
Proof. (1.4.12) immediately follows from the isomorphism (1.4.11.1) and the tauto-
logical equality (Azar(X•≤N,
◦
T0
/S(T ), E•≤N), P ) = (Azar(X•≤N,
◦
T ′0
/S(T ′), E•≤N ), P ).
1.5 Contravariant functoriality of zariskian p-adic
filtered Steenbrink complexes
Let the notations be as in the previous section.
Let S′ be another family of log points. Let (T ′,J ′, δ′) be a log PD-enlargement
over S′. Assume that p is locally nilpotent on
◦
T ′. Let u : (S(T )♮,J , δ) −→ (S′(T ′)♮,J ′, δ′)
be a morphism of fine log schemes. Set T0 := Spec
log
T
(OT /J ) and T ′0 := Spec
log
T ′
(OT ′/J ′).
By the definition of deg(u)x ((1.1.41)), we have
(1.5.0.1) u∗x(θS′(T ′)♮,◦u(x)) = deg(u)xθS(T )♮,x (x ∈
◦
T ).
By (1.1.3) (1), deg(u)x 6= 0 for any point x ∈
◦
T . Let X•≤N and Y•≤N be N -truncated
simplicial SNCL schemes over S◦
T 0
and S′◦
T ′0
, respectively. Let D(S′(T ′)♮) be the log
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PD-envelope of the immersion S′(T ′)♮ ⊂−→ S′(T ′)♮ over (
◦
T ′,J , δ). Let
(1.5.0.2)
X
•≤N,
◦
T0
g•≤N
−−−−→ Y
•≤N,
◦
T ′0y y
S◦
T 0
−−−−→ S′◦
T ′0
⋂y y⋂
S(T )♮
u
−−−−→ S′(T ′)♮
be a commutative diagram of N -truncated simplicial SNCL schemes over S◦
T 0
and S′◦
T ′0
such that X
•≤N,
◦
T0
and Y
•≤N,
◦
T ′0
have affine N -truncated simplicial open coverings
X ′
•≤N,
◦
T0
and Y ′
•≤N,
◦
T ′0
of X
•≤N,
◦
T0
and Y
•≤N,
◦
T ′0
, respectively, fitting into the following
commutative diagram
(1.5.0.3)
X ′
•≤N,
◦
T0
g′•≤N
−−−−→ Y ′
•≤N,
◦
T ′0y y
X
•≤N,
◦
T0
g•≤N
−−−−→ Y
•≤N,
◦
T ′0
.
(If X
•≤N,
◦
T0
and Y
•≤N,
◦
T ′0
are split, then this condition is satisfied ((1.2.2) (1)). We do
not assume that X•≤N and Y•≤N have affine N -truncated simplicial open coverings
of X•≤N and Y•≤N , respectively.)
Let X
•≤N,•,
◦
T0
⊂
−→ P ′•≤N,• and Y•≤N,•,
◦
T ′0
⊂
−→ Q•≤N,• are immersions into (N,∞)-
truncated bisimplicial log smooth schemes over S(T )♮ and S′(T ′)♮, respectively. In-
deed, these immersions exist by (1.2.8.1). Set
P•≤N,• := P ′•≤N,• ×S(T )♮ (Q•≤N,• ×S′(T ′)♮ S(T )
♮) = P ′•≤N,• ×S′(T ′)♮ Q•≤N,•.
Let g•≤N,• : P•≤N,• −→ Q•≤N,• be the second projection. Then, as explained in the
Introduction or (1.3.32), we have the following commutative diagram
(1.5.0.4)
X
•≤N,•,
◦
T0
⊂
−−−−→ P•≤N,•
g•≤N,•
y yg•≤N,•
Y
•≤N,•,
◦
T ′0
⊂
−−−−→ Q•≤N,•
over
S◦
T 0
⊂
−−−−→ S(T )♮y y
S′◦
T ′0
⊂
−−−−→ S′(T ′)♮.
Let E•≤N,• be the log PD-envelope of Y•≤N,•,
◦
T ′0
⊂
−→ Q•≤N,• over (
◦
T ′,J ′, δ′). Set
E•≤N,• := E•≤N,• ×D(S′(T ′)♮) S
′(T ′)♮. By (1.5.0.4) we have the following natural
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morphism
(1.5.0.5) gPD•≤N,• : D•≤N,• −→ E•≤N,•.
Hence we have the following natural morphism
(1.5.0.6) gPD•≤N,• : D•≤N,• −→ E•≤N,•.
Remark 1.5.1. As explained in the Introduction, another argument using (1.2.8.1)
and (1.3.31) tells us that there exists the following commutative diagram
(1.5.1.1)
X
•≤N,•,
◦
T0
⊂
−−−−→ D′•≤N,•
g•≤N,•
y yg•≤N,•
Y
•≤N,•,
◦
T ′0
⊂
−−−−→ Q•≤N,•
over
S◦
T
⊂
−−−−→ S(T )♮y y
S′◦
T ′
⊂
−−−−→ S′(T ′)♮,
where D′•≤N,• is the log PD-envelope of X•≤N,•,
◦
T0
⊂
−→ P ′•≤N,• over (
◦
T ,J , δ).
Let E•≤N and F •≤N be flat quasi-coherent crystals of O ◦
X•≤N,T0/
◦
T
-modules and
O ◦
Y •≤N,T ′
0
/
◦
T ′
-modules, respectively. Let
◦
g∗•≤N,crys(F
•≤N ) −→ E•≤N(1.5.1.2)
be a morphism of O ◦
X•≤N,T0/
◦
T
-modules.
Theorem 1.5.2 (Contravariant functoriality I of Azar). (1) Assume that deg(u)x
is not divisible by p for any point x ∈
◦
T . Then g•≤N : X•≤N,
◦
T0
−→ Y
•≤N,
◦
T ′0
induces
the following well-defined pull-back morphism
(1.5.2.1)
g∗•≤N : (Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P ) −→ Rg•≤N∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
fitting into the following commutative diagram:
(1.5.2.2)
Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N )
g∗•≤N
−−−−→
θ
Y
•≤N,
◦
T′
0
/S′(T ′)♮
∧x≃
RuY
•≤N,
◦
T′0
/S′(T ′)♮∗(ǫ∗Y
•≤N,
◦
T′0
/S′(T ′)♮(F
•≤N ))
g∗•≤N
−−−−→
Rg•≤N∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N))
Rg•≤N∗(θX
•≤N,
◦
T0
/S(T)♮
∧)
x≃
Rg•≤N∗RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N )).
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(2) Let S′′ be a family of log points. Let (T ′′,J ′′, δ′′) be a log PD-enlargement
of S′′. Set T ′′0 := Spec
log
T ′′
(OT ′′/J ′′). Let v : (S′(T ′)♮,J , δ) −→ (S′′(T ′′)♮,J ′, δ′) and
h•≤N : Y•≤N −→ Z•≤N be similar morphisms to u and g•≤N , respectively. Assume
that deg(v)x is not divisible by p for any point x ∈
◦
T ′. Let G•≤N be a flat quasi-
coherent crystal of O◦
Z•≤N,T′′
0
/
◦
T ′′
-modules. Let
◦
h∗•≤N,crys(G
•≤N ) −→ F •≤N(1.5.2.3)
be a morphism of O ◦
Y •≤N,T′0
/
◦
T ′
-modules. Then
(h•≤N ◦ g•≤N)∗ =Rh•≤N∗(g∗•≤N) ◦ h
∗
•≤N : (Azar(Z•≤N,
◦
T ′′0
/S′′(T ′′)♮, F •≤N), P )
(1.5.2.4)
−→ Rh•≤N∗Rg•≤N∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )
= R(h•≤N ◦ g•≤N )∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ).
(3)
(1.5.2.5)
id∗X
•≤N,
◦
T0
= id: (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) −→ (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ).
(4) Assume that T and T ′ are restrictively hollow with respective to the morphism
T0 −→ S and T ′0 −→ S′, respectively. Set X•≤N,T0 := X•≤N ×S T0 and Y•≤N,T ′0 :=
Y•≤N ×S′ T ′0. Let g•≤N,T ′T : X•≤N,T0 −→ Y•≤N,T ′0 be the base change morphism of
g•≤N . Then the morphism (1.5.2.1) fits into the following commutative diagram:
(1.5.2.6)
Azar(Y•≤N,
◦
T ′0
/S′(T ′), F •≤N )
g∗•≤N
−−−−→ Rg•≤N∗(Azar(X•≤N,
◦
T0
/S(T ), E•≤N))
θY
•≤N,T′
0
/T ′
x≃ Rg•≤N∗(θX•≤N,T0/T )x≃
RuY•≤N,T′0/T
′∗(ǫ∗Y•≤N,T′0/T
′(F •≤N ))
g∗
•≤N,T ′T
−−−−−−→ Rg•≤N∗RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N )).
Here the morphisms θX•≤N,T0/T and θY•≤N,T ′0/T
′ are the morphisms defined in (1.4.11.1).
Proof. (1): For F •≤N , let (F•≤N,•,∇) and (F•≤N,•,∇) be the similar objects to
(E•≤N,•,∇) and (E•≤N,•,∇) in §1.4, respectively. For simplicity of notation, denote
θPex•≤N,• ∈ OD•≤N,•⊗OPex•≤N,•Ω
1
Pex•≤N,•/
◦
T
(resp. θQex•≤N,• ∈ OE•≤N,•⊗OQex•≤N,•Ω
1
Qex•≤N,•/
◦
T ′
)
simply by θ (resp. θ′).
First we would like to construct a morphism
F•≤N,• ⊗OQex
•≤N,•
Ω•
Qex•≤N,•/
◦
T ′
−→ gPD•≤N,•∗(E
•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
)
of complexes. Because we are given the morphism
◦
g∗•≤N,crys(F
•≤N ) −→ E•≤N , we
have a morphism
gPD∗•≤N,• : F
•≤N,• −→ gPD∗•≤N,•(E
•≤N,•)
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fitting into the following commutative diagram:
(1.5.2.7)
F•≤N,•
gPD∗•≤N,•
−−−−→ gPD•≤N,•∗(E
•≤N,•)y y
F•≤N,• ⊗OQex
•≤N,•
Ω1
Qex•≤N,•/
◦
T ′
gPD∗•≤N,•
−−−−→ gPD•≤N,•∗(E
•≤N,•
⊗OPex
•≤N,•
Ω1
Pex•≤N,•/
◦
T
)
by using (1.5.0.4). Hence we have a morphism
gPD∗•≤N,• : F
•≤N,• −→ gPD•≤N,•∗(E
•≤N,•)(1.5.2.8)
fitting into the following commutative diagram:
(1.5.2.9)
F•≤N,•
gPD∗•≤N,•
−−−−→ gPD•≤N,•∗(E
•≤N,•)y y
F•≤N,• ⊗OQex
•≤N,•
Ω1
Qex•≤N,•/
◦
T ′
gPD∗•≤N,•
−−−−→ gPD•≤N,•∗(E
•≤N,• ⊗OPex
•≤N,•
Ω1
Pex•≤N,•/
◦
T
).
By using (1.5.0.4) again, we have the following morphism
(1.5.2.10)
gPD∗•≤N,• : OE•≤N,• ⊗OQex
•≤N,•
Ω•
Qex•≤N,•/
◦
T ′
−→ gPD•≤N,•∗(OD•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
).
Set
gPD∗•≤N,•(e⊗ ω) := g
PD∗
•≤N,•(e)⊗ g
PD∗
•≤N,•(ω) (e ∈ F
•≤N,•, ω ∈ Ωi
Qex•≤N,•/
◦
T ′
(i ∈ N)).
This gPD∗•≤N,• induces the following morphism of complexes:
(1.5.2.11) F•≤N,• ⊗OQex
•≤N,•
Ω•
Qex•≤N,•/
◦
T ′
−→ gPD•≤N,•∗(E
•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
).
Because the following diagram
(1.5.2.12)
gPD∗•≤N,•(F
•≤N,• ⊗OQex
•≤N,•
Ω•
Qex•≤N,•/
◦
T ′
)[1]
gPD∗•≤N,•
−−−−→ E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
[1]
gPD∗•≤N,•(deg(u)
−1θ′∧)
x xθ∧
gPD∗•≤N,•(F
•≤N,• ⊗OQex
•≤N,•
Ω•
Qex
•≤N,•
/
◦
T ′
)
gPD∗•≤N,•
−−−−→ E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex
•≤N,•
/
◦
T
is commutative (deg(u)−1 has a meaning by the assumption of the p-nondivisibility
of deg(u)) and because we have the following commutative diagram for i, j ∈ N
(1.5.2.13)
gPD•≤N,•∗(Pj(E
•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
T
))
⊂
−−−−→
(deg(u))−(j+1)gPD∗•≤N,•
x
Pj(F•≤N,• ⊗OQex
•≤N,•
Ωi+j+1
Qex•≤N,•/
◦
T ′
)
⊂
−−−−→
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gPD•≤N,•∗(E
•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex
•≤N,•
/
◦
T
)x(deg(u))−(j+1)gPD∗•≤N,•
F•≤N,• ⊗OQex
•≤N,•
Ωi+j+1
Qex•≤N,•/
◦
T ′
,
we can define the pull-back morphism
g∗•≤N,• : Azar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•) −→ gPD•≤N,•∗Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)
(1.5.2.14)
by the following formula
g∗•≤N,• := deg(u)
−(j+1)gPD∗•≤N,• : Azar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•)ij
(1.5.2.15)
−→ gPD•≤N,•∗Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij .
In fact, by (1.5.2.13), we have the following filtered morphism
g∗•≤N,• := deg(u)
−(j+1)gPD∗•≤N,• : (Azar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•)ij , P )
(1.5.2.16)
−→ gPD•≤N,•∗((Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij , P )).
Let
(1.5.2.17)
g∗•≤N : (Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N), P ) −→ Rg•≤N∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N), P )
be the induced morphism by g∗•≤N,•.
Next we check that the morphism (1.5.2.17) is independent of the choice of the
diagrams (1.5.0.3) and (1.5.0.4). Let X ′′
•≤N,
◦
T0
and Y ′′
•≤N,
◦
T ′0
be the disjoint unions of
the members of affine N -truncated simplicial open coverings of X
•≤N,
◦
T0
and Y
•≤N,
◦
T ′0
,
respectively, fitting into the following commutative diagram (1.5.0.3). Set X ′′′
m,
◦
T 0
:=
X ′
m,
◦
T0
×X
m,
◦
T0
X ′′
m,
◦
T 0
and Y ′′′
m,
◦
T ′0
:= Y ′
m,
◦
T ′0
×Y
m,
◦
T ′
0
Y ′′
m,
◦
T ′0
(0 ≤ m ≤ N). Set X ′
mn,
◦
T0
:=
cosk
X
m,
◦
T0
0 (X
′′
m,
◦
T 0
)n, X
′′
mn,
◦
T0
:= cosk
X
m,
◦
T0
0 (X
′′′
m,
◦
T 0
)n, Y
′
mn,
◦
T ′0
:= cosk
Y
m,
◦
T ′
0
0 (Y
′′
m,
◦
T ′0
)n
and Y ′′
mn,
◦
T ′0
:= cosk
Y
m,
◦
T ′0
0 (Y
′′′
m,
◦
T ′0
)n (0 ≤ m ≤ N,n ∈ N). Then we have the following
commutative diagram
(1.5.2.18)
X ′
•≤N,•,
◦
T0
⊂
−−−−→ P ′ex•≤N,•
g′•≤N,•
y yg′•≤N,•
Y ′
•≤N,•,
◦
T0
⊂
−−−−→ Q′ex•≤N,•,
where the two horizontal exact immersions above are the exactifications of immer-
sions X ′
•≤N,•,
◦
T0
⊂
−→ P ′•≤N,• and Y
′
•≤N,•,
◦
T ′0
⊂
−→ Q′•≤N,• into (N,∞)-truncated bisim-
plicial log smooth schemes over S(T )♮ and S′(T ′)♮, respectively. Set P ′′•≤N,• :=
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P•≤N,•×S(T )♮P
′
•≤N,• andQ
′′
•≤N,• := Q•≤N,•×S′(T ′)♮Q
′
•≤N,•. Let P
′′ex
•≤N,• (reps.Q
′′ex
•≤N,•)
be the exactification of the diagonal immersionX ′′
•≤N,•,
◦
T0
⊂
−→ P ′′•≤N,• (resp. Y
′′
•≤N,•,
◦
T ′0
⊂
−→
Q′′•≤N,•). Then we have the following commutative diagram
(1.5.2.19)
X ′′
•≤N,•,
◦
T0
⊂
−−−−→ P ′′ex•≤N,•
g′′•≤N,•
y yg′′•≤N,•
Y ′′
•≤N,•,
◦
T ′0
⊂
−−−−→ Q′′ex•≤N,•
over (1.5.0.4) and (1.5.2.18). The rest of the proof of the well-definedness of the
morphism (1.5.2.17) is similar to the proof of (1.4.5); we leave the detail of the rest
to the reader.
By (1.4.4), (1.5.2.12) and (1.5.2.15), we have the commutative diagram (1.5.2.2).
(2): (2) is clear from the construction of the morphism (1.5.2.1) and the relation
(1.1.43.1).
(3): This is obvious.
(4): This follows from (1) and (1.4.11.1).
Next we consider the case where deg(u)x may be divisible by p for some point x ∈
◦
S. Let ep(x) (x ∈
◦
S) be the exponent of deg(u)x with respect to p: p
ep(x)|| deg(ux).
Then we have a function
(1.5.2.20) ep :
◦
S ∋ x 7−→ ep(x) ∈ N.
Definition 1.5.3. We call ep the exponent function of u with respect to p.
Now we assume that
◦
T and
◦
T ′ are (not necessarily affine) p-adic formal schemes
such that p ∈ J and p ∈ J ′ ([BO1, 7.17, Definition]). Assume that OT is p-torsion-
free. Let f• : P•≤N,• −→ S(T )♮ be the structural morphism. Furthermore, for any
i, j ∈ N, assume that the induced morphism
gPD∗•≤N,• : F
•≤N,• ⊗OQex
•≤N,•
Ωi+j+1
Qex
•≤N,•
/
◦
T ′
/Pj −→ g
PD
•≤N,•∗(E
•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex
•≤N,•
/
◦
T
/Pj)
(1.5.3.1)
by the following morphism
(1.5.3.2)
gPD∗•≤N,• : F
•≤N,• ⊗OQex
•≤N,•
Ωi+j+1
Qex•≤N,•/
◦
T ′
−→ gPD•≤N,•∗(E
•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
T
)
is divisible by pep(j+1), that is, gPD∗•≤N,• at any point x ∈ P
ex
•≤N,• is divisible by
pep(f•(x))(j+1). Because the target of (1.5.3.1) is OT -flat by (1.3.15), the following
morphism
deg(u)−(j+1)gPD∗•≤N,• : F
•≤N,• ⊗OQex
•≤N,•
Ωi+j+1
Qex•≤N,•/
◦
T ′
/Pj(1.5.3.3)
−→ gPD•≤N,•∗(E
•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
T
/Pj)
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for j ∈ N is well-defined. By (1.3.15) we see that the following morphism
deg(u)−(j+1)gPD∗•≤N,• : (P2j+k+1 + Pj)(F
•≤N,• ⊗OQex
•≤N,•
Ωi+j+1
Qex•≤N,•/
◦
T ′
)/Pj
(1.5.3.4)
−→ gPD•≤N,•∗((P2j+k+1 + Pj)(E
•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
T
)/Pj)
for k ∈ Z and j ∈ N is also well-defined. Note that, if ω ∈ pnPk(E•≤N,• ⊗OPex
•≤N,•
Ωi
Pex•≤N,•/
◦
T
) for n ∈ N, then p−nω ∈ Pk(E•≤N,• ⊗OPex
•≤N,•
Ωi
Pex•≤N,•/
◦
T
).
Remark 1.5.4. The condition “gPD∗•≤N,• is divisible by p
ep(j+1)” is not always hold.
Indeed, consider the following example.
Let s be the log point of a perfect field κ of characteristic p > 0. Let W be the
Witt ring of κ and letW(s) be the canonical lift of s over Spf(W). Set X := AW(2, 2)
with natural morphism to W(s) defined by the diagonal embedding N
⊂
−→ N2. Let
x, y be the canonical coordinates of X . Let F : W(s) −→ W(s) be the Frobenius
endomorphism. Consider an endomorphism g : X −→ X induced by a morphism
N2 −→ N2 of monoids defined by (1, 0) 7−→ (1, p− 1) and (0, 1) 7−→ (p− 1, 1). Then
the morphism
g∗ : Ω1X/W/P0 −→ g∗(Ω
1
X/W/P0)
does not satisfy the condition because, in the following commutative diagram
P1Ω
1
X/W/P0
g∗
−−−−→ g∗(P1Ω1X/W/P0)
Res
y≃ ≃yRes
O ◦
X (1)
−−−−→ O ◦
X (1)
,
the image of the section d log x of the upper left P1Ω
1
X/W/P0 in the lower right O ◦X (1)
is equal to (1, 0) ∈ OX /x⊕OX /y =W{y} ⊕W{x}.
Lemma 1.5.5. The divisibility assumption for the morphism (1.5.3.1) is indepen-
dent of the choices of the N -truncated simplicial affine open coverings of X
•≤N,
◦
T0
and
Y
•≤N,
◦
T ′0
and the choices of the (N,∞)-truncated bisimplicial immersions of X
•≤N,•,
◦
T
⊂
−→
P•≤N,• over S(T )♮ and Y•≤N,•,
◦
T ′0
⊂
−→ Q•≤N,• over S′(T ′)♮ giving the commutative
diagram (1.5.0.4).
Proof. Let X
•≤N,•,
◦
T0
⊂
−→ P ′•≤N,• and Y•≤N,•,
◦
T ′0
⊂
−→ Q′•≤N,• be other immersions
into log smooth (N,∞)-truncated bisimplicial schemes over S(T )♮ and S′(T ′)♮, re-
spectively, fitting another commutative diagram
X
•≤N,•,
◦
T0
⊂
−−−−→ P ′ex•≤N,•y y
Y
•≤N,•,
◦
T ′0
⊂
−−−−→ Q′ex•≤N,•.
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Then, by considering products as in the proof of (1.5.2), we may assume that there
exists the following commutative diagram
X
•≤N,•,
◦
T0
⊂
−−−−→ Pex•≤N,• −−−−→ P
′ex
•≤N,•y y y
Y
•≤N,•,
◦
T ′0
⊂
−−−−→ Qex•≤N,• −−−−→ Q
′ex
•≤N,•.
Hence we may assume that N = 0. Set X := X0, Y := Y0, E = E
0 and F :=
F 0. Because the question is local, we may assume that there exists an immersion
X ◦
T 0
⊂
−→ P (resp. Y◦
T ′0
⊂
−→ Q) into a log smooth scheme over S(T )♮ with morphism
P −→ P ′ (resp. Q −→ Q′) of log smooth schemes over S(T )♮ (resp. S′(T ′)♮) such
that the composite morphism X ◦
T 0
⊂
−→ P −→ P ′ is also an immersion (resp. Y◦
T ′0
⊂
−→
Q −→ Q′). Let D and D′ be the log PD-envelopes of the immersions X ◦
T 0
⊂
−→ P and
X ◦
T 0
⊂
−→ P ′ over (
◦
T ,J , δ), respectively. We may also assume that there exists the
following commutative diagram
X ◦
T 0
⊂
−−−−→ Pex −−−−→ P ′exy y y
Y◦
T ′0
⊂
−−−−→ Qex −−−−→ Q′ex.
Set D := D ×
D(S(T )♮)
S(T )♮ and D′ := D′ ×
D(S(T )♮)
S(T )♮. Let (E ,∇) and (E ′,∇′)
be OD-module with integrable connection and OD′ -module with integrable connec-
tion obtained by E. Set E := E ⊗OD(S(T )♮) OT and E
′ := E ′ ⊗OD(S′(T ′)♮) OT ′ .
By the local structures of the exact immersions ((1.1.29)), we may assume that
Pex = P ′ex×
S(T )♮
Ac
S(T )♮
for a nonnegative integer c. Since E is crystal, E = E ′⊗O
S(T)♮
O
S(T )♮
〈x1, . . . , xc〉. Hence E = E ′ ⊗OT OT 〈x1, . . . , xc〉. Because OT 〈x1, . . . , xc〉 ⊗OT
Ωi
Ac◦
T
/
◦
T
(i ∈ N) is a free OT -module, the morphism OT −→ OT 〈x1, . . . , xc〉⊗OT Ωi
Ac◦
T
/
◦
T
is faithfully flat. By (1.3.4.4) and (1.3.4.5), we have the following formula
(1.5.5.1)
E⊗OPexΩ
i+j+1
Pex/
◦
T
/Pj ≃
⊕
i′+i′′=i+j+1
(E ′⊗OP′exΩ
i′
P′ex/
◦
T
/Pj)⊗OTOT 〈x1, . . . , xc〉⊗OTΩ
i′′
Ac◦
T
/
◦
T
Hence the divisibilities in E ⊗OPex Ω
i+j+1
Pex/
◦
T
/Pj (∀i ∈ N) and E ′ ⊗OP′ex Ω
i+j+1
P′ex/
◦
T
/Pj
(∀i ∈ N) are equivalent.
Theorem 1.5.6 (Contravariant functoriality II of Azar). (1) Let the notations
and the assumptions be as above. Then g•≤N : X•≤N,
◦
T0
−→ Y
•≤N,
◦
T ′0
induces the
following well-defined pull-back morphism
(1.5.6.1)
g∗•≤N : (Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P ) −→ Rg•≤N∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
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fitting into the following commutative diagram:
(1.5.6.2)
Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N)
g∗•≤N
−−−−→
θ
Y
•≤N,
◦
T′
0
/S′(T ′)♮
∧x≃
RuY
•≤N,
◦
T′
0
/S′(T ′)♮∗(ǫ∗Y
•≤N,
◦
T ′0
/S′(T ′)♮(F
•≤N ))
g∗•≤N
−−−−→
Rg•≤N∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ))
Rg•≤N∗(θX
•≤N,
◦
T0
/S(T)♮
∧)
x≃
Rg•≤N∗RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N )).
(2) The similar relation to (1.5.2.4) holds.
(3) There exists the similar commutative diagram to (1.5.2.6).
Proof. The proof is the same as that of (1.5.2).
Let the notations and the assumptions be as in (1.5.2) or (1.5.6).
Consider the morphism
grPk (g
∗
•≤N ) : gr
P
k Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ) −→ Rg•≤N∗(grPk Azar(X•≤N,
◦
T 0
/S(T )♮, E•≤N )).
(1.5.6.3)
Fix any integer 0 ≤ m ≤ N . For simplicity of notation, set X := X
m,
◦
T 0
, Y :=
Y
m,
◦
T ′0
, E := Em, F := Fm and g := gm. The following conditions are SNCL versions
of the conditions [NS1, (2.9.2.3), (2.9.2.4)] for the open log case.
Assume that the following two conditions hold:
(1.5.6.4): for any smooth component
◦
Xλ of
◦
XT0 over
◦
T 0, there exists a unique smooth
component
◦
Y µ of
◦
Y T ′0 over
◦
T ′0 such that g induces a morphism
◦
Xλ −→
◦
Y µ. (Let Λ
and M be the sets of indices of the λ’s and the µ’s, respectively. Then we obtain a
function φ : Λ ∋ λ 7−→ µ ∈M .)
(1.5.6.5): there exist positive integers e(λ)’s (λ ∈ Λ) such that there exist local
equations xλ = 0 and yφ(λ) = 0 of
◦
Xλ and
◦
Y φ(λ), respectivley, such that g
∗(yφ(λ)) =
x
e(λ)
λ .
Proposition 1.5.7. Let the assumptions and the notations be as above. Let λ be
an element of Λ such that x ∈
◦
Xλ. Then deg(u)x = e(λ). In particular, e(λ)’s are
independent of the choice of an element of Λ(x).
Proof. Set Λ(x) := {λ ∈ Λ | x ∈
◦
Xλ}. Then we have the following commutative
diagram
MX◦
T0
,x/O∗X◦
T0
,x
g∗
←−−−− M
Y◦
T ′0
,
◦
g(x)
/O∗
Y◦
T ′
0
,
◦
g(x)
≃
y x⋃
NΛ(x) ←−−−− NΛ(x)
diag.
x xdiag.
N ←−−−− N,
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where the image of (1, . . . , 1) by the middle horizontal morphism is (e(λ))λ∈Λ(x). On
the other hand, we see that the image of (1, . . . , 1) is deg(u)x(1, . . . , 1) by the definition
of deg(u). Hence e(λ) = deg(u)x.
Proposition 1.5.8. Let n be a positive integer. Assume that J ⊂ pnOT . Assume
that ep ≥ 1. Set m := min{n, ep} (m is a function on
◦
XT0). Then the morphism
(1.5.3.1) is divisible by pm(j+1). (As a result, if ep ≤ n, then the morphism (1.5.3.1)
satisfies the divisibility condition.)
Proof. As in the proof of (1.5.5), we may assume that N = 0. Set X := X0, Y := Y0,
E = E0 and F := F 0. Because the question is local, we may assume that X ◦
T 0
and
Y◦
T ′0
have log smooth lifts X and Y over S(T )♮ and S′(T ′)♮, respectively ((1.1.21)). Let
D and E be the log PD-envelopes of the immersions X ◦
T 0
⊂
−→ X and Y◦
T ′0
⊂
−→ Y over
(
◦
T ,J , δ) and (
◦
T ′,J ′, δ′), respectively. Set X := X ×
S(T )♮
S(T )♮ and Y := Y ×
S′(T ′)♮
S′(T ′)♮. By the argument in the beginning of this section, we may have a morphism
X −→ Y over S(T )♮ −→ S′(T ′)♮ extending the morphism X ◦
T 0
−→ Y◦
T ′0
. Let (E ,∇)
and (F ,∇) be the OD-module with integrable connection and the OE-module with
integrable connection corresponding to ǫ∗
X◦
T0
/
◦
T
(E) and ǫ∗
Y◦
T ′0
/
◦
T ′
(F ), respectivley. Set
E := E ⊗O
D(S(T ))
OS(T ) and F := F ⊗O
D(S′(T ′))
OS′(T ′). The morphism X −→ Y
induces the following natural morphism
gPD∗ : F ⊗OY Ω
•
Y/
◦
T
−→ gPD∗ (E ⊗OX Ω
•
X/
◦
T
)
as in the proof of (1.5.2) and we have
(1.5.8.1) Azar(X ◦
T 0
/S(T )♮, E) = s((E ⊗OX Ω
i+j+1
X/
◦
T
/Pj)i,j∈N)
and
(1.5.8.2) Azar(Y◦
T ′0
/S′(T ′)♮, F ) = s((F ⊗OY Ω
i+j+1
Y/
◦
T ′
/Pj)i,j∈N).
Consider the following morphism:
gPD∗ : F ⊗OY Ω
i+j+1
Y/
◦
T ′
/Pj −→ g
PD
∗ (E ⊗OX Ω
i+j+1
X/
◦
T
/Pj).(1.5.8.3)
Let Λ(x) be the set in the proof of (1.5.7). Let
◦
X λ (λ ∈ Λ(x)) (resp.
◦
Yφ(λ)) be a
closed subscheme of
◦
X (resp.
◦
Y) which is a lift of
◦
Xλ (resp.
◦
Y φ(λ)). Let x˜λ = 0
(resp. y˜λ = 0) be a local equation of
◦
X λ (resp.
◦
Yφ(λ)). Let xˆλ ∈MX (resp. yˆλ ∈MY)
be the local inverse image of x˜λ (resp. y˜λ). For k ≥ j, let ω = ηd log yˆλ0 · · · d log yˆλk
be a local section of Pk+1(F ⊗OY Ω
i+j+1
Y/
◦
T ′
), where η is a local section of Im(F ⊗OY
Ωi+j−k◦
Y/
◦
T ′
−→ F ⊗OY Ω
i+j−k
Y/
◦
T ′
). Then, by the conditions (1.5.6.4) and (1.5.6.5) and by
(1.5.7), gPD∗(yˆi) = xˆ
deg(u)
i (1 + p
nai) for some ai ∈ OX since J ⊂ pnOT . Hence
gPD∗(d log yˆi) = deg(u)d log xˆi + (1 + pnai)−1pndai
= pm((p−m deg u)d log xˆi + pn−m(1 + pnai)−1dai).
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This shows that gPD∗(ω) is divisible by pm(k+1). Since k ≥ j, gPD∗(ω) is divisible by
pm(j+1). This is the desired divisibility.
For a nonnegative integer k, let Λ(k)(
◦
g) be the set of subsets I’s of Λ such that
♯I = ♯φ(I) = k + 1. For λ = {λ0, . . . , λk} (λ ∈ Λ(k)(
◦
g)), set
◦
Xλ :=
◦
Xλ0 ∩ · · · ∩
◦
Xλk
and
◦
Y φ(λ) :=
◦
Y φ(λ0) ∩ · · · ∩
◦
Y φ(λk). Let
◦
gλ :
◦
Xλ −→
◦
Y φ(λ) be the induced morphism
by g.
Now we change the notation λ for (1.5.9) below. For integers j and k such that
j ≥ max{−k, 0}, set λ := {λ0, . . . , λ2j+k} ∈ Λ(2j+k)(
◦
g). Let aλ :
◦
Xλ
⊂
−→
◦
XT0 and
bφ(λ) :
◦
Y φ(λ)
⊂
−→
◦
Y T ′0 be the natural closed immersions. Let
aλcrys : ((
◦
Xλ/
◦
T )crys,O ◦
Xλ/
◦
T
) −→ ((
◦
XT0/
◦
T )crys,O ◦
XT0/
◦
T
)
and
bφ(λ)crys : ((
◦
Y φ(λ)/
◦
T ′)crys,O ◦
Y φ(λ),T ′
0
/
◦
T ′
) −→ ((
◦
Y T ′0/
◦
T ′)crys,O ◦
Y T ′
0
/
◦
T ′
)
be the induced morphisms of ringed topoi by aλ and bφ(λ), respectively. Set Eλ :=
a∗λcrys(E) and Fφ(λ) := b
∗
φ(λ)crys(F ). Let ̟λcrys(
◦
XT0/
◦
T ) (resp. ̟φ(λ)crys(
◦
Y T ′0/
◦
T ′)) be
the crystalline orientation sheaf in (
◦
Xλ/
◦
T )crys, (resp. (
◦
Y λ/
◦
T ′)crys) similarly defined
in §1.3 for the set {
◦
Xλ0 , . . . ,
◦
Xλ2j+k} (resp. {
◦
Y λ0 , . . . ,
◦
Y λ2j+k}). Assume that the
divisibility condition for the morphism (1.5.3.1) holds. Then consider the following
direct factor of the cosimplicial degree m-part of the morphism (1.5.6.3):
g∗λ : bφ(λ)∗Ru ◦
Y φ(λ)/
◦
T ′∗
(Fφ(λ) ⊗Z ̟φ(λ)crys(
◦
Y T ′0/
◦
T ′)){−2j − k}(1.5.8.4)
−→ bφ(λ)∗R
◦
gλ∗Ru ◦
Xλ/
◦
T∗
(Eλ ⊗Z ̟λcrys(
◦
XT0/
◦
T )){−2j − k}.
Proposition 1.5.9. Let the notations and the assumptions be as above. Then the
morphism g∗λ in (1.5.8.4) is equal to deg(u)
j+kbφ(λ)∗
◦
g∗λ for j ≥ max{−k, 0}.
Proof. (The proof is essentially the same as that of [NS1, (2.9.3)].) As in [loc. cit.],
by (1.1.21), we may assume that X ◦
T 0
and Y◦
T ′0
have (formal) log smooth lifts X and
Y over S(T )♮ and S′(T ′)♮ in the proof of (1.5.8), respectively. Let the notations be
as in the proof of (1.5.8). Consider the following morphism:
deg(u)−(j+1)gPD∗ : grP2j+k+1(F ⊗OY Ω
i+j+1
Y/
◦
T ′
)/Pj −→ g
PD
∗ (gr
P
2j+k+1(E ⊗OX Ω
i+j+1
X/
◦
T
)/Pj).
(1.5.9.1)
Let
◦
X λl (resp.
◦
Yφ(λl)) be a closed subscheme of
◦
X (resp.
◦
Y) which is a lift of
◦
Xλl (resp.
◦
Y φ(λl)). Let x˜l = 0 (resp. y˜l = 0) be a local equation of
◦
X λl (0 ≤ l ≤
2j + k) (resp.
◦
Yφ(λl)). Let xˆl ∈MX (resp. yˆl ∈MY) be the local inverse image of x˜l
(resp. y˜l). Let ω = ηd log yˆ0 · · · d log yˆ2j+k be a local section of P2j+k+1(F⊗OY Ω•Y/
◦
T ′
)
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(η ∈ Im(F⊗OYΩ
•−2j−k−1
◦
Y/
◦
T ′
−→ F⊗OYΩ
•−2j−k−1
Y/
◦
T ′
)). Then, by the assumption (1.5.6.5)
and by (1.5.7),
(1.5.9.2)
deg(u)−(j+1)gPD∗(ω) = deg(u)j+k
2j+k+1∏
l=1
gPD∗(η)d log xˆ0 · · · d log xˆ2j+k + ω′,
where ω′ ∈ P2j+k(E ⊗OX Ω•X/
◦
T
). For λ := {λ0, . . . , λ2j+k} (λl 6= λl′ (l 6= l′)), set
◦
X λ :=
◦
X λ0 ∩ · · · ∩
◦
X λ2j+k and
◦
Yφ(λ) :=
◦
Yφ(λ0) ∩ · · · ∩
◦
Yφ(λ2j+k). Let
Res
◦
Xλ : grP2j+k+1(E ⊗OX Ω
•
X/
◦
T
) −→ Eλ ⊗OXλ Ω
•
◦
Xλ/
◦
T
⊗Z ̟λzar(
◦
X /
◦
T )
and
Res
◦
Yλ : grP2j+k+1(F ⊗OY Ω
•
Y/
◦
T ′
) −→ Fφ(λ) ⊗OYφ(λ) Ω
•
◦
Yφ(λ)/
◦
T ′
⊗Z ̟φ(λ)zar(
◦
Y/
◦
T ′)
be the residue morphisms with respect to
◦
X λ and
◦
Yφ(λ), respectively. By (1.5.9.2)
we have the following commutative diagram:
(1.5.9.3)
grPk Azar(Y◦T ′0
/S′(T ′)♮, F )
grPk (g
∗)
−−−−−→
Res
◦
Yφ(λ)
y
(b′λ∗(Fλ ⊗O◦
Yφ(λ)
Ω•◦
Yφ(λ)/
◦
T ′
⊗Z ̟φ(λ)zar(
◦
Y/
◦
T ′){−2j − k}, (−1)j+1d)
deg(u)j+kgPD∗λ
−−−−−−−−−−→
g∗Azar(X ◦
T 0
/S(T )♮, E)yRes◦Xλ
(b′λ∗g∗aλ∗(Eλ ⊗O◦
Xλ
Ω•◦
Xλ/
◦
T
⊗Z ̟λzar(
◦
X /
◦
T ){−2j − k}, (−1)j+1d).
Now we obtain (1.5.9).
Definition 1.5.10. Let v : E −→ F be a morphism of f−1(OT )-modules (resp. OT -
modules). The D-twist(:=degree twist) by k
v(−k) : E(−k, u) −→ F(−k, u)
of v with respect to u is, by definition, the morphism deg(u)kv : E −→ F . This defi-
nition is well-defined for morphisms of objects of the derived category D+(f−1(OT ))
(resp. D+(OT )).
Corollary 1.5.11. The morphism
g∗m : gr
P
k Azar(Y
m,
◦
T ′0
/S′(T ′)♮, Fm) −→ Rgm∗(grPk Azar(X
m,
◦
T 0
/S(T )♮, Em))(1.5.11.1)
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is equal to
⊕
j≥max{−k,0}
(b
(2j+k)
m,T ′0∗ (Ru ◦Y (2j+k)
m,T ′
0
/
◦
T ′∗
(F ◦
Y
(2j+k)
m,T ′
0
/
◦
T ′
⊗Z ̟
(2j+k)
crys (
◦
Y m,T ′0/T
′)))(−j − k, u)
(1.5.11.2)
{−2j − k}, (−1)j+1d)
−→⊕
j≥max{−k,0}
⊕
λ∈Λ(k)(◦g)
(bm,φ(λ)∗(Ru ◦
Ym,φ(λ)/
◦
T ′∗
(F ◦
Ym,φ(λ)/
◦
T ′
⊗Z ̟φ(λ),crys(
◦
Y m,T ′0/T
′)))
(−j − k, u){−2j − k}, (−1)j+1d)
∑
λ∈Λ(k)(
◦
g)
◦
g∗λ(−j−k,u)
−→⊕
j≥max{−k,0}
⊕
λ∈Λ(k)(◦g)
(am,λ∗(Ru ◦
Xm,λ/
◦
T∗
(E ◦
Xm,λ/
◦
T
⊗Z ̟λ,crys(
◦
Xm,T0/T )))
(−j − k, u){−2j − k}, (−1)j+1d)
−→⊕
j≥max{−k,0}
(a
(2j+k)
m,T0∗ (Ru ◦X(2j+k)m,T0 /
◦
T∗
(E ◦
X
(2j+k)
m,T0
/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
Xm,T0/T )))(−j − k, u)
{−2j − k}, (−1)j+1d).
Proof. This immediately follows from (1.5.9).
Corollary 1.5.12. Let h•≤N : X•≤N,
◦
T0
−→ Y
•≤N,
◦
T ′0
be another morphism satisfying
the condition (1.5.0.3), (1.5.6.4) and (1.5.6.5). Assume that
◦
g•≤N =
◦
h•≤N . Then
h∗•≤N = g
∗
•≤N : (Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P )
−→ Rg•≤N∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )).
Proof. It suffices to prove that g∗m = h
∗
m for each 0 ≤ m ≤ N . This is a local question
on
◦
Y m,T ′0 . Hence we may assume that
◦
Y m,T ′0 is quasi-compact. By the argument in
(1.4.6), it suffices to prove that grPk (h
∗
m) = gr
P
k (g
∗
m) (k ∈ Z,m ∈ N). This follows
from (1.5.11).
Let f : X
•≤N,
◦
T0
−→ S(T )♮ be the structural morphism. Let (S(T )♮)•≤N be the
N -truncated constant simplicial log scheme defined by S(T )♮. Then f induces the
natural morphism f•≤N : X•≤N,
◦
T0
−→ (S(T )♮)•≤N . For simplicity of notation, denote
by (K•≤N,•, P ) the filtered complex
Rf•≤N∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )) ∈ D+F(OT•≤N ).
(The left degree of K•≤N,• is the truncated cosimplicial degree corresponding to the
truncated simplicial degree of (S(T )♮)•≤N .). Then we have the following formula
s((K•≤N,•, P )) = Rf∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )) ∈ D+F(OT ).
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Let L be the stupid filtration on (K•≤N,•, P ) with respect to the cosimplicial degree:
(1.5.12.1) Lm(K•≤N,•, P ) =
N⊕
m′=m
(Km
′•, P ) (m ∈ N).
Let δ(L, P ) be the diagonal filtration of L and P on s(K•≤N,•) (cf. [D4, (7.1.6.1),
(8.1.22)]):
δ(L, P )k(K
•≤N,•) =
N⊕
m=0
Pk+mK
m•.(1.5.12.2)
Then we have the following by (1.5.11.1):
gr
δ(L,P )
k s(K
•≤N,•) =
N⊕
m=0
⊕
j≥max{−(k+m),0}
(Rf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m,T0
/
◦
T
(1.5.12.3)
⊗Z ̟
(2j+k+m)
crys (
◦
Xm,T0/
◦
T )))(−j − k −m,u){−2j − k −m}[−m], (−1)j+1d).
By (1.5.12.3) we have the following spectral sequence
E−k,q+k1 = E
−k,q+k
1 (X•≤N,
◦
T 0
/S(T )♮)(1.5.12.4)
=
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z
̟(2j+k+m)crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u)
=⇒ RqfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N )) (q ∈ Z).
More generally, for k ∈ Z, we have the following spectral sequence
E−k
′,q+k′
1 = E
−k′,q+k′
1 (X•≤N,
◦
T0
/S(T )♮)
(1.5.12.5)
=
N⊕
m=0
⊕
j≥max{−(k′+m),0}
Rq−2j−k
′−2mf ◦
X
(2j+k′+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k′+m)
m,T0
/
◦
T
⊗Z
̟(2j+k
′+m)
crys (
◦
Xm,T0/
◦
T ))(−j − k′ −m,u)
=⇒ RqfX
•≤N,
◦
T0
/S(T )♮∗(PkAzar(X•≤N,
◦
T0
/S(T )♮, E•≤N) (k′ ≤ k, q ∈ Z).
If T is restrictively hollow with respective to the morphism T0 −→ S, then we have
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the following spectral sequence
E−k,q+k1 = E
−k,q+k
1 (X•≤N,T0/T )(1.5.12.6)
=
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z
̟(2j+k+m)crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u)
=⇒ RqfX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N )) (q ∈ Z).
Definition 1.5.13. (1) We call the spectral sequence (1.5.12.4) (resp. (1.5.12.6))
the Poincare´ spectral sequence of ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ) (resp. ǫ∗X•≤N,T0/T (E
•≤N )).
If E•≤N = O ◦
X•≤N,T0/
◦
T
and if p is locally nilpotent on
◦
T , then we call the spectral
sequence (1.5.12.4) (resp. (1.5.12.6)) the preweight spectral sequence ofX
•≤N,
◦
T0
/S(T )♮
(resp. X•≤N,T0/T ). If E•≤N = O ◦
X•≤N,T0/
◦
T
and if
◦
T is a flat formal Zp-scheme, then
we call the spectral sequence (1.5.12.4) (resp. (1.5.12.6)) the weight spectral sequence
of X
•≤N,
◦
T0
/S(T )♮ (resp. X•≤N,T0/T ).
(2) We usually denote by P (instead of δ(L, P )) the induced filtration on
RqfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N )) (resp. RqfX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N )))
by the spectral sequence (1.5.12.4) (resp. (1.5.12.6)) twisted by q by abuse of notation.
We call P the Poincare´ filtration on
RqfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N )) (resp. RqfX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N ))).
If E•≤N = O ◦
X•≤N,T0/
◦
T
and if p is locally nilpotent on
◦
T , then we call P the preweight
filtration on
RqfX
•≤N,
◦
T0
/S(T )♮∗(OX
•≤N,
◦
T0
/S(T )♮) (resp. R
qfX•≤N,T0/T∗(OX•≤N,T0/T )).
If E•≤N = O ◦
X•≤N,T0/
◦
T
and if
◦
T is a flat formal Zp-scheme, then we call P the weight
filtration on
RqfX
•≤N,
◦
T0
/S(T )♮∗(OX
•≤N,
◦
T0
/S(T )♮) (resp. R
qfX•≤N,T0/T∗(OX•≤N,T0/T )).
Definition 1.5.14 (Abrelative Frobenius morphism). (1) Assume that
◦
S is of
characteristic p > 0. Let
◦
FS :
◦
S −→
◦
S be the Frobenius endomorphism of
◦
S. Set
S[p] := S ×◦
S,
◦
FS
◦
S. Then we have natural morphisms
F
S/
◦
S
: S −→ S[p]
and
W
S/
◦
S
: S[p] −→ S.
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(The underlying morphism of the formert morphism is id◦
S
.) Let (T,J , δ) −→ (T ′,J ′, δ′)
be a morphism of p-adic formal log PD-enlargements over the morphism S −→ S[p].
Then we have natural morphisms
S◦
T 0
−→ S
[p]
◦
T ′0
and
(S(T )♮,J , δ) −→ (S[p](T ′)♮,J ′, δ′).
We call the morphisms S◦
T 0
−→ S
[p]
◦
T ′0
and (S(T )♮,J , δ) −→ (S[p](T ′)♮,J ′, δ′) the abrel-
ative Frobenius morphism of base log schemes and the abrelative Frobenius morphism
of base log PD-schemes, respectively. (These Frobenius morphisms are essentially
absolute in the logarithmic structures: these are relative in the scheme structures;
“abrelative” is a coined word; it means “absolute and relative” or “far from being
relative”.) In particular, when (T ′,J ′, δ′) = (T,J , δ), we have natural morphisms
S◦
T 0
−→ S
[p]
◦
T 0
and
(S(T )♮,J , δ) −→ (S[p](T )♮,J , δ)
by using a composite morphism T0 −→ S
W
S/
◦
S
−→ S[p].
(2) Let the notations be as in (1). Set X
[p]
•≤N := X•≤N ×S S
[p] = X•≤N ×◦
S,
◦
FS
◦
S
and
X
[p]
•≤N,
◦
T ′0
:= X
[p]
•≤N ×S[p] S
[p]
◦
T ′0
= X
[p]
•≤N × ◦
S[p]
◦
T ′0.
Then X
[p]
•≤N,
◦
T ′0
/S
[p]
◦
T ′0
is an SNCL scheme. Let
F arX
•≤N,
◦
T0/S◦
T0
,S
[p]
◦
T ′
0
: X
•≤N,
◦
T0
−→ X
[p]
•≤N,
◦
T ′0
and
F arX
•≤N,
◦
T0/S(T)
♮,S[p](T ′)♮
: X
•≤N,
◦
T0
−→ X
[p]
•≤N,
◦
T ′0
be the natural morphisms over S◦
T 0
−→ (S[p])◦
T ′0
and (S(T )♮,J , δ) −→ (S[p](T ′)♮,J ′, δ′).
We call F arX
•≤N,
◦
T0/S◦
T0
,S
[p]
◦
T ′0
and F arX
•≤N,
◦
T0/S(T)
♮,S[p](T ′)♮
the abrelative Frobenius mor-
phisms of X
•≤N,
◦
T0
over S◦
T 0
−→ S
[p]
◦
T ′0
and (S(T )♮,J , δ) −→ (S[p](T ′)♮,J ′, δ′), respec-
tively.
Assume that OT is p-torsion-free and that J ⊂ pOT . Let E•≤N and E′•≤N be
a quasi-coherent flat crystal of O ◦
X•≤N,T0/
◦
T
-modules and a quasi-coherent flat crystal
of O ◦
X
[p]
•≤N,T′
0
/
◦
T ′
-modules. Let
Φar :
◦
F ar∗X
•≤N,
◦
T0/S(T)
♮,S[p](T ′)♮,crys
(E′•≤N ) −→ E•≤N(1.5.14.1)
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be a morphism of crystals in (
◦
X•≤N,T0/
◦
T )crys. Since deg(F
S/
◦
S
) = p, the divisibility
of the morphism (1.5.3.1) holds by (1.5.8). We call the following induced morphism
by Φar
Φar : (Azar(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ), P )(1.5.14.2)
−→ RF arX
•≤N,
◦
T0/S(T)
♮,S[p](T ′)♮
∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
the abrelative Frobenius morphism of
(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) and (Azar(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ), P ).
When E′•≤N = O ◦
X′
•≤N,T′
0
/
◦
T ′
, we set
(Azar(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮), P ) := (Azar(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ), P ).
Then we have the following abrelative Frobenius morphism
(1.5.14.3)
Φar : (Azar(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮), P ) −→ RF arX
•≤N,
◦
T0/S(T )
♮,S[p](T ′)♮
∗((Azar(X•≤N,
◦
T0
/S(T )♮), P ))
of (Azar(X•≤N,
◦
T0
/S(T )♮), P ) and (Azar(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮), P ).
Proposition 1.5.15 (Frobenius compatibility I). The following diagram is commutative:
(1.5.15.1)
Azar(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ) Φ
ar
−−−−→
θ
X
[p]
•≤N,
◦
T0
/S[p](T ′)♮
∧x≃
Ru
X
[p]
•≤N,
◦
T′
0
/S[p](T ′)♮∗(ǫ
∗
X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮
(E′•≤N )) Φ
ar
−−−−→
RF arX
•≤N,
◦
T0/S(T )
♮,S[p](T ′)♮
∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N )
RF arX
•≤N,
◦
T0/S(T)
♮,S[p](T ′)♮
∗(θX
•≤N,
◦
T0
/S(T)♮
)∧
x≃
RF arX
•≤N,
◦
T0/S(T )
♮,S[p](T ′)♮
∗RuX
•≤N,
◦
T0
/S(T )♮∗(E•≤N ).
The commutative diagram (1.5.15.1) is contravariantly functorial for the morphism
(1.5.0.2) satisfying (1.5.0.3) and for the morphism of F -crystals
◦
F ar∗X
•≤N,
◦
T0/S(T)
♮,S[p](T ′)♮,crys
(E′•≤N ) Φ
ar
−−−−→ E•≤Nx x
◦
g∗•≤N
◦
F ar∗Y
•≤N,
◦
T0/S(T )
♮,S[p](T ′)♮,crys
(F ′•≤N )
◦
g∗•≤N(Φ
ar)
−−−−−−−→
◦
g∗•≤N (F
•≤N ),
where F •≤N is a similar quasi-coherent O ◦
Y •≤N,T0/
◦
T
-module to E•≤N .
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Proof. This is a special case of (1.5.6).
Proposition 1.5.16 (Frobenius compatibility II). Assume that T is restrictively
hollow with respective to the morphism T0 −→ S. Assume that the morphism T ′0 −→
S[p] factors through the morphism F
S/
◦
S
: S −→ S[p]. Set X
{p}
•≤N := X•≤N ×S,FS S and
X
{p}
•≤N,
◦
T ′0
:= X
{p}
•≤N ×S,FS S ×S S◦T ′0
. Let
F relX
•≤N,
◦
T0/S◦
T0
,S◦
T ′
0
: X
•≤N,
◦
T0
−→ X
{p}
•≤N,
◦
T ′0
and
F rel∗X•≤N,T0/T,T ′ : X•≤N,T0 −→ X•≤N,T
′
0
be the relative Frobenius morphisms over S◦
T 0
−→ S◦
T ′0
and (T,J , δ) −→ (T ′♮,J , δ),
respectively. Let E′′•≤N be the pull-back of E′•≤N to (
◦
X
{p}
•≤N,T0/
◦
T )crys. Let
Φrel :
◦
F rel∗X
•≤N,
◦
T0/T,T
′,crys
(E′′•≤N ) −→ E•≤N(1.5.16.1)
be the induced morphism by (1.5.14.1). Then the following diagram is commutative:
(1.5.16.2)
Azar(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ) Φ
rel
−−−−→ RF relX
•≤N,
◦
T0/T
′T
∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ))
θ
X
[p]
•≤N,T′
0
/T ′
∧
x≃ RF relX
•≤N,
◦
T0/T,T
′
∗(θX
•≤N,
◦
T0/T
)∧
x≃
Ru
X
{p}
•≤N,T′
0
/T ′∗(ǫ
∗
X
{p}
•≤N,T ′
0
/T ′
(E′′•≤N )) Φ
rel
−−−−→ RF relX•≤N,T0/T,T ′∗RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N )).
The commutative diagram (1.5.16.2) is contravariantly functorial for the morphism
(1.5.0.2) satisfying (1.5.0.3) and for the morphism of F -crystals
◦
F rel∗X
•≤N,
◦
T0/T,T
′,crys
(E′•≤N ) Φ
rel
−−−−→ E•≤Nx x
◦
g∗•≤N
◦
F rel∗Y
•≤N,
◦
T0/T,T
′,crys
(F ′•≤N )
◦
g∗•≤N (Φ
rel)
−−−−−−−→
◦
g∗•≤N (F
•≤N ),
where F •≤N is a similar quasi-coherent O ◦
Y •≤N,T0/
◦
T
-module to E•≤N .
Proof. Because the morphism T0 −→ S[p] is the composite morphism T0 −→ S◦
T 0
−→
S
[p]
◦
T 0
, X
[p]
•≤N,T0 = X
{p}
•≤N,T0 . Consequently
Ru
X
[p]
•≤N,T0
/T∗(ǫ
∗
X
[p]
•≤N,T0
/T
(E′•≤N )) = Ru
X
{p}
•≤N,T0
/T∗(ǫ
∗
X
{p}
•≤N,T0
/T
(E′′•≤N )).
Hence we obtain the commutative diagram (1.5.16.2) by (1.5.15.1) and (1.4.10).
We leave the proof of the functoriality to the reader.
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Definition 1.5.17 (Absolute Frobenius endomorphism). Let the notations and
the assumptions be as in (1.5.14). Let FS : S −→ S be the Frobenius endomorphism
of S, that is,
◦
FS :
◦
S −→
◦
S is induced by the p-th power endomorphism of OS and the
multiplication by p of the log structure of S. Let FS◦
T0
: S◦
T 0
−→ S◦
T 0
be the Frobenius
endomorphism of S◦
T 0
. Assume that there exists a lift FS(T )♮ : S(T )
♮ −→ S(T )♮ of
FS◦
T0
which gives a PD-morphism FS(T )♮ : (S(T )
♮,J , δ) −→ (S(T )♮,J , δ). Then we
have a morphism
FS(T )♮ : S(T )
♮ −→ S(T )♮,
which is a lift of the Frobenius endomorphism FS◦
T0
of S◦
T 0
. Let
F absX
•≤N,
◦
T0
/S(T )♮ : X•≤N,
◦
T0
−→ X
•≤N,
◦
T0
be the absolute Frobenius endomorphism over FS(T )♮ . Let
Φabs :
◦
F abs∗X
•≤N,
◦
T0/S(T)
♮
,crys(E
•≤N ) −→ E•≤N
be a morphism of crystals in (
◦
X•≤N,T0/
◦
T )crys. Then the divisibility of the morphism
(1.5.3.1) holds in this situation by (1.5.8) for the case n = 1. Then we call the induced
morphism by Φabs and FS(T )♮
Φabs : (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) −→(1.5.17.1)
RF absX
•≤N,
◦
T0/S(T )
♮
∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
the absolute Frobenius endomorphism of (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ) with re-
spect to FS(T )♮ . When E
•≤N = O ◦
X•≤N,T0/
◦
T
, we have the following absolute Frobenius
endomorphism
(1.5.17.2)
Φabs∗ : (Azar(X•≤N,
◦
T0
/S(T )♮), P ) −→ RF absX
•≤N,
◦
T0/S(T)
♮
∗((Azar(X•≤N,
◦
T0
/S(T )♮), P ))
of (Azar(X•≤N,
◦
T0
/S(T )♮), P ) with respect to FS(T )♮ .
Remark 1.5.18. We leave the formulation of the analogue of (1.5.16) for the absolute
Frobenius endomorphism.
When
◦
S is of characteristic p > 0, when u : (S(T )♮,J , δ) −→ (S(T )♮,J , δ) is a lift
of FS◦
T0
, when g•≤N is the absolute Frobenius endomorphism of X•≤N,
◦
T0
or the rel-
ative Frobenius morphism of X
•≤N,
◦
T0
−→ X
[p]
•≤N,
◦
T0
and when E•≤N = O ◦
X•≤N,T0/
◦
T
,
we denote (−j − k −m,u) in (1.5.12.4), (1.5.12.5) and (1.5.12.6) by (−j − k −m) as
usual.
Remark 1.5.19. As pointed out before [Nakk2, (11.9)], the Frobenius action is not
considered in the proof of [Mo, 3.18]; the action on a similar complex to Azar(X•≤N/S)
for the case N = 0 in [GK] is not either considered in [loc. cit.]. The action (1.5.2.15)
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is indispensable. (Hence all papers before [Nakk2] considering the Frobenius action
on the analogues of Azar(X•≤N/S) are incomplete.) For example, strictly speaking,
the E2-degeneration of the spectral sequences in [Mo] was not proved since the clear
explanation for the Frobenius action was not given in [loc. cit.] and since we cannot
use the yoga of weight.
Corollary 1.5.20 (Contravariant functoriality of the (pre)weight spectral se-
quence(a generalization of the p-adic analogue of [SaT2, Corollary 2.12])). Let
the notations and the assumption be as above and in (1.5.2) or (1.5.6). Assume that
the two conditions (1.5.6.4) and (1.5.6.5) hold. Let
◦
g
(k)∗
m be the following morphism:
◦
g(k)∗m :=
∑
λ∈Λ(k)(◦g)
◦
g∗λ : R
qf ◦
Y
(k)
m,T ′
0
/
◦
T ′∗
(F ◦
Y
(k)
m,T ′
0
/
◦
T ′
⊗Z ̟
(k)
crys(
◦
Y m,T ′0/
◦
T ′))(1.5.20.1)
−→ Rqf ◦
X
(k)
m,T0
/
◦
T∗
(E ◦
X
(k)
m,T0
/
◦
T
⊗Z ̟
(k)
crys(
◦
Xm,T0/T )).
Then there exists the following morphism of (pre)weight spectral sequences:
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z
(1.5.20.2)
̟(2j+k+m)crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u) =⇒ RqfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))
⊕N
m=0
⊕
j≥max{−(k+m),0} deg(u)
j+k◦g(2j+k+m)∗m
x xg∗•≤N
E−k,q+k1 =
⊕
m≥0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
Y
(2j+k+m)
m,T ′
0
/
◦
T ′∗
(Fm◦
Y
(2j+k+m)
m,T ′0
/
◦
T ′
⊗Z
̟(2j+k+m)crys (
◦
Y m,T ′0/
◦
T ′))(−j − k −m,u) =⇒ RqfY
•≤N,
◦
T ′
0
/S′(T ′)♮∗(ǫ
∗
Y
•≤N,
◦
T ′0
/S′(T ′)♮(F
•≤N )).
Proof. This follows from the proof of (1.5.2), (1.5.11) and from the definition of
◦
g
(l)
m
(l ∈ N).
Next we describe the boundary morphism between the E1-terms of (1.5.12.4). Fix
m ∈ N and a decomposition ∆m := {
◦
Xλm}λm of
◦
Xm,T0 by smooth components of◦
Xm,T0 . Let α be a nonnegative integer. Set λm := {λm0, . . . , λmα} (λmi 6= λmj (i 6=
j)), λmβ := {λm0, . . . , λ̂mβ , . . . , λmα} (0 ≤ β ≤ α),
◦
Xλm :=
◦
Xλm0 ∩ · · · ∩
◦
Xλmα and
◦
Xλmβ :=
◦
Xλm0 ∩ · · · ∩
◦̂
Xλmβ ∩ · · · ∩
◦
Xλmα . Here ̂ means the elimination. Then
◦
Xλm is a smooth divisor on
◦
Xλmβ/
◦
T 0. For a nonnegative integer k and an integer l,
let
(1.5.20.3) (−1)βG
λmβ
λm
: Rkf ◦
Xλmβ /
◦
T∗
(Eλmβ ⊗Z ̟crys(
◦
Xλmβ/
◦
T ))(−l, u)
−→ Rk+2f ◦
Xλm/
◦
T∗
(Eλm ⊗Z ̟crys(
◦
Xλm/
◦
T ))(−(l − 1), u)
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be the obvious sheafied version of the Gysin morphism defined in [NS1, (2.8.4.5)].
Here
̟λmcrys(
◦
Xm,T0/
◦
T ) and ̟λmβcrys(
◦
Xm,T0/
◦
T )
are the crystalline orientations sheaves of
◦
Xλm and
◦
Xλmβ in (
◦
Xλm/
◦
T )crys and (
◦
Xλmβ/
◦
T )crys,
respectively, defined similarly in [NS1, p. 81, (2.8)]. Set
Gm :=
∑
{λm0,...,λm,2j+k+m | λmγ 6=λmα (γ 6=α)}
2j+k+m∑
β=0
(−1)βG
λmβ
λm
:
(1.5.20.4)
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z ̟
(2j+k+m)
crys (
◦
Xm,T0/
◦
T ))
(−j − k −m,u) −→⊕
j≥max{−(k+m)+1,0}
Rq−2j−k−2m+2f ◦
X
(2j+k+m−1)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m−1)
m,T0
/
◦
T
⊗Z ̟
(2j+k+m−1)
crys (
◦
Xm,T0/
◦
T ))
(−j − k −m+ 1, u).
Let ι
λmβ
λm
:
◦
Xλm
⊂
−→
◦
Xλmβ be the natural immersion. The morphism ι
λmβ
λm
induces
the morphism
(1.5.20.5)
(−1)βι
λmβ∗
λmcrys
: ι
λmβ∗
λmcrys
(Eλmβ ⊗Z ̟λmβcrys(
◦
Xm,T0/
◦
T )) −→ Eλm ⊗Z ̟λmcrys(
◦
Xm,T0/
◦
T )
as in [NS1, (2.11.1.2)]. Set
ρm :=
∑
{λm0,...,λm,2j+k+m | λmγ 6=λmα (γ 6=α)}
2j+k+m∑
β=0
(−1)βι
λmβ∗
λmcrys
:
(1.5.20.6)
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z ̟
(2j+k+m)
crys (
◦
Xm,T0/
◦
T ))
(−j − k −m,u) −→⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m+1)
m,T0
/
◦
T
(Em◦
X
(2j+k+m+1)
m,T0
/
◦
T
⊗Z ̟
(2j+k+m+1)
crys (
◦
Xm,T0/
◦
T ))
(−j − k −m,u).
Proposition 1.5.21. The boundary morphism between the E1-terms of the spectral
sequence (1.5.12.4) is given by the following diagram:
(1.5.21.1)
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m+1,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m+1,T0
/
◦
T
⊗Z ̟
(2j+k+m)
crys (
◦
Xm+1,T0/
◦
T ))(−j − k −m,u).
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m+1∑
i=0
(−1)iδi ↑
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z ̟
(2j+k+m)
crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u).
(−1)m
∑
j≥max{−(k+m),0}
[(−1)jGm{−2j − k + 1}+ (−1)j+k+mρm{−2j − k}] ↓
N⊕
m=0
⊕
j≥max{−(k+m)+1,0}
Rq−2j−k−2m+2f ◦
X
(2j+k+m−1)
m,T0
/
◦
T∗
(Em◦
X
(2j+k+m−1)
m,T0
/
◦
T
⊗Z ̟
(2j+k+m−1)
crys (
◦
Xm,T0/
◦
T ))(−j − k −m+ 1, u).
Here δi (0 ≤ i ≤ m+ 1) is a standard coface morphism.
Proof. By using (1.4.3), this proposition follows from [Nakk4, (2.2.12), (2.2.13)] and
the proof of [Nakk2, (10.1)].
Theorem 1.5.22 (Contravariant functoriality III of of Azar). Let the notations
be as in the beginning of this section. Assume that
◦
S is a p-adic formal scheme. Then
there exists a morphism
g∗•≤N : (Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P )⊗LZ Q(1.5.22.1)
−→ Rg•≤N∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )⊗LZ Q)
of filtered complexes in D+F(f−1•≤N (KT ′)) fitting into the following commutative dia-
gram
(1.5.22.2)
Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N )⊗LZ Q
g∗•≤N
−−−−→
θ
Y
•≤N,
◦
T′0
/S′(T ′)♮∧
x≃
RuY•≤N,T′0/T
′∗(ǫ∗Y
•≤N,
◦
T ′
0
/S′(T ′)♮(F
•≤N )) ⊗LZ Q
g∗•≤N
−−−−→
Rg•≤N∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ))⊗LZ Q
θ
X
•≤N,
◦
T0
/S(T)♮
∧
x≃
Rg•≤N∗RuX•≤N,T0/T∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))⊗LZ Q.
This morphism satisfies the similar relation to (1.5.2.4). Assume that T and T ′ are
restrictively hollow with respective to the morphism T0 −→ S. Then there exists the
similar commutative diagram to (1.5.2.6).
Proof. Because we take the tensorization ⊗LZQ in this theorem, we need not give care
to invert deg(u). Hence the proof of (1.5.2) works.
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Theorem 1.5.23. Let the notations be as (1.5.22) (1). Assume that (1.5.6.4) and
(1.5.6.5) hold. Then the obvious analogue of (1.5.11) holds for (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ))⊗LZ
Q and (Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ))⊗LZ Q.
Proof. Because we take the tensorization ⊗LZQ in this theorem, we need not give care
to invert deg(u) as in (1.5.22). Hence the proof of (1.5.11) works.
1.6 Filtered base change theorem I
In this section we prove the filtered base change theorem of the zariskian p-adic filtered
Steenbrink complex defined in (1.4.7).
Let the notations be as in §1.4. Assume that
◦
X•≤N is quasi-compact, that is,
◦
Xm (0 ≤ ∀m ≤ N) is quasi-compact. Let f : X•≤N,
◦
T0
−→ S(T )♮ be the structural
morphism. Let fT : X•≤N,T0 −→ T be also the structural morphism.
Proposition 1.6.1. Assume that
◦
T is quasi-compact and that
◦
f :
◦
X•≤N,T0 −→
◦
T 0 is
quasi-compact and quasi-separated. Then Rf∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )) is
isomorphic to a bounded filtered complex of OT -modules.
Proof. By the spectral sequence (1.5.12.4), we have only to note thatRf ◦
X
(l)
m,T0
/
◦
T∗
(E ◦
X
(l)
m,T0
/
◦
T
)
(0 ≤ m ≤ N, l ∈ N) is bounded, which follows from [BO1, 7.6 Theorem].
Theorem 1.6.2 (Log base change theorem of (Azar, P )). Let the assumptions be
as in (1.6.1). Let (T ′,J ′, δ′) be another log PD-enlargement over S. Assume that J ′ is
quasi-coherent. Set T ′0 := Spec
log
T ′
(OT ′/J ′). Let u : (S(T ′)♮,J ′, δ′) −→ (S(T )♮,J , δ)
be a morphism of fine log schemes. Let f ′ : X
•≤N,
◦
T ′0
= X•≤N ×S S◦
T ′0
−→ S(T ′)♮ be
the base change morphism of f by the morphism S(T ′)♮ −→ S(T )♮. Then there exists
the following canonical filtered isomorphism
(1.6.2.1)
Lu∗Rf∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )) ∼−→ Rf ′∗((Azar(X•≤N,
◦
T ′0
/S(T ′)♮, E•≤N ), P ))
in DF(f−1T ′ (OT ′)).
Proof. Let g•≤N : X•≤N,
◦
T ′0
−→ X
•≤N,
◦
T0
be the induced morphism by u. Let the
notations be as in §1.4. Then we have the natural morphisms P•≤N,•,S(T ′)♮ :=
P•≤N,• ×S(T )♮ S(T
′)♮ −→ P•≤N,• and D•≤N,•,S(T ′)♮ := D•≤N,• ×S(T )♮ S(T
′)♮ −→
D•≤N,•. Hence we have the following natural morphism
(1.6.2.2)
(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) −→ Rg•≤N∗((Azar(X•≤N,
◦
T ′0
/S(T ′)♮, E•≤N ), P )).
(This is a special case of (1.5.2).) By applying Rf∗ to (1.6.2.2) and using the adjoint
property of L and R ([NS1, (1.2.2)]), we have the natural morphism (1.6.2.1). Here
we have used the boundedness in (1.6.1) for the well-definedness of Lu∗.
We prove that (1.6.2.1) is an isomorphism. We may assume that N = 0. Set
X := X0 and E = E
0. By the filtered cohomological descent [NS1, (1.5.1) (2)] and
by the same argument as that in the proof of [Be2, V Proposition 3.5.2] ([BO1,
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7.8 Theorem]), we may assume that
◦
S is affine and that
◦
X is an affine scheme
over
◦
S. Then X ◦
T 0
has an SNCL lift X/S(T )♮ by the proofs of [Kk2, (3.14)] and
[NS1, (2.3.14)] (cf. the proof of [NY, (4.7)]). Moreover, by (1.1.21), we can as-
sume that X has a log smooth lift X/S(T )♮. Let (E ,∇) be a quasi-coherent OX -
module with integrable connection corresponding to ǫ∗
X◦
T
/
◦
T
(E). Set E := E ⊗O
D(S(T ))
OS(T ). In this case, (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) = (Azar(X/S(T )♮, E), P ). Let
f : X −→ S(T )♮ be the structural morphism. For i, j ∈ N, set f∗(Pk) := f∗((Pk +
Pj)Azar(X/S(T )♮, E)ij/Pj) (i, j ∈ N, k ∈ Z) for simplicity of notation. Then we have
the following formula
Rf∗((Azar(X ◦
T 0
/S(T )♮, E), P )) = s(· · · , (f∗(Azar(X/S(T )♮, E)ij), f∗(P2j+k+1)), · · · )
and we have the same formula for X ◦
T ′0
/S(T ′)♮. By (1.3.15), fT∗(Azar(X/S(T )♮, E))
and f∗(P2j+k+1) (∀k) consist of flat OT -modules. Therefore the left hand side of
(1.6.2.1) is equal to s(· · · (u∗f∗(Azar(X/S(T )♮, E)ij), u∗f∗(P2j+k+1)) · · · ). Since f :
◦
X −→
◦
T is an affine morphism, (1.6.2) follows from the affine base change theorem as in
[BO1, 7.8 Theorem].
Let
◦
Y be a smooth scheme over
◦
T . Endow
◦
Y with the inverse image of MS◦
T
and let Y be the resulting log scheme. Let DY/S(T )♮(1) be the log PD-envelope of
the immersion Y
⊂
−→ Y ×S(T )♮ Y over (S(T )
♮,J , δ). As in [Be2, V] and [BO1, §7],
we have the following two corollaries (cf. [NS1, (2.10.5), (2.10.7)]) by using (1.4.4),
(1.6.2) and a fact that pi :
◦
DY/S(T )(1) −→
◦
Y (i = 1, 2) is flat ([Kk2, (6.5)]), where Y
is a log smooth scheme defined in (1.6.3) below:
Corollary 1.6.3. Let g : X
•≤N,
◦
T0
−→ Y be an SNCL scheme. Assume that Y has
a log smooth lift Y over S(T )♮. Let q be an integer. Let g : X
•≤N,
◦
T0
−→ Y be the
structural morphism. Then there exists a quasi-nilpotent integrable connection
PkR
qgX
•≤N,
◦
T0
/Y∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N )) ∇k−→(1.6.3.1)
PkR
qgX
•≤N,
◦
T0
/Y∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))⊗OYΩ
1
Y/S(T )♮
making the following diagram commutative for any two nonnegative integers k ≤ l :
(1.6.3.2)
PkR
qgX
•≤N,
◦
T0
/Y∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N )) ∇k−−−−→
⋂y
PlR
qgX
•≤N,
◦
T0
/Y∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N )) ∇l−−−−→
PkR
qgX
•≤N,
◦
T0
/Y∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))⊗OYΩ1Y/S(T )♮
⋂y
PlR
qgX
•≤N,
◦
T0
/Y∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))⊗OYΩ1Y/S(T )♮ .
1.7. P -ADICMONODROMYOPERATORS I ANDMODIFIED (PRE)WEIGHT-FILTERED LOGCRYSTALLINE COMPLEXES127
Proof. This follows from (1.6.2) as in [BO1, §7].
Corollary 1.6.4. Let the notations and the assumptions be as in (1.6.1). Then
Rf∗(PkAzar(X•≤N,
◦
T0
/S(T )♮, E•≤N )) (k ∈ N)
has finite tor-dimension. Moreover, if
◦
T is noetherian and if
◦
f is proper, then
Rf∗(PkAzar(X•≤N,
◦
T 0
/S(T )♮, E•≤N )) is a perfect complex of OT -modules.
Using [NS1, (2.10.10)], we have the following corollary (cf. [NS1, (2.10.11)]):
Corollary 1.6.5. Let the notations and the assumptions be as in (1.6.4). Then the
filtered complex Rf∗((Azar(X•≤N,
◦
T 0
/S(T )♮, E•≤N ), P )) is a filtered perfect complex of
OT -modules, that is, locally on Tzar, filteredly quasi-isomorphic to a filtered strictly
perfect complex ([NS1, (2.10.8)]).
Proof. (1.6.5) immediately follows from (1.6.4) and [NS1, (2.10.10)].
1.7 p-adic monodromy operators I and modified (pre)weight-
filtered log crystalline complexes
In this section we first define the p-adic monodromy operator for a truncated simplicial
log smooth scheme following the method in [HK]. To prove the properties of the p-
adic monodromy operator, we try to treat it as a morphism of complexes of a derived
category as possible. This try is different from that in [HK] and [Tsuj3]. If the
truncated simplicial log smooth scheme has the disjoint union of the member of an
affine truncated simplicial open covering, then we define it following the method in
[St1], [Hy2] and [HK]. We prove that the two definitions are equal.
First we give the following definition of a pre-stratification on an object of a
derirved category:
Definition 1.7.1 (Pre-stratification on a complex of a derirved category).
Let (U,K, δ) be a log PD-scheme and let T −→ U be a morphism of log schemes such
that δ extends to T . Set T (1) := T ×U T and T (2) := T ×U T ×U T . Let E (resp. E(1))
be the log PD-envelope of the diagonal immersion T
⊂
−→ T (1) (resp. T
⊂
−→ T (2))
over (U,K, δ). Let J be the ideal sheaf of the diagonal immersion T
⊂
−→ T (1) and let
∆: T
⊂
−→ E be the canonical immersion. Let qi : E −→ T (i = 1, 2) be the induced
morphism by the i-th projection T (1) −→ T .
Let E• be an object of the derived category D−(OT ) of bounded above complexes
of OT -modules. Let ǫ : Lq∗2(E
•) ∼−→ Lq∗1(E
•) be an isomorphism in D−(OE). We say
that ǫ is a pre-stratification on E• if ǫ mod J = idE• . Here ǫ mod J : E• −→ E• is the
isomorphism L∆∗(ǫ) : E• = L∆∗Lq∗2(E
•) ∼−→ L∆∗Lq∗1(E
•) = E•.
Lemma 1.7.2. Let the notations be as in (1.7.1). Then the following composite
isomorphism
Lq∗2(E
•
1 ⊗
L
OE E
•
2 ) = Lq
∗
2(E
•
1 )⊗
L
OE Lq
∗
2(E
•
2 )
ǫ1⊗Lǫ2−→ Lq∗1(E
•
1 )⊗
L
OE Lq
∗
1(E
•
2 ) = Lq
∗
1(E
•
1 ⊗
L
OE E
•
2 )
(1.7.2.1)
is a pre-stratification.
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Proof. Obvious.
Lemma 1.7.3. Let the notations be as in (1.7.1). Assume that
◦
qi :
◦
E −→
◦
T is flat and
that there exists an isomorphism OE ≃ OT 〈ξ1, . . . , ξd〉 (PD-polynomial ring in vari-
ables ξ1, . . . , ξd) as OT -algebras. Let ǫ : Lq∗2(E
•) ∼−→ Lq∗1(E
•) be a pre-stratification
on E•. Then we have a natural morphism
∇ : E• −→ E• ⊗LOT Ω
1
T/U(1.7.3.1)
in D−(OT ) constructed in the proof below.
Proof. By the assumption on OE, OE
∼
−→
⊕
i∈N(J
[i]/J [i+1]). Hence, by the assump-
tion of the flatness, we have the following composite morphism
α : E• = OT ⊗LOT E
• −→ OE ⊗LOT E
• = Lq∗2(E
•) ǫ,∼−→ Lq∗1(E
•) = E• ⊗LOT OE
(1.7.3.2)
=
⊕
i∈N
E• ⊗LOT (J
[i]/J [i+1]).
Since J [0]/J [1] = OT , we also have the following composite morphism
β : E• = E• ⊗LOT (J
[0]/J [1])
⊂
−→
⊕
i∈N
E• ⊗LOT (J
[i]/J [i+1]).(1.7.3.3)
Let pr :
⊕
i∈N E
• ⊗LOT (J
[i]/J [i+1]) −→ E• ⊗LOT (J
[1]/J [2]) be the projection. Since
Ω1T/U = J
[1]/J [2], we have the following morphism
∇ : pr ◦ (α− β) : E• −→ E• ⊗LOT (J
[1]/J [2]) = E• ⊗LOT Ω
1
T/U .
This is the desired morphism.
Definition 1.7.4. We call the morphism (1.7.3.1) the connection associated to the
pre-stratification ǫ.
Definition 1.7.5. If there exists an isomorphism R : Ω1T/U
∼
−→ OdT for some d ∈ Z≥1,
then we have the following composite morphism
N : E• −→ E• ⊗LOT Ω
1
T/U = (E
•)⊕d.(1.7.5.1)
We call N the monodromy operator associated to ǫ and R.
Remark 1.7.6. Let qij : E(1) −→ E (1 ≤ i < j ≤ 3) be the induced morphism by
the (i, j)-th projection T (2) −→ T (1). Let ∇2 be the following composite morphism
E• ∇−→ E• ⊗LOT Ω
1
T/U
∇⊗id
−→ E• ⊗LOT Ω
1
T/U ⊗
L
OT Ω
1
T/U
id⊗∧
−→ E• ⊗LOT Ω
2
T/U .
Even if we assume that Lq∗13(ǫ) = Lq
∗
23(ǫ) ◦Lq
∗
12(ǫ) in (1.7.1), I do not know whether
∇2 = 0.
Lemma 1.7.7. Let E•i be an object of D
−(OT ). Let ǫi : Lq∗2(E
•
i )
∼
−→ Lq∗1(E
•
i ) be a
pre-stratification of E•i . Set E
• := E•1 ⊗
L
OT E
•
2 . Let
τ : E•1 ⊗
L
OT Ω
1
T/U ⊗
L
OT E
•
2 −→ E
•
1 ⊗
L
OT E
•
2 ⊗
L
OT Ω
1
T/U
be the canonical morphism defined by the morphism “x ⊗ ω ⊗ y 7−→ x⊗ y ⊗ ω”. Let
∇i and ∇ be the connections associated to ǫi and ǫ1 ⊗L ǫ2, respectively. Then
∇ = ∇1 ⊗
L idE•2 + idE•1 ⊗
L ∇2 : E
•
1 ⊗
L
OT E
•
2 −→ E
•
1 ⊗
L
OT E
•
2 ⊗
L
OT Ω
1
T/U .(1.7.7.1)
Here we have identified E•1 ⊗
L
OT Ω
1
T/U ⊗
L
OT E
•
2 with E
•
1 ⊗
L
OT E
•
2 ⊗
L
OT Ω
1
T/U by τ .
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Proof. Let αi and βi be the morphisms (1.7.3.2) and (1.7.3.3), respectively for (E•i , ǫi).
Let
α1 · α2 : E
•
1 ⊗
L
OT E
•
2 −→ Lq
∗
2(E
•
1 )⊗
L
OE Lq
∗
2(E
•
2 )
ǫ1⊗Lǫ2,∼
−→ Lq∗1(E
•
1 )⊗
L
OE Lq
∗
1(E
•
2 )
(1.7.7.2)
∼
−→
⊕
i∈N
E•1 ⊗
L
OT E
•
2 ⊗
L
OT OE
be the induced morphism by the multiplication morphism OE⊗LOEOE −→ OE. Let α
and β be the morphisms (1.7.3.2) and (1.7.3.3), respectively for E•1 ⊗
L
OT E
•
2 . Because
α is equal to the following morphism
α : E•1 ⊗
L
OT E
•
2 −→Lq
∗
2(E
•
1 ⊗
L
OT E
•
2 ) = Lq
∗
2(E
•
1 )⊗
L
OE Lq
∗
2(E
•
2 )
ǫ1⊗Lǫ2,∼
−→ Lq∗1(E
•
1 )⊗
L
OE Lq
∗
1(E
•
2 )
(1.7.7.3)
∼
−→
⊕
i∈N
E•1 ⊗
L
OT E
•
2 ⊗
L
OT OE,
α = α1 · α2. Similarly β = β1 · β2. Hence we have the following equalities:
∇ = α− β = pr(α1 · α2 − β1 · β2)(1.7.7.4)
= pr((α1 − β1) · α2 + β1 · α2 − β1 · β2)
= pr((α1 − β1) · β2) + pr(β1 · (α2 − β2)) = ∇1 ⊗
L idE•2 + idE•1 ⊗
L ∇2.
This equality is nothing but (1.7.7.1).
Lemma 1.7.8 (Log base change formula). Let h : (T ′,J ′, δ′) −→ (T,J , δ) be a
morphism of fine log PD-schemes on which p is locally nilpotent. Set T0 := Spec
log
T
(OT /J ).
Let N be a nonnegative integer or ∞. Let g : Y•≤N −→ T0 be a log smooth integral
morphism. Assume that
◦
g is quasi-compact and quasi-separated. Set g′ : Y ′•≤N −→ T
′
0
be the base change morphism of g by h. Let q : Y ′•≤N −→ Y•≤N be the projection.
Let F •≤N be a quasi-coherent flat crystal of OY•≤N/T -modules. Then the following
natural morphism
Lh∗RgY•≤N/S∗(F
•≤N ) −→ Rg′Y ′•≤N/S′∗(q
∗
crys(F
•≤N ))(1.7.8.1)
is an isomorphism.
Proof. It suffices to prove that the following induced morphism by (1.7.8.1)
Hq(Lh∗RgY•≤N/T∗(F
•≤N )) −→ Hq(Rg′Y ′•≤N/T ′∗(q
∗
crys(F
•≤N ))) (q ∈ N)
is an isomorphism. This follows from the following spectral sequences
Eij1 = R
jg′Y ′i /T ′∗(q
∗
crys(F
i)) =⇒ Hi+j(Rg′Y ′•≤N/T ′∗(q
∗
crys(F
•≤N ))) (i ≤ N)
Eij1 = H
j(Lh∗RgYi/T∗(F
i)) =⇒ Hi+j(Lh∗RgY•≤N/T∗(F
•≤N )) (i ≤ N)
and the Kato’s log base change theorem [Kk2, (6.10)].
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Let (U, I, γ) be a fine log PD-scheme on which p is locally nilpotent. Set U0 :=
Speclog
U
(OU/I). Let Y be a fine log scheme over U0 and let g : Z•≤N −→ Y be a log
smooth integral morphism. Assume that
◦
g is quasi-compact and quasi-separated. Let
q be a nonnegative integer. Let (Y
⊂
−→ Y) = (Y,J , δ) be an object of (Y/U)crys. Set
Y(1) := Y ×U Y and let D be the log PD-envelope of the diagonal immersion Y
⊂
−→
Y(1) over (U, I, γ). Assume that Ω1Y/S is a locally free OY -module of finite rank.
Assume also that the induced morphism qi :
◦
D −→
◦
Y by the i-th projection Y(1) −→
Y (i = 1, 2) is flat. Let E•≤N be a flat quasi-coherent crystal of OZ•≤N/Y -modules.
Then, by the log base change theorem (1.7.8), we have the following isomorphisms:
Lq∗2RgZ•≤N/Y∗(E
•≤N ) ∼−→ RgZ•≤N/D∗(E
•≤N ) ∼←− Lq∗1RgZ•≤N/Y∗(E
•≤N ).
Hence we have the following connection
∇ : RgZ•≤N/Y∗(E
•≤N ) −→ RgZ•≤N/Y∗(E
•≤N )⊗LOY Ω
1
Y/U .(1.7.8.2)
In particular, we have the following connection
∇ : RqgZ•≤N/Y∗(E
•≤N ) −→ RqgZ•≤N/Y∗(E
•≤N )⊗OY Ω
1
Y/U .(1.7.8.3)
This connection is obtained by the following isomorphisms
q∗2R
qgZ•≤N/Y∗(E
•≤N ) ∼−→ Rqgcrys∗(E•≤N )D
∼
←− q∗1R
qgZ•≤N/Y∗(E
•≤N )(1.7.8.4)
Let S, (T,J , δ), T0 −→ S, S◦
T 0
, S(T ) and S(T )♮ be as in §1.3. Set S(T )♮(1) :=
S(T )♮ × ◦
T
S(T )♮. Consider the diagonal immersion ι : S(T )♮
⊂
−→ S(T )♮(1) over
◦
T .
Let D be the log PD-envelope of ι over (
◦
T ,J , δ). Let J be the PD-ideal sheaf of D.
Then OD =
⊕
i∈N J
[i] as an abelian sheaf. Let Ω1
S(T )♮/
◦
T
be the sheaf of logarithmic
differential forms of S(T )♮/
◦
T of degree 1. Then Ω1
S(T )♮/
◦
T
= J [1]/J [2]. Consider a
local case such that MS(T )♮/O
∗
T ≃ N. Take a local section m of MS(T )♮ whose image
in MS(T )♮/O
∗
T ≃ N is a generator. Let qi : D −→ S(T )
♮ be the induced morphism by
the projections qi : S(T )
♮ × ◦
T
S(T )♮ −→ S(T )♮ (i = 1, 2). Then we have the section
ξ = q∗2(m)q
∗
1(m)
−1 ∈ MS(T )♮(1). (This is a different section from a section [HK,
(3.5)].) Because the section ξ is independent of the choice of m, the section ξ is a
global section of MS(T )♮(1). The local section d logm is independent of the choice
of m and it is a global section of Ω1
S(T )♮/
◦
T
: Ω1
S(T )♮/
◦
T
= OTd logm. The morphism
OT ∈ α 7−→ αd logm ∈ Ω1
S(T )♮/
◦
T
is independent of the choice of m and this induces
the isomorphism of OT -modules: OT
∼
−→ Ω1
S(T )♮/
◦
T
. Let
Res : Ω1
S(T )♮/
◦
T
∼
−→ OT(1.7.8.5)
be the inverse of this isomorphisn.
LetN be a nonnegative integer. Let Y•≤N be anN -truncated simplicial log smooth
scheme over S. Set Y
•≤N,
◦
T0
:= Y•≤N ×S S◦
T 0
:= Y•≤N ×◦
S
◦
T 0. Let g : Y•≤N,
◦
T0
−→
S◦
T 0
−→ S(T )♮ be the composite structural morphism. Let F •≤N be a flat quasi-
coherent crystal ofO
Y
•≤N,
◦
T0
/
◦
T
-modules. Set F •≤N := ǫ∗
Y•≤N,T0/S(T )
♮/
◦
T
(F •≤N ) and let
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F •≤N (1) be the flat quasi-coherent crystal of OY
•≤N,
◦
T0
/D-modules obtained by F
•≤N
by using the structural morphism (D, J, [ ]) −→ (
◦
T ,J , δ). Consider the following two
complexes of log crystalline cohomology sheaves:
K• := RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ), K•(1) := RgY
•≤N,
◦
T0
/D∗(F •≤N (1)).
Then, by the log base change theorem ((1.7.8)), we obtain the following composite
isomorphism
Lq∗2(K
•) ∼−→ K•(1) ∼←− Lq∗1(K
•).(1.7.8.6)
Hence we have the following morphism by (1.7.3):
∇ : RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) −→ RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗LOT Ω
1
S(T )♮/
◦
T
.(1.7.8.7)
Definition 1.7.9. We call the morphism (1.7.8.7) the log crystalline Gauss-Manin
connection of RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N ).
The morphisms (1.7.8.7) and (1.7.8.5) induces the following morphism:
Nzar := NY
•≤N,
◦
T0
/S(T )♮,zar := Res ◦ (∇) : RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )(1.7.9.1)
−→ RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ).
In the case N = 0 and F 0 is the trivial coefficient, then this morphism is equal to the
monodromy operator defined in [HK, p. 245]. (The notation (ξ − 1)[i] ⊗ K in [HK,
(3.5.1)] has no sense.)
Definition 1.7.10. We call this morphism the p-adic monodromy operator of F •≤N .
If F •≤N = O
Y
•≤N,
◦
T0
/
◦
T
, then we call the following morphism
Nzar := NY
•≤N,
◦
T0
/S(T )♮,zar : RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮)(1.7.10.1)
−→ RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮)
the p-adic monodromy operator of Y
•≤N,
◦
T0
/S(T )♮.
Proposition 1.7.11 (Contravariant functoriality of the p-adic monodromy
operator I). Let S′, (T ′,J ′, δ′), T ′0 and v : (S(T )
♮,J , δ) −→ (S′(T ′)♮,J ′, δ′) be as
in the beginning of §1.5. Let z : Y
•≤N,
◦
T0
−→ Z
•≤N,
◦
T0
be a morphism of log smooth
integral schemes over the morphism S◦
T 0
−→ S′◦
T ′0
. Let h : Z
•≤N,
◦
T0
−→ S′(T ′)♮ be the
structural morphism. Then the following diagram is commutative:
(1.7.11.1)
Rv∗RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )
deg(v)Ru∗(NY
•≤N,
◦
T0
/S(T)♮,zar
)
−−−−−−−−−−−−−−−−−−−−−→ Rv∗RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )
z∗
x xz∗
RhZ
•≤N,
◦
T′
0
/S′(T ′)♮∗(G•≤N )
N
Z
•≤N,
◦
T ′0
/S′(T ′)♮,zar
−−−−−−−−−−−−−−→ RhZ
•≤N,
◦
T ′
0
/S′(T ′)♮∗(G•≤N ).
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Proof. Let K′• and K′•(1) be the analogous complexes to K• and K•(1), respectively,
for Z
•≤N,
◦
T0
/S′(T ′)♮. Then the commutativity of (1.7.12.4) follows from the following
commutative diagram:
(1.7.11.2)
Rv∗(K•) −−−−→ Ru∗(Lq∗2(K
•)) ∼−−−−→ Rv∗(K•(1))
∼
←−−−− Ru∗(Lq∗1(K
•))
z∗
x z∗x z∗x z∗x
K′• −−−−→ Lq∗2(K
′•) ∼−−−−→ K′•(1) ∼←−−−− Lq∗1(K
′•).
Hence we have the following commutative diagram:
(1.7.11.3)
Rv∗(RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )) −−−−→ Rv∗(RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )⊗LOT Ω
1
S(T )♮/
◦
T
)
z∗
x xz∗
RhZ
•≤N,
◦
T ′0
/S′(T ′)♮∗(G•≤N ) −−−−→ RhY
•≤N,
◦
T′0
/S′(T ′)♮∗(G•≤N )⊗LOT ′ Ω
1
S′(T ′)♮/
◦
T ′
.
Let m′ be an analogous section of MS′(T ′)♮ to m. Since v∗ : MS′(T ′)♮/O∗T = N −→
N =MS(T )♮/O
∗
T is the multiplication by deg(v),
v∗(d logm′) = deg(v)d logm.(1.7.11.4)
By using (1.7.11.3) and (1.7.11.4), we obtain the commutative diagram (1.7.12.4).
Remark 1.7.12. (1) Assume that T0 is of characteristic p > 0 and that there exists a
lift u : S(T )♮ −→ S(T )♮ of the Frobenius endomorphism of S◦
T 0
. Then, by (1.7.27.7),
we have a relation
Nzarz
∗ = pz∗Nzar.(1.7.12.1)
In the case where N = 0, and T0 := s is the log point of a perfect field of charac-
teristic p > 0 and T is the canonical lift of s and z : Y0,s −→ Y0,s is the Frobenius
endomorphism, Hyodo and Kato have proved a well-known relation “NF = pFN” in
[HK]. (1.7.12.4) is a generalization of the relation “NF = pFN”.
(2) When T (resp. T ′) is restrictively hollow with respective to the morphism
T0 −→ S (resp. T ′0 −→ S′), let us denote by q (resp. q′) the natural morphism
Y•≤N,T0 −→ Y•≤N,
◦
T0
over T −→ S(T ). (resp. Z•≤N,T ′0 −→ Z•≤N,
◦
T0
over T ′ −→
S′(T ′)). Then
RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) = RgY•≤N,T0/T∗(q
∗
crys(F
•≤N ))
and
RhZ
•≤N,
◦
T′
0
/S′(T ′)♮∗(F
•≤N ) = RhZ•≤N,T0/T∗(q
′∗
crys(F
•≤N ))
by (1.4.10.1). Hence we have the following zariskian monodromy operators
(1.7.12.2) NT,zar : RgY•≤N,T0/T∗(F
•≤N ) −→ RgY•≤N,T0/T∗(F
•≤N )
and
(1.7.12.3) NT ′,zar : RhZ•≤N,T′
0
/T ′∗(G•≤N ) −→ RhZ•≤N,T′
0
/T ′∗(G•≤N )
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fitting into the following commutative diagram:
(1.7.12.4)
Ru∗RgY•≤N,T0/T∗(F
•≤N )
deg(u)Ru∗(NY•≤N,T0/T,zar
)
−−−−−−−−−−−−−−−−−−→ Ru∗RgY•≤N,T0/T∗(F
•≤N )
z∗
x xz∗
RhZ•≤N,T ′
0
/T ′∗(G•≤N )
NZ
•≤N,T′0
/T ′,zar
−−−−−−−−−−−→ RhZ•≤N,T′
0
/T ′∗(G•≤N ).
Corollary 1.7.13. Set Y
•≤N,
◦
T0
(1) := Y
•≤N,
◦
T0
×ST0 Y•≤N,
◦
T0
. Let ǫ12 be the following
pre-stratification
Lq∗2(RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗LOT RgY
•≤N,
◦
T0
/S(T )♮∗(G
•≤N ))
∼
−→ Lq∗1(RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗LOT RgY
•≤N,
◦
T0
/S(T )♮∗(G
•≤N ))
obtained by the log Ku¨nneth formula:
RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗LOT RgY
•≤N,
◦
T0
/S(T )♮∗(G
•≤N ) ∼−→
RgY
•≤N,
◦
T0
(1)/S(T )♮∗(F
•≤N
⊠G•≤N )
and the following pre-stratification
Lq∗2RgY
•≤N,
◦
T0
(1)/S(T )♮∗(F
•≤N
⊠G•≤N ) ∼−→ Lq∗1RgY
•≤N,
◦
T0
(1)/S(T )♮∗(F
•≤N
⊠G•≤N ).
Then ǫ12 = ǫ1 ⊗L ǫ2.
Proof. Let qY
•≤N,
◦
T0
,i : Y•≤N,
◦
T0
(1) −→ Y
•≤N,
◦
T 0
be the i-th projection. We have the
following commutative diagram
Y
•≤N,
◦
T 0
qY
•≤N,
◦
T0
,1
←−−−−−−− Y
•≤N,
◦
T0
(1)
qY
•≤N,
◦
T0
,2
−−−−−−−→ Y
•≤N,
◦
T0
g
y y yg
S(T )♮ S(T )♮ S(T )♮∥∥∥ ⋂y ∥∥∥
S(T )♮
q1
←−−−− E
q2
−−−−→ S(T )♮.
Hence we have the following commutative diagram:
Lq∗1RgY
•≤N,
◦
T0
(1)/S(T )♮∗(F •≤N ⊠G•≤N )
∼
−→∥∥∥
Lq∗1(RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )⊗LOT RgY
•≤N,
◦
T0
/S(T )♮∗(G•≤N )))
∼
−→∥∥∥
Lq∗1(RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N ))⊗LOE Lq
∗
1(RgY
•≤N,
◦
T0
/S(T )♮∗(G•≤N )))
∼
−→
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(1.7.13.1)
RgY
•≤N,
◦
T0
(1)/E∗(F •≤N ⊠G•≤N )∥∥∥
OE ⊗LOT (RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )⊗LOT RgY
•≤N,
◦
T0
/S(T )♮∗(G•≤N ))∥∥∥
OE ⊗LOT RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )⊗LOT RgY
•≤N,
◦
T0
/S(T )♮∗(G•≤N ).
We also have the similar commutative diagram i = 2. These commutative diagrams
tells us that the equality ǫ12 = ǫ1 ⊗L ǫ2 holds.
Corollary 1.7.14. Let ∇12, ∇1 and ∇2 be the log crystalline Gauss-Manin connec-
tion of RgY
•≤N,
◦
T0(1)
/S(T )♮∗(F •≤N⊠G•N ), RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N ) and RgY
•≤N,
◦
T0
/S(T )♮∗(G•≤N ),
respectively. Then
∇12 = ∇1 ⊗
L id + id⊗L ∇2.(1.7.14.1)
Corollary 1.7.15. Let N12,zar, N1,zar and N2,zar be the p-adic monodromy operator
of
RgY
•≤N,
◦
T0(1)
/S(T )♮∗(F
•≤N
⊠G•N ), RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) and RgY
•≤N,
◦
T0
/S(T )♮∗(G
•≤N ),
respectively. Then
N12,zar = N1,,zar ⊗
L id + id⊗L N2,zar.(1.7.15.1)
More generally,
(1.7.15.2) N i12,zar =
i∑
j=0
(
i
j
)
N i−j1,zar ⊗
L N j2,zar (i ∈ N).
Corollary 1.7.16. Let
∪ : RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮)⊗
L
OT RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮)
(1.7.16.1)
−→ RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮)
be the cup product. Let
∇ : RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮) −→ RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮)⊗
L
OT Ω
1
S(T )♮/
◦
T
be the log crystalline Gauss-Manin connection of RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮).
Let
Nzar : RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮) −→ RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮)
be the p-adic monodromy operator. Then the following hold:
(1) ∇ ◦ ∪ = ∇∪ id + id ∪∇.
(2) Nzar◦∪ = Nzar∪id+id∪Nzar. More generally, N
i
zar◦∪ =
∑i
j=0
(
i
j
)
N i−jzar ⊗
LN jzar
(i ∈ N).
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Proof. (1): Let ∆: Y
•≤N,
◦
T0
−→ Y
•≤N,
◦
T0
(1) be the diagonal immersion. Then the
cup product (1.7.16.1) is equal to the following composite morphism
RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮)⊗
L
OT RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮) =
RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
(1)/S(T )♮)
∆∗
−→ RgY
•≤N,
◦
T0
/S(T )♮∗(OY
•≤N,
◦
T0
/S(T )♮).
Hence (1) follows from (1.7.14.1).
(2): (2) follows from (1).
For a nonnegative integer q, consider the following induced morphism
∇ : RqgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) −→ RqgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗OT Ω
1
S(T )♮/
◦
T
by (1.7.9.1). Here note that
Hq(RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗LOT Ω
1
S(T )♮/
◦
T
) = RqgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗OT Ω
1
S(T )♮/
◦
T
.
Corollary 1.7.17. Let x and y be local sections of RqgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N ) and
Rq
′
gY
•≤N,
◦
T0
/S(T )♮∗(F •≤N ) (q, q′ ∈ N), respectively. Then
(1.7.17.1) N izar(x ∪ y) =
i∑
j=0
(
i
j
)
N i−jzar (x) ∪N
j
zar(y) (i ∈ N).
Proposition 1.7.18. Let
(1.7.18.1)
Y
•≤N,
◦
T0
uY
•≤N,
◦
T0−−−−−−→ Y
•≤N,
◦
T0y y
S◦
T 0
u0−−−−→ S◦
T 0
⋂y y⋂
S(T )♮
u
−−−−→ S(T )♮
be a commutative diagram of (N -truncated simplicial) log schemes. Then the mor-
phism (1.7.9.1) is nothing but a morphism
(1.7.18.2) NS(T )♮,zar : RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) −→ RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )(−1, u).
Proof. This is a special case of (1.7.11).
Corollary 1.7.19. Let the notations be as in (1.7.11) and (1.7.18). Let
(1.7.19.1)
(S(T )♮,J , δ)
u
−−−−→ (S(T )♮,J , δ)
v
y yv
(S′(T ′)♮,J , δ) u
′
−−−−→ (S′(T ′)♮,J , δ)
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be a commutative diagram of PD-family of log points. Let
(1.7.19.2)
Z
•≤N,
◦
T ′0
u′Z
•≤N,
◦
T ′0−−−−−−→ Z
•≤N,
◦
T ′0y y
S′◦
T ′0
u′0−−−−→ S′◦
T ′0
⋂y y⋂
S′(T ′)♮ u
′
−−−−→ S′(T ′)♮
be a commutative diagram of (N -truncated simplicial) log schemes fitting into the
following commutative diagram
(1.7.19.3)
Y
•≤N,
◦
T0
uY
•≤N,
◦
T0−−−−−−→ Y
•≤N,
◦
T0
z
y yz
Z
•≤N,
◦
T0
u′Z
•≤N,
◦
T0−−−−−−→ Z
•≤N,
◦
T0
over (1.7.19.1). Then the following diagram is commutative:
(1.7.19.4)
Rz∗RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )
N
S(T )♮,zar
−−−−−−−→ Rz∗RgY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )(−1, u)
z∗
x xz∗
RhZ
•≤N,
◦
T′
0
/S′(T ′)♮∗(G•≤N )
N
S′(T ′)♮,zar
−−−−−−−−→ RhZ
•≤N,
◦
T ′
0
/S′(T ′)♮∗(G•≤N )(−1, u′)
Proof. This follows from (1.7.11).
Now assume that Y
•≤N,
◦
T0
has the disjoint union Y ′
•≤N,
◦
T0
of the member of an
affine N -truncated simplicial open covering of Y
•≤N,
◦
T0
. In the following we shall give
another definition of the monodromy operator under this assumption and we shall
prove that this is equal to the monodromy operator (1.7.9.1). This is the N -truncated
simplicial version of the coincidence of the monodromy operators in [HK].
Let Y
•≤N,•,
◦
T0
be the Cˇech diagram of Y ′
•≤N,
◦
T0
over Y
•≤N,
◦
T0
/S◦
T 0
: Y
mn,
◦
T 0
=
cosk
Y
m,
◦
T0
0 (Y
′
m,
◦
T 0
)n (0 ≤ m ≤ N,n ∈ N). Set Y•≤N,T0 := Y•≤N ×S T0 and Y•≤N,•,T0 :=
Y•≤N,• ×S T0. Let g : Y•≤N,
◦
T 0
−→ S◦
T 0
⊂
−→ S(T )♮ be the composite structural mor-
phisms. Let g• : Y•≤N,•,
◦
T0
−→ S◦
T 0
⊂
−→ S(T )♮ and g•,T : Y•≤N,•,
◦
T0
−→ T0
⊂
−→ T
be also the composite structural morphisms. Then g−1(OS(T )♮) = g
−1
T (OT ) and
g−1• (OS(T )♮) = g
−1
•,T (OT ).
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For U = T , S(T )♮ or
◦
T and U0 = T0 or
◦
T 0 and for ⋆ = • or nothing, , let
ǫY•≤N,⋆,U0/U : ((Y•≤N,⋆,U0/U)crys,OY•≤N,⋆,U0/U ) −→ ((
◦
Y •≤N,⋆,U0/
◦
U)crys,O ◦
Y •≤N,⋆,U0/
◦
U
)
(1.7.19.5)
= ((
◦
Y •≤N,⋆,T0/
◦
T )crys,O ◦
Y •≤N,⋆,T0/
◦
T
)
be the morphism forgetting the log structures of Y•≤N,⋆,U0 and U . Let
ǫ
Y•≤N,⋆,U0/
◦
T
: ((Y•≤N,⋆,U0/
◦
T )crys,O
Y•≤N,⋆,U0/
◦
T
) −→ ((
◦
Y •≤N,⋆,U0/
◦
T )crys,O ◦
Y •≤N,⋆,U0/
◦
T
)
(1.7.19.6)
= ((
◦
Y •≤N,⋆,T0/
◦
T )crys,O ◦
Y •≤N,⋆,T0/
◦
T
)
be the morphism forgetting the log structure of Y•≤N,U0 . Let
(1.7.19.7)
ǫ
Y•≤N,⋆,U0/U/
◦
T
: ((Y•≤N,⋆,U0/U)crys,OY•≤N,⋆,U0/U ) −→ ((Y•≤N,⋆,U0/
◦
T )crys,O
Y•≤N,⋆,U0/
◦
T
)
be the morphism forgetting the log structure of U . Then
(1.7.19.8) ǫY•≤N,⋆,U0/U = ǫY•≤N,⋆,U0/
◦
T
◦ ǫ
Y•≤N,⋆,U0/U/
◦
T
.
Let Y
•≤N,•,
◦
T0
⊂
−→ Q•≤N,• be an immersion into a log smooth scheme over S(T )♮ (If
each affine member of Y ′
N,
◦
T0
is sufficiently small, then this immersion exists by (1.1.5)
and (1.2.6).). Set Q•≤N,• := Q•≤N,•×S(T )♮S(T )
♮. Let E•≤N,• be the log PD-envelope
of the immersion Y
•≤N,•,
◦
T0
⊂
−→ Q•≤N,• over (
◦
T ,J , δ). Set E•≤N,• = E•≤N,•×D(S(T )♮)
S(T )♮. Let θQ•≤N,• ∈ Ω
1
Q•≤N,•/
◦
T
be the pull-back of θ = “d log τ”∈ Ω1
S(T )♮/
◦
T
by
the structural morphism Q•≤N,• −→ S(T )♮. Let F •≤N be a flat quasi-coherent
crystal of O
Y
•≤N,
◦
T0
/
◦
T
-modules. Let F •≤N,• be the crystal of O
Y
•≤N,•,
◦
T0
/
◦
T
-modules
obtained by F •≤N . Let (F
•≤N,•
,∇) be the quasi-coherent OE•≤N,•-module with
integrable connection corresponding to F •≤N,•. Set F •≤N := ǫ∗
Y•≤N,T0/S(T )
♮/
◦
T
(F •≤N )
and F •≤N,• := ǫ∗
Y•≤N,•,T0/S(T )
♮/
◦
T
(F •≤N,•). Set (F•≤N,•,∇) = (F
•≤N,•
,∇)⊗O
E•≤N,•
OE•≤N,•. Let
(1.7.19.9) ∇ : F•≤N,• −→ F•≤N,• ⊗OQ•≤N,• Ω
1
Q•≤N,•/
◦
T
be the induced connection by∇. Since Ω1Q•≤N,•/S(T )♮ is a quotient sheaf of Ω
1
Q•≤N,•/
◦
T
,
we also have the induced connection
(1.7.19.10) ∇/S(T )♮ : F
•≤N,• −→ F•≤N,• ⊗OQ•≤N,• Ω
1
Q•≤N,•/S(T )♮
by∇. The object (F•≤N,•,∇/S(T )♮) corresponds to the log crystal F •≤N,• ofOY
•≤N,•,
◦
T0
/S(T )♮-
modules ([Kk2, (1.7), (6.4)] (cf. [NS1, (2.2.7)])).
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Proposition 1.7.20. The following sequence
0 −→ F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ [−1]
θQ•≤N,•∧
−→ F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/
◦
T
(1.7.20.1)
−→ F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ −→ 0
is exact.
Proof. It suffices to prove that the following sequence
0 −→ OE•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ [−1]
θQ•≤N,•∧
−→ OE•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/
◦
T
(1.7.20.2)
−→ OE•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ −→ 0
is exact. Hence it suffices to prove that the morphism
θQmn∧ : OEmn⊗OQmnΩ
•
Qmn/S(T )♮ [−1] −→ OEmn⊗OQmnΩ
•
Qmn/
◦
T
(0 ≤ m ≤ N,n ∈ N)
is injective. Let pmn : Qmn −→ S(T )
♮ and pmn : Qmn −→ S(T )♮ be the structural
morphisms. Since Qmn −→ S(T )♮ is log smooth, the first fundamental exact sequence
(1.7.20.3) 0 −→ p∗mn(Ω
1
S(T )♮/
◦
T
) −→ Ω1
Qmn/
◦
T
−→ Ω1Qmn/S(T )♮ −→ 0
is locally split (X (resp. Y ) in the exact sequence in [loc. cit.] has to be replaced in
Y (resp. X).). Hence the following sequence
(1.7.20.4) 0 −→ p∗mn(Ω
1
S(T )♮/
◦
T
) −→ Ω1
Qmn/
◦
T
−→ Ω1Qmn/S(T )♮ −→ 0
is also locally split ([Kk2, (3.12)]). Now the desired injectivity is clear since θQmn is
a basis of p∗mn(Ω
1
S(T )♮/
◦
T
).
Remark 1.7.21. Let κ be a perfect field of characteristic p > 0. In the case T = S,
◦
S = Spec(Wn(κ)), N = 0 and F
•≤N = O
Y
0,
◦
T0
/
◦
T
, the exact sequence (1.7.20.1) is
nothing but the exact sequence in the last line in [HK, p. 245] modulo the difference
of the wedge products of θ0,•∧ in this book and ∧θ0,• in [loc. cit.].
Corollary 1.7.22. If the structural morphism Y•≤N −→ S is integral, then F•≤N,•⊗OQ•≤N,•
Ωi
Q•≤N,•/
◦
T
(i ∈ N) is a sheaf of flat g−1• (OT )-modules.
Proof. By [HK, (2.22)] or (1.3.5), F•≤N,• ⊗OQ•≤N,• Ω
i
Q•≤N,•/S(T )♮ (i ∈ N) is a sheaf
of flat g−1• (OT )-modules. Hence (1.7.22) follows from (1.7.20).
Let
(1.7.22.1)
πS(T )♮crys : ((Y•≤N,•,
◦
T0
/S(T )♮)crys,OY
•≤N,•,
◦
T0
/S(T )♮) −→ ((Y•≤N,
◦
T 0
/S(T )♮)crys,OY
•≤N,
◦
T0
/S(T )♮)
and
(1.7.22.2)
πTcrys : ((Y•≤N,•,T0/T )crys,OY•≤N,•,T0/T ) −→ ((Y•≤N,T0/T )crys,OY•≤N,T0/T ),
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be the natural morphisms of ringed topoi. Let
(1.7.22.3)
πcrys : ((Y•≤N,•,
◦
T0
/
◦
T )crys,O
Y
•≤N,•,
◦
T0
/
◦
T
) −→ ((Y
•≤N,
◦
T0
/
◦
T )crys,O
Y
•≤N,
◦
T0
/
◦
T
)
and
πzar : ((Y•≤N,•,
◦
T0
)zar, g
−1
• (OT )) = ((Y•≤N,•,T0)zar, g
−1
• (OT ))(1.7.22.4)
−→ ((Y•≤N,T0)zar, g
−1
T (OT )) = ((Y•≤N,
◦
T 0
)zar, g
−1(OT ))
be also the natural morphisms of ringed topoi. Then we have the following commu-
tative diagrams of ringed topoi:
(1.7.22.5)
((Y
•≤N,•,
◦
T0
/S(T )♮)crys,OY
•≤N,•,
◦
T0
/S(T )♮)
π
S(T)♮crys
−−−−−−→ ((Y
•≤N,
◦
T 0
/S(T )♮)crys,OY
•≤N,
◦
T0
/S(T )♮)
u
Y
•≤N,•,
◦
T0
/S(T)♮
y yuY•≤N,◦T0/S(T)♮
((Y
•≤N,•,
◦
T 0
)zar, g
−1
• (OT ))
πzar−−−−→ ((Y
•≤N,
◦
T 0
)zar, g
−1(OT )),
(1.7.22.6)
((Y•≤N,•,T0/T )crys,OY•≤N,•,T0/T )
πTcrys
−−−−→ ((Y•≤N,T0/T )crys,OY•≤N,T0/T )
uY•≤N,•,T0/T
y yuY•≤N,T0/T
((Y•≤N,•,T0)zar, g
−1
•,T (OT ))
πzar−−−−→ ((Y•≤N,T0)zar, g
−1
T (OT )),
(1.7.22.7)
((Y
•≤N,•,
◦
T0
/S(T )♮)crys,OY
•≤N,•,
◦
T0
/S(T )♮)
π
S(T)♮crys
−−−−−−→ ((Y
•≤N,
◦
T 0
/S(T )♮)crys,OY
•≤N,
◦
T0
/S(T )♮)
ǫ
Y
•≤N,•,
◦
T0
/S(T)♮/
◦
T
y yǫY
•≤N,
◦
T0
/S(T )♮/
◦
T
((Y
•≤N,•,
◦
T0
/
◦
T )crys,O
Y
•≤N,•,
◦
T0
/
◦
T
)
πcrys
−−−−→ ((Y
•≤N,
◦
T0
/
◦
T )crys,O
Y
•≤N,
◦
T0
/
◦
T
),
(1.7.22.8)
((Y•≤N,•,T0/T )crys,OY•≤N,•,T0/T )
πTcrys
−−−−→ ((Y•≤N,T0/T )crys,OY•≤N,T0/T )
ǫ
Y•≤N,•,T0
/T/
◦
T
y yǫY•≤N,T0/T/◦T
((Y
•≤N,•,
◦
T0
/
◦
T )crys,O
Y
•≤N,•,
◦
T0
/
◦
T
)
πcrys
−−−−→ ((Y
•≤N,
◦
T 0
/
◦
T )crys,O
Y
•≤N,
◦
T0
/
◦
T
).
Proposition 1.7.23. The complex Rπzar∗(F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/
◦
T
) is indepen-
dent of the choice of the disjoint union of the member of an affine N -truncated
simplicial open covering of Y
•≤N,
◦
T
and an (N,∞)-truncated bisimplicial immersion
Y
•≤N,•,
◦
T
⊂
−→ Q•≤N,• over S(T )♮.
Proof. By (1.7.20.1) we have the following triangle
Rπzar∗(F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮)[−1] −→ Rπzar∗(F
•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/
◦
T
)
(1.7.23.1)
−→ Rπzar∗(F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮)
+1
−→ .
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Because (F•≤N,•,∇/S(T )♮) corresponds to the log crystal F •≤N,• of OY
•≤N,•,
◦
T0
/S(T )♮-
modules, we have the following formula
RuY
•≤N,•,
◦
T0
/S(T )♮∗(F
•≤N,•) = F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ .(1.7.23.2)
Hence we have the following formula by [Kk2, (1.7)], (1.7.22.5) and the cohomological
descent
Rπzar∗(F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮) = Rπzar∗RuY
•≤N,•,
◦
T0
/S(T )♮∗(F
•≤N,•)
(1.7.23.3)
= RuY
•≤N,
◦
T0
/S(T )♮∗RπS(T )♮crys∗(F
•≤N,•)
= RuY
•≤N,
◦
T0
/S(T )♮∗RπS(T )♮crys∗(π
∗
S(T )♮crys(F
•≤N ))
= RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ).
Thus the triangle (1.7.23.1) is equal to the following triangle:
RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )[−1] −→ Rπzar∗(F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/
◦
T
)(1.7.23.4)
−→ RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) +1−→ .
Assume that we are given another affine N -truncated simplicial open covering of
Y
•≤N,
◦
T0
which gives another (N,∞)-truncated bisimplicial immersion Y ′
•≤N,•,
◦
T0
⊂
−→
Q′•≤N,• into a log smooth (N,∞)-truncated bisimplicial scheme over S(T )♮. Then, by
(1.2.2), we have another such (N,∞)-truncated bisimplicial immersion Y ′′
•≤N,•,
◦
T0
⊂
−→
Q′′•≤N,• fitting into the following commutative diagram over S(T )♮:
(1.7.23.5)
Y
•≤N,•,
◦
T0
⊂
−−−−→ Q•≤N,•x x
Y ′′
•≤N,•,
◦
T0
⊂
−−−−→ Q′′•≤N,•y y
Y ′
•≤N,•,
◦
T0
⊂
−−−−→ Q′•≤N,•.
By using (1.7.23.4), the rest of the proof is a routine work.
Definition 1.7.24. We call
Rπzar∗(F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/
◦
T
)
the modified log crystalline complex of F •≤N on Y
•≤N,
◦
T0
/
◦
T . By abuse of notation, we
denote it by R˜u
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ) (this depends on the log scheme S(T )♮ and the mor-
phism Y
•≤N,
◦
T0
−→ S(T )♮ of log schemes). When F •≤N = O
Y
•≤N,
◦
T0
/
◦
T
, we call it the
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modified log crystalline complex of Y
•≤N,
◦
T0
/
◦
T and denote it by R˜u
Y
•≤N,
◦
T0
/
◦
T∗
(O
Y
•≤N,
◦
T0
/
◦
T
).
We denote Rg∗R˜u
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ) by R˜g
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ). We denoteHi(R˜g
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ))
(i ∈ N) by R˜ig
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ).
Proposition 1.7.25. Let r : (T ′,J ′, δ′) −→ (T,J , δ) be a morphism from an analo-
gous fine log PD-scheme to (T,J , δ). Let us denote also by r the induced morphism
r : (S(T ′)♮,J ′, δ′) −→ (S(T )♮,J , δ) by the morphism above. Let q : Y
•≤N,
◦
T ′0
−→
Y
•≤N,
◦
T0
be the induced morphism over
◦
T ′ −→
◦
T by r. Then
r∗(R˜iu
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N )) = R˜iu
Y
•≤N,
◦
T ′0
/
◦
T ′∗
(q∗crys(F
•≤N ))
Proof. It is clear that there exists a canonical morphism
r∗(R˜iu
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N )) −→ R˜iu
Y
•≤N,
◦
T′
0
/
◦
T ′∗
(q∗crys(F
•≤N )).
To prove that this is an isomorphism, it suffices to assume that N = 0 and that there
exists a lift Q of Y
0,
◦
T 0
into a log smooth scheme over S(T )♮. Hence we can use the
simplified notation Q for Q•≤N,• and F for F•≤N,•, respectively. Set Q ◦
T ′
:= Q× ◦
T
◦
T ′.
Then Q ◦
T ′
is a lift of Y
0,
◦
T ′0
. Because
Riu
Y
•≤N,
◦
T′0
/
◦
T ′∗
(q∗crys(F
•≤N )) = Hi(q∗(F)⊗OQ◦
T ′
Ω•
Q◦
T ′
/
◦
T ′
)
and
Riu
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ) = Hi(F ⊗OQ Ω
•
Q/
◦
T
),
it suffices to prove that
OT ′ ⊗OT H
i(F ⊗OQ Ω
•
Q/
◦
T
) = Hi(OT ′ ⊗OT F ⊗OQ Ω
•
Q/
◦
T ′
).
This follows from (1.7.22).
Proposition 1.7.26 (Contravariant functoriality of R˜g
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N )). (1)
Let u : (S(T )♮,J , δ) −→ (S′(T ′)♮,J ′, δ′) be as in the beginning of §1.5. Let
(1.7.26.1)
Y
•≤N,
◦
T0
h•≤N
−−−−→ Z
•≤N,
◦
T ′0y y
S◦
T 0
−−−−→ S′◦
T ′0
be a commutative diagram of N -truncated simplicial log smooth schemes over S◦
T 0
and S′◦
T ′0
such that Y•≤N and Z•≤N have the disjoint unions Y ′
•≤N,
◦
T0
and Z ′
•≤N,
◦
T ′0
of
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the members of affine N -truncated simplicial open coverings of Y
•≤N,
◦
T 0
and Z
•≤N,
◦
T ′0
,
respectively, fitting into the following commutative diagram
(1.7.26.2)
Y ′
•≤N,
◦
T0
h′•≤N
−−−−→ Z ′
•≤N,
◦
T ′0y y
Y
•≤N,
◦
T0
h•≤N
−−−−→ Z
•≤N,
◦
T ′0
.
Let G•≤N be a flat quasi-coherent crystal of O
Z
•≤N,
◦
T ′
0
/
◦
T ′
-modules. Let
j•≤N : h∗•≤N,crys(G
•≤N ) −→ F •≤N
be a morphism of flat quasi-coherent crystals of O
Y
•≤N,
◦
T
/
◦
T
-modules. Then there exists
a natural morphism
j˜•≤N : R˜u
Z
•≤N,
◦
T ′
0
/
◦
T ′∗
(G•≤N) −→ Rh•≤N∗R˜u
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ),(1.7.26.3)
which is compatible with the composition of j•≤N ’s and
˜(idY
•≤N,
◦
T0
)∗ = idR˜u
Y
•≤N,
◦
T0
/
◦
T∗
(F•≤N ).
(2) Set G•≤N := ǫ∗
Z•≤N,T′0
/S′(T ′)♮/
◦
T
(G•≤N ). Then the morphism j˜•≤N∗ fits into
the following commutative diagram of triangles:
(1.7.26.4)
Rh•≤N∗RuY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )[−1] −−−−→ Rh•≤N∗Ru˜
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ) −−−−→
j•≤N
x xj˜•≤N
RuZ
•≤N,
◦
T′
0
/S′(T ′)♮∗(G•≤N )[−1] −−−−→ Ru˜
Z
•≤N,
◦
T′
0
/
◦
T ′∗
(G•≤N ) −−−−→
Rh•≤N∗RuY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )
+1
−−−−→
j•≤N
x
RuZ
•≤N,
◦
T′
0
/S′(T ′)♮∗(G•≤N )
+1
−−−−→ .
Proof. (1): We obtain (1) by the argument before (1.5.2) and the proof of (1.5.2).
(2): (2) follows from the definition of j˜•≤N .
Let
(1.7.26.5) F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ −→ F
•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮
be the boundary morphism of (1.7.20.1) in the derived category D+(f−1•≤N,•(OT )).
(We make the convention on the sign of the boundary morphism as in [NS1, p. 12
(4)].) This morphism induces the following morphism by (1.7.23.3):
(1.7.26.6)
Nzar := NY
•≤N,
◦
T0
/S(T )♮,zar : RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) −→ RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ).
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Proposition 1.7.27. The morphism (1.7.26.6) is well-defined.
Proof. The proof is the same as that of (1.7.23).
By the definitions in (1.7.24), we have the following triangle and the long exact se-
quence:
R˜u
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ) −→ RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) Nzar−→ RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) +1−→
(1.7.27.1)
and
· · · −→ Rq−1gY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) −→ R˜qg
Y
•≤N,
◦
T0
/
◦
T∗
(F •≤N ) −→(1.7.27.2)
RqgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) Nzar−→ RqgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) −→ · · · .
Let the notations be as in (1.7.11).
Assume that there exist another disjoint union Y ′
•≤N,
◦
T 0
(resp. Z ′
•≤N,
◦
T ′0
) of the
members of affine N -truncated simplicial open coverings of Y
•≤N,
◦
T0
(resp. Z
•≤N,
◦
T0
)
and a morphism z′ : Y ′
•≤N,•,
◦
T0
−→ Z ′
•≤N,
◦
T0
fitting into the following commutative
diagram:
(1.7.27.3)
Y ′
•≤N,
◦
T 0
z′
−−−−→ Z ′
•≤N,
◦
T0y y
Y
•≤N,
◦
T 0
z
−−−−→ Z
•≤N,
◦
T0
.
Then the following diagram is commutative:
(1.7.27.4)
Rz∗RuY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )
deg(u)Ru∗(NY
•≤N,
◦
T0
/S(T )♮,zar
)
−−−−−−−−−−−−−−−−−−−−−→ Rz∗RuY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )
z∗
x xz∗
RuZ
•≤N,
◦
T′0
/S′(T ′)♮∗(G•≤N )
N
Z
•≤N,
◦
T′0
/S′(T ′)♮,zar
−−−−−−−−−−−−−−→ RuZ
•≤N,
◦
T′0
/S′(T ′)♮∗(G•≤N ).
since u∗(θQ•≤N,•) = deg(u)θR•≤N,• . Here R•≤N,• is an analogous log scheme to
Q•≤N,• for Z•≤N,• fitting into the following commutative diagram
(1.7.27.5)
Y
•≤N,
◦
T0
⊂
−−−−→ Q•≤N,•y y
Z
•≤N,
◦
T0
⊂
−−−−→ R•≤N,•.
over
S◦
T 0
⊂
−−−−→ S(T )♮y y
S′◦
T ′0
⊂
−−−−→ S′(T ′)♮.
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In particular, in the situation (1.7.18) with the existences of Y ′•≤N and Y
′′
•≤N fitting
into the following commutative diagram
(1.7.27.6)
Y ′
•≤N,
◦
T0
⊂
−−−−→ Y ′′
•≤N,
◦
T 0y y
Y
•≤N,
◦
T0
⊂
−−−−→ Y
•≤N,
◦
T0
,
then the morphism (1.7.26.6) is nothing but a morphism
(1.7.27.7)
Nzar := NY
•≤N,
◦
T0
/S(T )♮,zar : RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) −→ RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )(−1, u).
Here Y ′′
•≤N,
◦
T0
is another disjoint union of the members of affine N -truncated simplicial
open coverings of Y
•≤N,
◦
T0
. This morphism induces the following morphism
(1.7.27.8)
Nzar := NY
•≤N,
◦
T0
/S(T )♮,zar : RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) −→ RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )(−1, u).
Definition 1.7.28. We call the morphism (1.7.27.7) (resp. (1.7.27.8)) the zariskian
monodromy operator (resp.monodromy operator) of F •≤N . When F •≤N = O
Y
•≤N,
◦
T0
/
◦
T
,
we call the morphism (1.7.27.7) the zariskian monodromy operator (resp. monodromy
operator) of Y
•≤N,
◦
T 0
/T .
Proposition 1.7.29. Let the notations be as after (1.7.8). Assume that Z•≤N has the
disjoint union Z ′•≤N of the member of an affine N -truncated simplicial open covering
of Z•≤N . Then there exists the following connection
∇ : RqgZ•≤N/Y∗(E
•≤N ) −→ RqgZ•≤N/Y∗(E
•≤N )⊗OY Ω
1
Y/U .(1.7.29.1)
In the case N = 0, I = 0 and Y = Y , this connection is (essentially) the log version
of the Gauss-Manin connection in [KO].
Proof. Let Z•≤N,•
⊂
−→ R•≤N,• be an immersion into a log smooth scheme over Y.
Let g• : R•≤N,• −→ Y be the structural morphism. If each affine member of Z ′N is
sufficiently small, this immersion indeed exists by (1.1.5) and (1.2.6). Let E•≤N,•
be the log PD-envelope of the immersion Z•≤N,•
⊂
−→ R•≤N,• over Y. Let E•≤N,•
be the crystal of O
Y
•≤N,•,
◦
T0
/
◦
T
-modules obtained by E•≤N . Let (E•≤N,•,∇) be the
quasi-coherent OE•≤N,•-module with integrable connection corresponding to E
•≤N,•.
Since R•≤N,•/Y is log smooth, the following sequence
0 −→ g∗(Ω1Y/U ) −→ Ω
1
R•≤N,•/U −→ Ω
1
R•≤N,•/Y −→ 0.
is exact ([Kk2, (3.12)]). Consider the following filtration
Fili(E•≤N,• ⊗OR•≤N,• Ω
•
R•≤N,•/U ) :=Im(E
•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/U ⊗OR•≤N,• g
∗(ΩiY/U )
−→ E•≤N,• ⊗OR•≤N,• Ω
•
R•≤N,•/U ).
Because Ω1Y/U and Ω
1
R•≤N,•/Y are locally free modules of finite rank,
gri(E•≤N,• ⊗OR•≤N,• Ω
•
R•≤N,•/U ) = E
•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/Y ⊗OR•≤N,• g
∗(ΩiY/U ).
(1.7.29.2)
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Let πzar : (Y•≤N,•)zar −→ (Y•≤N )zar be the natural morphism. Then we have the
following spectral sequence by (1.7.29.2):
Eij1 = R
j(gπzar)∗(E•≤N,• ⊗OR•≤N,• Ω
•
R•≤N,•/Y)⊗OY Ω
i
Y/U(1.7.29.3)
=⇒ Ri+j(gπzar)∗(E•≤N,• ⊗OR•≤N,• Ω
•
R•≤N,•/U ).
This spectral sequence is equal to the following spectral sequence:
Eij1 = R
jgZ•≤N/Y∗(E
•≤N )⊗OY Ω
i
Y/U =⇒ R
i+j(gπzar)∗(E•≤N,• ⊗OR•≤N,• Ω
•
R•≤N,•/U ).
(1.7.29.4)
The boundary morphism d0j1 : E
0j
1 −→ E
1j
1 induces the morphism (1.7.29.1).
We claim that this morphism is independent of the choices of the disjoint union
of the member of an affine N -truncated simplicial open covering of Z•≤N and the
immersion Z•≤N,•
⊂
−→ R•≤N,•. Because this is a routine work, we leave the proof of
the independence to the reader.
In the case N = 0, I = 0 and Y = Y , the connection d0j1 : E
0j
1 −→ E
1j
1 is
(essentially) the log version of the Gauss-Manin connection in [KO].
Corollary 1.7.30. The complex R(gπzar)∗(E•≤N,• ⊗OR•≤N,• Ω
•
R•≤N,•/U ) is indepen-
dent of the choices of the disjoint union of the member of an affine N -truncated
simplicial open covering of Z•≤N and the immersion Z•≤N,•
⊂
−→ R•≤N,•.
Proof. This follows from (1.7.29.3) and (1.7.29.4).
The following is an N -truncated simplicial log version of a generalization of [Be2,
V (3.6.4)]:
Theorem 1.7.31. Let the notations be as in (1.7.29). Then the connections (1.7.8.3)
and (1.7.29.1) are equal.
Proof. (The proof is an N -truncated simplicial log version of a generalization of the
proof of [Be2, V (3.6.4)].) Let the notations be as in the proof of (1.7.29).
Let jR•≤N,• : (Z•≤N,•/U)crys|R•≤N,• −→ (Z•≤N,•/U)crys be the localization of log
crystalline topoi.
Let
ϕ∗ : {the category of OR•≤N,•-modules}
−→ {the category of log crystals of OZ•≤N,•/U |R•≤N,•-modules}
be a natural functor which is defined as follows as usual: for a coherent OR•≤N,•-
module F•≤N,• and for an object T of (Z•≤N,•/U)crys|R•≤N,• with a morphism T −→
R•≤N,• for some n ∈ N, ϕ∗(F•≤N,•) := OT ⊗OR•≤N,• F . Set
LZ•≤N,•/U := jR•≤N,• ◦ ϕ
∗ : {the category of log crystals of OR•≤N,•-modules}
−→ {the category of log crystals of OZ•≤N,•/U -modules}
as usual (a log linearization functor). We can also define the following functor as
above:
LY/U : {the category of OY -modules}
−→ {the category of log crystals of OY/U -modules}
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Consider the following filtration on LZ•≤N,•/U (E
•≤N,• ⊗OR•≤N,• Ω
•
R•≤N,•/U ) by the
image of the complex LZ•≤N,•/U (E
•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/U ⊗OR•≤N,• g
∗
•(Ω
i
Y/U ))
(i ∈ Z). Then
griLZ•≤N,•/U (E
•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/U ⊗OR•≤N,• g
∗
•(Ω
i
Y/U ))
= LZ•≤N,•/U (E
•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/Y ⊗OR•≤N,• g
∗
•(Ω
i
Y/U )).
Hence we have the following spectral sequence
Eij1 = R
j(uY/Uπcrysg•crys)∗LZ•≤N,•/U (E
•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/Y ⊗OR•≤N,• g
∗
•(Ω
i
Y/U ))
(1.7.31.1)
=⇒ Ri+j(uY/Uπcrysg•crys)∗LZ•≤N,•/U (E
•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/U ⊗OR•≤N,• g
∗
•(Ω
i
Y/U )).
Because
Eij1 = R
j(πzarg•uZ•≤N,•/U )∗LZ•≤N,•/U (E
•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/Y ⊗OR•≤N,• g
∗
•(Ω
i
Y/U ))
= Rj(πzarg•)∗(E•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/Y ⊗OR•≤N,• g
∗
•(Ω
i
Y/U )),
the edge morphism Eij −→ Ei+1,j of the spectral sequence (1.7.31.1) is equal to that
of (1.7.29.3).
Following the proof of [Be2, Proposition 3.6.4], let us calculate
Rg•,crys∗(LZ•≤N,•/U (E
•≤N,• ⊗OR•≤N,• Ω
•−i
R•≤N,•/Y ⊗OR•≤N,• g
∗
•(Ω
i
Y/U ))).
First we have the following morphism
E•≤N,• ⊗OZ•≤N,•/U Lg
∗
•,crys(LY(Ω
i
Y/U )) −→ E
•≤N,• ⊗OZ•≤N,•/U LZ•≤N,•(g
∗(ΩiY/U ))
= LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U g
∗(ΩiY/U )).
Hence we have the following morphism
E•≤N,• ⊗OZ•≤N,•/U Lg
∗
•,crys(LY(Ω
i
Y/U )) −→
LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/Y ⊗OR•≤N,•/U g
∗(ΩiY/U )).
Because E•≤N,• = LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/U ), we have the following
morphism
LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/U )⊗OZ•≤N,•/U Lg
∗
•,crys(LY(Ω
i
Y/U )) −→
LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/Y ⊗OR•≤N,•/U g
∗(ΩiY/U )).
By using the adjunction morphism
Lg∗•,crysRg•,crys∗(LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/U ))
−→ LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/U ),
we have the following morphism
Lg∗•,crysRg•,crys∗(LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/U ))⊗OZ•≤N,•/U Lg
∗
•,crys(LY(Ω
i
Y/U )) −→
LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/Y ⊗OR•≤N,•/U g
∗(ΩiY/U )).
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This morphism gives us the following morphism
Rg•,crys∗(LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/U ))⊗OZ•≤N,•/U LY(Ω
i
Y/U ) −→
(1.7.31.2)
Rg•,crys∗(LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/Y ⊗OR•≤N,•/Y g
∗(ΩiY/U )).
We claim that (1.7.31.2) is an isomorphism. It suffices to prove that the value of both
hands of (1.7.31.2) at (Y,Y, 0) are equal. The value of the left hand side on (1.7.31.2)
at (Y,Y, 0) is equal to
Rg•∗(E•≤N,• ⊗OR•≤N,•/Y Ω
•
R•≤N,•/Y)⊗OY OD ⊗OY Ω
i
Y/U .
On the other hand, the value of the right hand side on (1.7.31.2) at (Y,Y, 0) is equal
to
Rg•∗(E•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/Y ⊗OR•≤N,•/U g
∗(ΩiY/U ))
= Rg•∗(E•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/Y)⊗OY Ω
i
Y/U .
Because they are isomorphic, we see that the morphism (1.7.31.2) is an isomorphism.
Thus we have proved that
Eij1 = Rg•,crys∗(E
•≤N,•)⊗OZ•≤N,•/U LY(Ω
i
Y/U ).
Consider the morphism
id⊗ LY(d) : Rg•,crys∗(E•≤N,•)⊗OZ•≤N,•/U LY(Ω
i
Y/U ) −→ Rg•,crys∗(E
•≤N,•)⊗OZ•≤N,•/U LY(Ω
i+1
Y/U ).
Then, as in [Be2, p. 362], we claim that the following diagram is commutative:
(1.7.31.3)
Eij
∼
−−−−→ Rg•,crys∗(E•≤N,•)⊗OZ•≤N,•/U LY(Ω
i
Y/U )
dij1
y yid⊗LY(d)
Ei+1,j
∼
−−−−→ Rg•,crys∗(E•≤N,•)⊗OZ•≤N,•/U LY(Ω
i+1
Y/U ).
Indeed, we have the natural morphism
E•≤N,• ⊗OZ•≤N,•/U g
∗
•,crys(LY(Ω
•
Y/U )) −→ LZ•≤N,•(E
•≤N,• ⊗OR•≤N,•/U Ω
•
R•≤N,•/U ).
In fact, this is a filtered morphism if one endow E•≤N,•⊗OZ•≤N,•/U g
∗
•,crys(LY(Ω
•
Y/U ))
with the induced filtration by the Hodge filtration on Ω•Y/U . Hence we have the
commutative diagram (1.7.31.3). Now we obtain (1.7.31) by the lemma below.
Lemma 1.7.32 (An obvious log version of [Be2, IV Proposition 3.1.4]). Let
E be a crystal of OY/U -module and let E −→ E⊗OY Ω1Y/U be the integrable connection
corresponding E. Let G be a OY -module with the hyper-PD-log stratification with
respect to U . Then the following hold:
(1) There exists the following canonical isomorphism
LY(E ⊗OY G)
∼
−→ E ⊗OY/U LY(G).
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(2) Let u be a hyper-differential operator from F −→ G and let v be the induced
hyper-differential operator from E ⊗OY F −→ E ⊗OY G by u. Then the following
diagram is commutative:
(1.7.32.2)
LY(E ⊗OY F)
LY(v)
−−−−→ LY(E ⊗OY G)
≃
y y≃
E ⊗OY/U LY(F)
id⊗LY(u)
−−−−−−→ E ⊗OY/U LY(G).
Proof. The proof is completely the same as that of [Be2, pp.272–273].
Proposition 1.7.33. Let the notations be as above. Let
(1.7.33.1) NS(T )♮,zar : RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N ) −→ RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )(−1, u)
be the indued morphism by (1.7.27.7). Then this morphism is equal to the monodromy
operator (1.7.9.1).
Proof. This immediately follows from (1.7.31).
We can prove the formula (1.7.34.4) for the monodromy operator by using the
following lemma without using (1.7.33):
Lemma 1.7.34. Let Ω• and Ω˜• be dga’s over A with nonnegative degrees. Let θ ∈
Γ(T , Ω˜1) be a global section. Assume that there exists the following exact sequence
(1.7.34.1) 0 −→ Ω•[−1] θ∧−→ Ω˜• −→ Ω• −→ 0.
such that, for each q ∈ N,
(1.7.34.2) 0 −→ Ωq−1 θ∧−→ Ω˜q −→ Ωq −→ 0
is locally split. Let
(1.7.34.3) N : Hq(T ,Ω•) −→ Hq(T ,Ω•)
be the boundary morphism of (1.7.34.1). Let x and y be elements of Hq(T ,Ω•) and
Hq
′
(T ,Ω•), respectively. Then
(1.7.34.4) N i(x ∪ y) =
i∑
j=0
(
i
j
)
N i−j(x) ∪ N j(y) (i ∈ N).
Proof. It suffices to prove (1.7.34.4) for the case i = 1. Let q and q′ be nonnegative
ingegers. Let U be an object of T such that the sequence
0 −→ Ωr(U)[−1]
θ∧
−→ Ω˜r(U) −→ Ωr(U) −→ 0
for r = q and q′ is split. Let ι : Ωr(U) −→ Ω˜r(U) be a splitting. Let x and y be
elements of Ker(Ωq(U) −→ Ωq+1(U)) and Ker(Ωq
′
(U) −→ Ωq
′+1(U)), respectively.
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Let x′ and y′ be elements of Ωq(U) and Ωq
′
(U) such that θ ∧ x′ = θ ∧ ι(x′) = dι(x)
and θ ∧ y′ = θ ∧ ι(y′) = dι(y), respectively. Then
d(ι(x) ∧ ι(y)) = dι(x) ∧ ι(y) + (−1)qι(x) ∧ dι(y)
= θ ∧ ι(x′) ∧ ι(y) + (−1)qι(x) ∧ θ ∧ ι(y′)
= θ ∧ ι(x′) ∧ ι(y) + θ ∧ ι(x) ∧ ι(y′)
= θ ∧ (x′ ∧ y + x ∧ y′).
Hence the image of x∧y by the boundary morphism Hq+q
′
(Ω•(U)) −→ Hq+q
′
(Ω•(U))
is x′∧y+x∧y′. By using the Godement resolution of Ω˜• and Ω•, we obtain (1.7.34).
Proposition 1.7.35. Let (T ′,J ′, δ′) −→ (T,J , δ) be as in (1.7.25). Set Y
•≤N,
◦
T ′0
:=
Y•≤N ×S ST ′0 . Let p : Y•≤N,
◦
T ′0
−→ Y
•≤N,
◦
T 0
be the induced morphism over
◦
T ′ −→
◦
T
by the morphism above. Then
NS(T )♮,zar ⊗
L
OT OT ′ : RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗LOT OT ′(1.7.35.1)
−→ RgY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗LOT OT ′
is equal to
NS(T ′)♮zar : RgY
•≤N,
◦
T′0
/S(T ′)♮∗(p
∗
crys(F
•≤N )) −→ RgY
•≤N,
◦
T′0
/S(T ′)♮∗(p
∗
crys(F
•≤N )).
Proof. BecauseF•≤N,•⊗OQ•≤N,•Ω
•
Q•≤N,•/S(T )♮ consists of flatOT -modules, (1.7.20.1)⊗OT
OT ′ is exact. Then we have only to apply the direct image RgT ′∗RπS(T ′)♮zar∗ to the re-
sulting exact sequence and to use Kato’s log base change theorem ([Kk2, (6.10)]).
Proposition 1.7.36 (Contravariant functoriality of the p-adic monodromy
operator). Let the notations be as in (1.7.26). Denote the morphsim u in (1.7.26)
by v. Let
(1.7.36.1)
(S(T )♮,J , δ)
u
−−−−→ (S(T )♮,J , δ)
v
y yv
(S′(T ′)♮,J , δ) u
′
−−−−→ (S′(T ′)♮,J , δ)
be a commutative diagram of PD-family of log points. Assume that we are given the
commutative diagram (1.7.27.3) and a similar commutative diagram
(1.7.36.2)
Z ′
•≤N,
◦
T ′0
g′Z
•≤N,
◦
T ′
0−−−−−−→ Z ′′
•≤N,
◦
T ′0y y
Z
•≤N,
◦
T ′0
gZ
•≤N,
◦
T ′
0−−−−−−→ Z
•≤N,
◦
T ′0
to (1.7.27.3). Let g•≤N : Y•≤N,
◦
T0
−→ Z
•≤N,
◦
T ′0
be a morphism fitting into a mor-
phism from the commutative (1.7.27.3) to (1.7.36.2). Then the following diagram is
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commutative:
(1.7.36.3)
Rg∗RuY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )
N
S(T )♮,zar
−−−−−−−→ Rg∗RuY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )(−1, u)
g∗•≤N
x xg∗•≤N
RuZ
•≤N,
◦
T′
0
/S′(T ′)♮∗(G•≤N )
N
S′(T ′)♮,zar
−−−−−−−−→ RuZ
•≤N,
◦
T′
0
/S′(T ′)♮∗(G•≤N )(−1, u′)
Proof. This follows from (1.7.26.4).
Now we consider the case where Y•≤N/S is an N -truncated simplicial SNCL
scheme X•≤N/S and F •≤N = ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ), where E•≤N is the sheaf in §1.4.
Assume that X
•≤N,
◦
T0
has an affine N -truncated simplicial open covering of X
•≤N,
◦
T0
.
Let f• : X•≤N,•,
◦
T0
−→ S◦
T 0
⊂
−→ S(T )♮ be the composite structural morphism.
Theorem-Definition 1.7.37. Let E•≤N,• and Pex•≤N,• be as in §1.4. Then the fol-
lowing hold:
(1) The filtered complex
Rπzar∗((E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
, P ))
is independent of the choice of the disjoint union of the member of an affine N -
truncated simplicial open covering of X
•≤N,
◦
T0
and an (N,∞)-truncated bisimplicial
immersion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over S(T )♮. Set
(R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N )), P ) := Rπzar∗((E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
, P )).
We call this filtered complex themodified P-filtered log crystalline complex of ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N )
(P is the abbreviation of Poincare´). When E•≤N = O ◦
X•≤N,T0/
◦
T
, we call this filtered
complex the modified P-filtered log crystalline complex of X
•≤N,
◦
T0
/
◦
T .
(2) For each 0 ≤ m ≤ N , there exist the following canonical isomorphisms in
D+(f−1m,T (OT )) :
P0(R˜u
X
m,
◦
T0
/
◦
T∗
(ǫ∗
X
m,
◦
T0
/
◦
T
(Em)))
∼
−→MF(a
(0)
∗ Ru ◦
X
(0)
m,T0
/
◦
T∗
(E ◦
X
(0)
m,T0
/
◦
T
⊗Z ̟
(0)
crys(
◦
Xm,T0/
◦
T ))
(1.7.37.1)
−→ MF(a
(1)
∗ Ru ◦
X
(1)
m,T0
/
◦
T∗
(E ◦
X
(1)
m,T0
/
◦
T
⊗Z ̟
(1)
crys(
◦
Xm,T0/
◦
T ))
−→ · · ·
−→ MF(a
(l)
∗ Ru ◦
X
(l)
m,T0
/
◦
T∗
(E ◦
X
(l)
m,T0
/
◦
T
⊗Z ̟
(l)
crys(
◦
Xm,T0/
◦
T ))
−→ · · · · · · ) · · · ),
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grPk (R˜u
X
m,
◦
T0
/
◦
T∗
(ǫ∗
X
m,
◦
T0
/
◦
T
(Em)))(1.7.37.2)
∼
−→ a
(k−1)
∗ Ru ◦
X
(k−1)
m,T0
/
◦
T∗
(E ◦
X
(k−1)
m,T0
/
◦
T
⊗Z ̟
(k−1)
crys (
◦
Xm,T0/
◦
T )) (k ∈ Z≥1).
(3) (Contravariant functoriality) Let g•≤N be as in (1.5.0.2) satisfying the
condition (1.5.0.3). Let u : (S(T )♮,J , δ) −→ (S′(T ′)♮,J ′, δ′) be as in the beginning
of §1.5. Assume that we are given the morphism (1.5.1.2). Then g•≤N induces the
following pull-back morphism
g˜∗•≤N : (R˜u
Y
•≤N,
◦
T′0
/
◦
T ′∗
(ǫ∗
Y
•≤N,
◦
T ′
0
/
◦
T ′
(F •≤N )), P )(1.7.37.3)
−→ Rg•≤N∗(R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N )), P ).
This morphism satisfies the similar transitive relation to (1.5.2.4) and the similar
relation to (1.5.2.5).
(4) Let g•≤N : X•≤N −→ Y•≤N and h•≤N : X•≤N −→ Y•≤N be morphisms sat-
isfying the conditions (1.5.0.3), (1.5.6.4) and (1.5.6.5). Assume that
◦
g•≤N =
◦
h•≤N .
Then g˜∗•≤N = h˜
∗
•≤N in (1.7.37.3).
Proof. (1): By (1.7.23) the filtered complex Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
) is
independent of the choice stated in (1). By the same proof as that of (1.4.5), we
obtain (1) by (1.7.37.2) (which we will prove in (2)) and the descending induction on
the number of the filtration P .
(2): (2) follows from (1.3.22.1) and (1.3.19.1) as in the proof of (1.4.5).
(3): The proof of the existence of g˜∗•≤N is simpler than that of (1.5.2). We leave
the detail to the reader.
(4): If k ≥ 1, then, by a simpler proof than that of (1.5.9), we have the following
formula
grPk (g
∗
m) =
⊕
λ∈Λ(k)(◦g)
deg(u)kbφ(λ)∗
◦
g∗λ(1.7.37.4)
under the identification of the isomorphism (1.7.37.2). We claim that the pull-back
morphism
h˜∗•≤N : (R˜u
Y
•≤N,
◦
T′0
/
◦
T ′∗
(ǫ∗
Y
•≤N,
◦
T ′
0
/
◦
T ′
(F •≤N )), P )(1.7.37.5)
−→ Rg•≤N∗(R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N )), P ).
is equal to (1.7.37.3). Indeed, we have only to prove grPk (h
∗
•≤N ) = gr
P
k (g
∗
•≤N ) (k ∈ N).
If k ≥ 1, then we have the equality grPk (h˜
∗
m) = gr
P
k (g˜
∗
m) (0 ≤ ∀m ≤ N) by (1.7.37.4).
The morphism grP0 (g˜
∗
m) and gr
P
0 (h˜
∗
m) is induced by the following morphism
⊕
λ∈Λ(k)(◦g)
bφ(λ)∗
◦
g∗λ : b
(l)
∗ Ru ◦
Y
(l)
m,T0
/
◦
T∗
(E ◦
Y
(l)
m,T0
/
◦
T
⊗Z ̟
(1)
crys(
◦
Y m,T0/
◦
T ))
(1.7.37.6)
−→ Rgm∗a
(l)
∗ Ru ◦
X
(l)
m,T0
/
◦
T∗
(E ◦
X
(l)
m,T0
/
◦
T
⊗Z ̟
(l)
crys(
◦
Xm,T0/
◦
T )) (l ∈ N).
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Hence grP0 (g˜
∗
m) = gr
P
0 (h˜
∗
m). We complete the proof of (4).
Remark 1.7.38. (1) As in (1.4.6) we can prove (1.7.37) (1) by using (1.7.37.1),
(1.7.37.2) and the ascending induction on the number of the filtration P .
(2) Even when E•≤N = O ◦
X•≤N,T0/
◦
T
, the graded complex of
R˜u
X
m,
◦
T0
/
◦
T∗
(O
Xm,T0/
◦
T
) := R˜u
X
m,
◦
T0
/
◦
T∗
(ǫ∗
X
m,
◦
T0
/
◦
T
(O ◦
Xm,T0/
◦
T
)))
by P is “mixed” by (1.7.37.1). Hence we do not use the terminology “modified
preweight-filtered log crystalline complex” for (R˜u
X
m,
◦
T0
/
◦
T∗
(O
Xm,T0/
◦
T
), P ).
Assume that
◦
S and
◦
T are p-adic formal schemes. Let the notations be as in the
beginning of this section. Let e be a positive integer. Then the following sequence
0 −→ F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ ⊗Z Q[−1]
eθQ•≤N,•∧
−→ F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/
◦
T
⊗Z Q
(1.7.38.1)
−→ F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ ⊗Z Q −→ 0
is exact. Let
(1.7.38.2)
F•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ ⊗Z Q −→ F
•≤N,• ⊗OQ•≤N,• Ω
•
Q•≤N,•/S(T )♮ ⊗Z Q
be the boundary morphism of (1.7.38.1) in the derived category D+(f−1•≤N,•(OT )).
This morphism induces the following morphism by (1.7.23.3):
(1.7.38.3)
e−1NS(T )♮,zar : RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗Z Q −→ RuY
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗Z Q.
1.8 Variational p-adic monodromy-weight conjecture
I and variational filtered p-adic log hard Lef-
schetz conjecture I
In this section we formulate the variational p-adic monodromy-weight conjecture
((0.1.1)) and the variational filtered p-adic log hard Lefschetz conjecture ((0.1.2)).
The former is a generalization of the p-adic monodromy-weight conjecture in [Mo];
the latter is a p-adic generalization of a conjecture in the l-adic case attributed to
K. Kato in [Nakk3]. We also define a new filtered complex (Bzar, P ) fitting into the
following triangle of filtered complexes
(Azar, P )[−1] −→ (Bzar, P ) −→ (Azar, P )
+1
−→
and we prove the contravariant functoriality of (Bzar, P ). As a corollary of the func-
toriality, we prove the contravariant functoriality of the p-adic quasi-monodromy op-
erator.
Let Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)•• be the (N,∞)-truncated bicosimplicial double
complex of f−1•≤N,•(OT )-modules defined in (1.4.1.7) and (1.4.1.8). Let
(1.8.0.1) (Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)••, P ) −→ (I•≤N,•••, P )
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be the (N,∞)-truncated bicosimplicial filtered Godement resolution, which exist by
[NS1, (1.1.6)]. (Note that the topos (X
•≤N,•,
◦
T0
)zar has enough points.) (A filtered
injective resolution of (Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)••, P ) also exists by the argument
in [NS1, p. 42]; however we do not use the filtered injective resolution for the cal-
culations of Ker(ν˜S(T )♮,zar), Coker(ν˜S(T )♮,zar) and Im(ν˜S(T )♮,zar) in a future paper,
where ν˜S(T )♮,zar is the morphism defined in (1.8.0.3) below.) Then we have a res-
olution (s(Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)••), P ) −→ (s(I•≤N,•••), P ), where s means
the single complex of the double complex with respect to the last two degrees. Set
(A•≤N,••, P ) := πzar∗((I•≤N,•••, P )). Then
s((A•≤N,••, P )) = (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )
in D+F(f−1•≤N (OT )). Consider the following morphism
νS(T )♮,zar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij := (−1)i+j+1proj: E•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
S
/Pj+1
(1.8.0.2)
−→ E•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
S
/Pj+2.
It is easy to check that the morphism above actually inuduces a morphism of com-
plexes with the boundary morphisms in (1.4.1.8). Since (I•≤N,•••, P ) is the filteredly
Godement resolution of (s(Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)••), P ), the morphism (1.8.0.2)
induces the morphism
ν˜ij
S(T )♮,zar
:= (−1)i+j+1proj. : A•≤N,ij −→ A•≤N,i−1,j+1
of sheaves of f−1•≤N (OT )-modules. Set
ν˜S(T )♮,zar := s(⊕i,j∈Nν˜
ij
S(T )♮,zar
).(1.8.0.3)
Let
(1.8.0.4)
νS(T )♮,zar : (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ) −→ (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P 〈−2〉)
be a morphism of complexes induced by {νij
S(T )♮,zar
}i,j∈N. The morphism
θPex
•≤N,•
∧ : (Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij , P ) −→ (Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)i,j+1, P )
in (1.4.1.8) induces a morphism
θPex•≤N,•∧ : A
•≤N,•,ij −→ A•≤N,•,i,j+1.
Let g•≤N be the morphism (1.5.0.2) for the case Y•≤N,
◦
T ′0
= X
•≤N,
◦
T0
and (T ′,J ′, δ′) =
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(T,J , δ) and S′ = S satisfying the condition (1.5.0.3):
(1.8.0.5)
X ′
•≤N,
◦
T0
g′•≤N
−−−−→ X ′′
•≤N,
◦
T0y y
X
•≤N,
◦
T0
g•≤N
−−−−→ X
•≤N,
◦
T0y y
S◦
T 0
−−−−→ S◦
T 0
⋂y y⋂
S(T )♮
u
−−−−→ S(T )♮,
where X ′′
•≤N,
◦
T ′0
is another disjoint union of the member of an affine N -truncated
simplicial open covering of X
•≤N,
◦
T0
. Assume that deg(u) is not divisible by p or that
◦
T is a p-adic formal scheme and that the morphism (1.5.3.1) is divisible by pep(j+1).
Since the following diagram
(1.8.0.6)
A•≤N,•,ij
proj.
−−−−→ A•≤N,•,i−1,j+1
(gPD∗•≤N,•)
(ij)
y ydeg(u)(gPD∗•≤N,•)(i−1,j+1)
gPD∗•≤N,•∗(A
•≤N,•,ij)
proj.
−−−−→ gPD∗•≤N,•∗(A
•≤N,•,i−1,j+1)
is commutative, the morphism (1.8.0.4) is the following morphism
(1.8.0.7)
νS(T )♮,zar : (Azar(X•≤N,
◦
T 0
/S(T )♮, E•≤N ), P ) −→ (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P 〈−2〉)(−1, u).
Set
(1.8.0.8) B•≤N,•ij := A•≤N,•i−1,j(−1, u)⊕A•≤N,•ij (i, j ∈ N)
and
(1.8.0.9) B•≤N,ij := A•≤N,i−1,j(−1, u)⊕A•≤N,ij (i, j ∈ N)
(cf. [St1, p. 246]). The horizontal boundary morphism d′ : B•≤N,ij −→ B•≤N,i+1,j is,
by definition, the induced morphism d′′• : B•≤N,•ij −→ B•≤N,•,i+1,j defined by the
following formula:
d′(ω1, ω2) = ((−1)jdω1, (−1)j+1dω2)(1.8.0.10)
and the vertical one d′′ : B•≤N,ij −→ B•≤N,i,j+1 is the induced morphism by a mor-
phism d′′• : B•≤N,•ij −→ B•≤N,•i,j+1 defined by the following formula:
d′′•(ω1, ω2) = ((−1)iθPex
•≤N,•
∧ ω1 + νS(T )♮,zar(ω2), (−1)
iθPex
•≤N,•
∧ ω2).(1.8.0.11)
It is easy to check that B•≤N,•• is actually an N -truncated cosimplicial double com-
plex. Let B•≤N,• be the single complex of B•≤N,•• with respect to the last two
degrees.
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Let
µ
X
•≤N,
◦
T0
/
◦
T
: R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N )) =Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
)
(1.8.0.12)
−→ B•≤N,•
be a morphism of complexes induced by the following morphisms
µi•≤N,• : E
•≤N,• ⊗OPex
•≤N,•
Ωi
Pex•≤N,•/
◦
T
−→ E•≤N,• ⊗OPex
•≤N,•
Ωi
Pex•≤N,•/
◦
T
/P0⊕
E•≤N,• ⊗OPex
•≤N,•
Ωi+1
Pex
•≤N,•
/
◦
T
/P0 (i ∈ N)
defined by the following formula
µi•≤N,•(ω) := (ω mod P0, θPex•≤N,• ∧ ω mod P0) (ω ∈ E
•≤N,• ⊗OPex
•≤N,•
Ωi
Pex•≤N,•/
◦
T
).
Then we have the following morphism of triangles:
(1.8.0.13)
−−−−→ Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N )[−1] −−−−→
(θ
X
•≤N,
◦
T0
/S(T )♮
∧∗)[−1]
x
−−−−→ Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•Pex•≤N,•/S(T )♮)[−1]
Rπzar∗(θPex
•≤N,•
∧)
−−−−−−−−−−−−→
B•≤N,• −−−−→
µ
X
•≤N,
◦
T0
/
◦
T
x
Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
) −−−−→
Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N) +1−−−−→
θ
X
•≤N,
◦
T0
/S(T)♮
∧
x
Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•Pex•≤N,•/S(T )♮)
+1
−−−−→ .
This is nothing but the following diagram of trianlges:
(1.8.0.14)
−−−−→ Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N )[−1] −−−−→
(θ
X
•≤N,
◦
T0
/S(T)♮
∧)[−1]
x
−−−−→ RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))[−1] −−−−→
B•≤N,• −−−−→
µ
X
•≤N,
◦
T0
/
◦
T
x
R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N )) −−−−→
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Azar(X•≤N,
◦
T 0
/S(T )♮, E•≤N ) +1−−−−→
θ
X
•≤N,
◦
T0
/S(T )♮
∧
x
RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N )) +1−−−−→ .
Hence we obtain the following as in [St1, p. 246]:
Proposition 1.8.1. The zariskian monodromy operator
NS(T )♮,zar : RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))(1.8.1.1)
−→ RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))(−1, u)
is equal to
νS(T )♮,zar : Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ) −→ Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N )(−1, u).
via the isomorphism (1.4.4.1).
Corollary 1.8.2. Assume that
◦
X•≤N is quasi-compact. Then the zariskian mon-
odromy operator
NS(T )♮,zar : RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))(1.8.2.1)
−→ RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))(−1, u)
is nilpotent.
Proof. (1.8.2) immediately follows from (1.8.1) since νS(T )♮,zar is nilpotent.
Corollary 1.8.3. Let (T ′,J ′, δ′) −→ (T,J , δ) be as in (1.7.35). Then
νS(T )♮,zar ⊗
L
OT OT ′ : Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N )⊗LOT OT ′(1.8.3.1)
−→ Azar(X•≤N,
◦
T 0
/S(T )♮, E•≤N )(−1, u)⊗LOT OT ′
is equal to
νS(T )♮,zar : Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ) −→ Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N )(−1, u).
Proof. (1.8.3) follows from (1.8.1) and (1.7.35).
Definition 1.8.4. We call νS(T )♮,zar the zariskian quasi-monodromy operator of ǫ
∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ).
When E•≤N = O ◦
X•≤N,T0/
◦
T
, then we call νS(T )♮,zar the zariskian quasi-monodromy
operator of X
•≤N,
◦
T0
/S(T )♮.
Proposition 1.8.5. Let k be a positive integer and let q be a nonnegative integer.
Then
νkS(T )♮,zar : R
qf∗(grPk Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ))(1.8.5.1)
−→ Rqf∗(grP−kAzar(X•≤N,
◦
T0
/S(T )♮, E•≤N ))(−k, u)
is the identity if k is even and (−1)h+1 if k is odd.
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Proof. The proof is the same as that of [Nakk2, (11.7)]. Here we give only the following
easy calculation of grP−kAzar(X•≤N,
◦
T0
/S(T )♮, E•≤N ).
The complex
grP−kAzar(X•≤N,
◦
T0
/S(T )♮, E•≤N) = grP−kRπzar∗(Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•))
is equal to
Rπzar∗(grP−kAzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•))
= Rπzar∗(
⊕
j≥0
grP2j−k+1Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•))•j{−j})
and this complex is equal to the following complex:
Rπzar∗[· · ·
(−1)j+k+1d
−→ grP2(j+k)−k+1(Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•))i−k,j+k{−j − k}
(i−k,j+k)
(−1)j+k+1d
−→ · · · ]
(1.8.5.2)
= Rπzar∗[· · ·
(−1)j+1d
−→ grP2j+k+1(Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•))ij{−j}
(i,j)
(−1)j+1d
−→ · · · ]
≃ grPk Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ).
Proposition 1.8.6. The quasi-monodromy operator
νS(T )♮,zar : Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N) −→ Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N )(−1, u)
underlies the following morphism of filtered morphism
νS(T )♮,zar : (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ) −→ (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P 〈−2〉)(−1, u),
where P 〈−2〉 is a filtration defined by (P 〈−2〉)k = Pk−2.
Proof. Obvious.
Corollary 1.8.7. The zariskian monodromy operator (1.8.2.1) induces the following
morphism
NS(T )♮,zar : PkRfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N )) −→(1.8.7.1)
Pk−2RfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))(−1, u)
Proof. (1.8.7) immediately follows from (1.8.1) and (1.8.6).
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Proposition 1.8.8. Assume that we are given the commutative diagram (1.8.0.5)
and a similar commutative diagram
(1.8.8.1)
Y ′
•≤N,
◦
T ′0
g′Y
•≤N,
◦
T ′0−−−−−−→ Y ′′
•≤N,
◦
T ′0y y
Y
•≤N,
◦
T ′0
gY
•≤N,
◦
T ′0−−−−−−→ Y
•≤N,
◦
T ′0y y
S′◦
T ′0
−−−−→ S′◦
T ′0
⋂y y⋂
S′(T ′)♮ u
′
−−−−→ S′(T ′)♮,
to (1.8.0.5). Assume that we are given the commutative diagram (1.7.36.2) with the
replacements of Y
•≤N,
◦
T0
and Z
•≤N,
◦
T ′0
by X
•≤N,
◦
T0
and Y
•≤N,
◦
T ′0
, respectively. Let
h•≤N : X•≤N,
◦
T0
−→ Y
•≤N,
◦
T ′0
be a morphism fitting into a morphism from the commu-
tative (1.8.0.5) to (1.8.8.1). Let F •≤N be a flat quasi-coherent crystal of O ◦
Y •≤N,T ′0
/
◦
T ′
-
modules. Let ◦
h∗•≤N,crys(F
•≤N ) −→ E•≤N
be a morphism of flat quasi-coherent crystals of O
Y
•≤N,
◦
T
/
◦
T
-modules. Then the follow-
ing hold:
(1) Let h•≤N be the morphism g•≤N in (1.5.2) or (1.5.6). Then the following
diagram is commutative:
(1.8.8.2)
Rh•≤N∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N), P )
ν
S(T )♮,zar
−−−−−−→
h∗•≤N
x
(Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P )
ν
S′(T ′)♮,zar
−−−−−−−→
Rh•≤N∗(Azar(X•≤N,
◦
T 0
/S(T )♮, E•≤N ), P 〈−2〉)(−1, u)xh∗•≤N
(Azar(Y•≤N,
◦
T ′0
/S(T )♮, F •≤N ), P 〈−2〉)(−1, u′).
(2) Let the notations be as in (1.5.22) with the replacement of g•≤N with h•≤N .
Then the following diagram is commutative:
(1.8.8.3)
Rh•≤N∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )⊗LZ Q
ν
S(T )♮,zar
−−−−−−→
h∗•≤N
x
(Azar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P )⊗LZ Q
ν
S′(T ′)♮,zar
−−−−−−−→
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Rh•≤N∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P 〈−2〉)(−1, u)⊗LZ Qxh∗•≤N
(Azar(Y•≤N,
◦
T ′0
/S(T )♮, F •≤N), P 〈−2〉)(−1, u′)⊗LZ Q.
Proof. Obvious.
Set
PkB
•≤N,ij := PkA•≤N,i−1,j(−1, u)⊕ PkA•≤N,ij (i, j ∈ N).(1.8.8.4)
Then we have a filtered complex (B•≤N,•, P ) in D+F(f−1(OT )).
Proposition 1.8.9. (1) There exists the following sequence of the triangles in D+F(f−1(OT )) :
−→ (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )[−1] −→ (B•≤N,•, P )(1.8.9.1)
−→ (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) +1−→ .
(2) The filtred complex (B•≤N,•, P ) is independent of the choice of an affine N -
truncated simplicial open covering of X
•≤N,
◦
T0
and the choice of an (N,∞)-truncated
bisimplicial immersion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over S(T )♮.
(3) The morphism (1.8.0.12) is independent of the choices in (2).
Proof. (1): By the definition of (B•≤N,•, P ), wo obtain the triangle (1.8.9.1).
(2): Let the notations be as in the proof of (1.4.4). We may assume that there
exists the commutative diagram (1.4.4.7). Then we have a natural morphism from
(B•≤N,•, P ) obtained by P ′•≤N,• to (B
•≤N,•, P ) obtained by P•≤N,•. Because
(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )
is independent of the choice stated in (2) by (1.4.5), so is (B•≤N,•, P ).
(3): (3) follows from (2) and the commutative diagram (1.8.0.14).
Definition 1.8.10. We call (B•≤N,•, P ) the extended zariskian p-adic filtered Steen-
brink complexes of E•≤N for X
•≤N,
◦
T0
/(S(T )♮,J , δ). We denote it by
(Bzar(X•≤N,
◦
T 0
/S(T )♮, E•≤N ), P ) ∈ D+F(f−1(OT )).
When E•≤N = O ◦
X•≤N,T0/
◦
T
, we denote (Bzar(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ) by
(Bzar(X•≤N,
◦
T0
/S(T )♮), P ).
We call (Bzar(X•≤N,
◦
T0
/S(T )♮), P ) the extended zariskian p-adic filtered Steenbrink
complex of X
•≤N,
◦
T0
/(S(T )♮,J , δ).
Theorem 1.8.11 (Contravariant funcotriality I of Bzar). (1) Let the notations
be as in (1.5.2) or (1.5.6). Then g•≤N : X•≤N,
◦
T0
−→ Y
•≤N,
◦
T ′0
induces the following
well-defined pull-back morphism
(1.8.11.1)
g∗•≤N : (Bzar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P ) −→ Rg•≤N∗((Bzar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
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fitting into the following commutative diagram:
(1.8.11.2)
Bzar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N )
g∗•≤N
−−−−→ Rg•≤N∗(Bzar(X•≤N,
◦
T0
/S(T )♮, E•≤N ))
µ
Y
•≤N,
◦
T ′
0
/S′(T ′)♮∧
x≃ Rg•≤N∗(µX
•≤N,
◦
T0
/S(T )♮
∧)
x≃
R˜u
Y
•≤N,
◦
T′
0
/
◦
T ′∗
(ǫ∗
Y
•≤N,
◦
T ′
0
/
◦
T ′
(F •≤N ))
g∗•≤N
−−−−→ Rg•≤N∗R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N )).
(2)
(h•≤N ◦ g•≤N)∗ =Rh•≤N∗(g∗•≤N) ◦ h
∗
•≤N : (Bzar(Z•≤N,
◦
T ′′0
/S′′(T ′′)♮, F •≤N ), P )
(1.8.11.3)
−→ Rh•≤N∗Rg•≤N∗(Bzar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )
= R(h•≤N ◦ g•≤N )∗(Bzar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ).
(3)
(1.8.11.4)
id∗X
•≤N,
◦
T0
= id: (Bzar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) −→ (Bzar(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ).
Proof. Let the notations be as in the proof of (1.5.2). Set
Bzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij := Azar(Pex•≤N,•/S(T )
♮, E•≤N,•)i−1,j
⊕Azar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij
with boundary morphisms (1.8.0.10) and (1.8.0.11). Then we have a double complex
Bzar(Pex•≤N,•/S(T )
♮, E•≤N,•)••. Let Bzar(Qex•≤N,•/S
′(T ′)♮,F•≤N,•)•• be the similar
complex to Bzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)••. We can define the pull-back morphism
g∗•≤N,• : Bzar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•) −→ gPD•≤N,•∗(Bzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•))
(1.8.11.5)
by the following formula
g∗ij•≤N,• := (deg(u)
−jgPD∗•≤N,•, deg(u)
−(j+1)gPD∗•≤N,•) : Bzar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•)ij
(1.8.11.6)
−→ gPD•≤N,•∗Bzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij .
This morphism induces the following filtered morphism
g∗ij•≤N,• : (Bzar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•)ij , P ) −→ gPD•≤N,•∗(Bzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij , P ).
(1.8.11.7)
As in the proof of (1.5.2), we can check that g∗ij•≤N,• is the following morphism of
double complexes:
g∗•••≤N,• : (Bzar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•)••, P ) −→ gPD•≤N,•∗(Bzar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•)••, P )
Let
g∗•≤N,• : (Bzar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•), P ) −→ gPD•≤N,•∗(Bzar(Q
ex
•≤N,•/S
′(T ′)♮,F•≤N,•), P )
1.8. VARIATIONAL P -ADICMONODROMY-WEIGHT CONJECTURE I AND VARIATIONAL FILTERED P -ADIC LOG HARD LEFSCHETZ CONJECTURE I161
be the morphism of single complexes induced by g∗•••≤N,• and let
(1.8.11.8)
g∗•≤N : (Bzar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P ) −→ Rg•≤N∗(Bzar(X•≤N,
◦
T 0
/S(T )♮, E•≤N ), P )
be the induced morphism by g∗•≤N,•.
Theorem 1.8.12 (Contravariant funcotriality II of Bzar). Let the notations be
as in (1.5.22). Then there exists a morphism
g∗•≤N : (Bzar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P )⊗LZ Q(1.8.12.1)
−→ Rg•≤N∗((Bzar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )⊗LZ Q)
of filtered complexes in D+F(f−1(KT ′ )) fitting into the following commutative diagram
(1.8.12.2)
Bzar(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N )⊗LZ Q
g∗•≤N
−−−−→
µ
Y
•≤N,
◦
T ′
0
/S′(T ′)♮
∧x≃
R˜u
Y
•≤N,
◦
T′0
/
◦
T ′∗
(ǫ∗
Y
•≤N,
◦
T ′
0
/
◦
T ′
(F •≤N ))⊗LZ Q
g∗•≤N
−−−−→
Rg•≤N∗(Bzar(X•≤N,
◦
T0
/S(T )♮, E•≤N )⊗LZ Q)
Rg•≤N∗(µX
•≤N,
◦
T0
/S(T)♮
∧)
x≃
Rg•≤N∗R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ))⊗LZ Q.
This morphism satisfies the similar relation to (1.8.11.3).
Proof. The proof is the same as that of (1.8.11).
Corollary 1.8.13. (1) Let the notations be as in (1.5.22). The isomorphisms (1.4.4.1)
for X
•≤N,
◦
T0
/S(T )♮, E•≤N and Y
•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N induce a morphism g∗•≤N
from (1.7.36.3) to (1.8.8.2) for h•≤N = g•≤N . This morphism satisfies the transitive
relation and id∗X
•≤N,
◦
T0
/S(T )♮ = id.
(2) Let the notations be as in (1.5.22). The isomorphisms (1.4.4.1) for X
•≤N,
◦
T0
/S(T )♮,
E•≤N and Y
•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N induce a morphism from (1.7.36.3)⊗LZQ to (1.8.8.3).
This morphism satisfies the transitive relation and id∗X
•≤N,
◦
T0
/S(T )♮ = id.
Now we consider the case N = 0. Set X := X0. Assume that (
◦
T ,J , δ) is a p-adic
formal PD-scheme.
Conjecture 1.8.14 (Variational p-adic monodromy-weight conjecture). As-
sume that the structural morphism
◦
XT0 −→
◦
T 0 is projective. Let q be nonnegative
integer. Then the induced morphism
νkS(T )♮,zar : gr
P
q+kR
qfX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)⊗Z Q(1.8.14.1)
−→ grPq−kR
qfX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)(−k, u)⊗Z Q
by the quasi-monodromy operator is an isomorphism.
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Remark 1.8.15. (1) By (2.3.26) and (2.5.2) below (the comparison between the
method of filtered crystalline complexes and that of filtered de Rham-Witt com-
plexes), we shall see that the conjecture (1.8.14) is a generalization of Mokrane’s
p-adic monodromy-weight conjecture in [Mo, (3.27)].
(2) Though one can raise a problem when the induced morphism
νkS(T )♮,zar : gr
P
q+kR
qfX◦
T0
/S(T )♮∗(ǫ
∗
X◦
T0
/S(T )♮(E)) ⊗Z Q −→(1.8.15.1)
grPq−kR
qfX◦
T0
/S(T )♮∗(ǫ
∗
X◦
T0
/S(T )♮(E))(−k, u)⊗Z Q
by the quasi-monodromy operator is an isomorphism, I am not familiar with this
problem. However, see [P] and [CCPI].
(3) The conjecture (1.8.14) has been solved in the case dimX ≤ 2 by [Mo, 5.3,
§6], [Nakk2, (11.3)], [Nakk3, (8.4)], the log crystalline analogue of [Kaj] in the case
where
◦
T is the formal spectrum of the Witt ring of a perfect field of characteristic
p > 0 (see (5.5.8) below for a more general case). Assume that
◦
T is a p-adic formal
V-scheme in the sense of [Og1], that is, a noetherian p-adic formal V-scheme which
is topologically of finite type over V , where V is a complete discrete valuation ring of
mixed characteristics with perfect residue field. By (5.2.10) (1), (5.2.17) and (5.2.20)
below and by [Og1, (3.17)], we can reduce (1.8.14) to the case where S is the formal
spectrum of the Witt ring of a finite field ((5.5.4) below). (1.8.14) in other interesting
cases (e. g., [It2]) has been solved. In §5.4 below we shall give other theorems.
(4) If we do not assume the projectivity in (1.8.14), there are many examples
(rigid analytic reductions of certain elliptic surfaces) such that the structural mor-
phisms
◦
XT0 −→
◦
T 0’s are proper and such that the morphisms (1.8.14.1)’s are not
isomorphisms. See [Nakk3] for these examples.
We also give a variational filtered p-adic log hard Lefschetz conjecture, which is a
p-adic generalization of Kato’s conjecture in the l-adic case in [Nakk3].
Assume that the structural morphism
◦
f :
◦
XT0 −→
◦
T 0 is projective and the relative
dimension of
◦
f is of pure dimension d. Let L be a relatively ample line bundle on
◦
XT0/
◦
T 0. By the same argument as that of [BO2, §3] (see also [NS1, p. 130]), we obtain
the log cohomology class λ = c1,crys,S(T )♮(L) of L in R
2fX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)(1).
Conjecture 1.8.16 (Variational filtered p-adic log hard Lefschetz conjec-
ture). The following cup product
(1.8.16.1)
λiS(T )♮ : R
d−ifX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)⊗ZQ −→ R
d+ifX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)(i)⊗ZQ (i ∈ N)
is an isomorphism. In fact, λiS(T )♮ is the following isomorphism of filtered sheaves:
(1.8.16.2)
λiS(T )♮ : (R
d−ifX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)⊗ZQ, P )
∼
−→ (Rd+ifX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)(i)⊗ZQ, P ).
Remark 1.8.17. (1) In [Nakk3, (9.10)] we have proved that (1.8.16) for i = 1 implies
(1.8.14) for q = 1 and q = 2d− 1 in the case where S is the log point of a perfect field
of characteristic p > 0 and T = W(t), where t is a fine log scheme whose underlying
scheme is the spectrum of a perfect field of characteristic p > 0.
(2) In [Kaj] Kajiwara has proved that (1.8.16) for i = 1 and i = 2d−1 for log l-adic
etale cohomologies. In Chapter V we shall generalize the analogue for log crystalline
cohomlogies for more general base log formal schemes.
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(3) As in [BBD], one can raise the problem when the following morphism
(1.8.17.1)
λiS(T )♮ : R
d−ifX◦
T0
/S(T )♮∗(ǫ
∗
X◦
T0
/S(T )♮(E))⊗ZQ −→ R
d+ifX◦
T0
/S(T )♮∗(ǫ
∗
X◦
T0
/S(T )♮(E))(i)⊗ZQ
is an isomorphism. However I cannot formulate the precise statement for nontrivial
coefficients for which (1.8.17.1) should be an isomorphism.
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Chapter 2
Weight filtrations and slope
filtrations on log crystalline
cohomologies via log de
Rham-Witt complexes
In this chapter we generalize Hyodo-Kato’s comparison theorem ([HK], [Nakk2])
which tells us that the log de Rham-Witt complex of a log smooth scheme over a
fine log scheme whose underlying scheme is the spectrum of a perfect field of charac-
teristic p > 0 calculate the log crystalline complex of it. This generalization is a log
version and a truncated simplicial version of Etesse’s comparison theorem ([Et]) which
is a generalization of Bloch-Illusie’s comparison theorem ([I2]). We construct the p-
adic filtered Steenbrink complex of a simplicial SNCL scheme over the log point of a
perfect field of characteristic p > 0 by using the filtered log de Rham-Witt complex
of it. This is a generalization of the Hyodo-Mokrane-Steenbrink complex defined by
Mokrane ([Mo]) and corrected by the author ([Nakk2]). We give a comparison theo-
rem between the p-adic filtered Steenbrink complexes in the Chapters I and II. We also
recall the p-adic monodromy operator (resp. the p-adic quasi-monodromy operator)
of the log de Rham-Witt complex (resp. the Hyodo-Mokrane-Steenbrink complex) of
a simplicial SNCL scheme and give a comparison theorem between the p-adic mon-
odromy operators and the p-adic quasi-monodromy operators in the Chapters I and
II.
2.1 Log de Rham-Witt complexes of crystals I
In this section we construct a theory of log de Rham-Witt complexes of unit root
log F -crystals on a log smooth scheme of Cartier type over a fine log scheme whose
underlying scheme is the spectrum of a perfect field of characteristic p > 0. This is a
log version of Etesse’s theory in [Et] and a generalization of Hyodo-Kato’s theory in
[HK]. The proofs of several results in this section are the imitations of Etesse’s proofs
in [loc. cit.]; we give only the proofs which are not the imitations.
Let (S, I, γ) be a fine log PD-scheme such that p is locally nilpotent on
◦
S or a fine
log p-adic formal PD-scheme such that p ∈ I. (In this section S is not necessarily
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a family of log points.) Set S(0) := Speclog
S
(OS/I). Let Y be a fine log scheme
over S(0). Let g : Y −→ S(0) be the structural morphism. By abuse of notation, we
denote the composite structural morphism Y
g
−→ S(0)
⊂
−→ S by g : Y −→ S. Let
(U, T, δ) be an object of the log crystalline site Crys(Y/(S, I, γ)) of Y/S. Set J :=
Ker(OT −→ OU ). Let DT/S(1) be the log PD-envelope of the diagonal immersion
T
⊂
−→ T ×S T over (S, I, γ): DT/S(1) is the usual PD-envelope of the immersion
T
⊂
−→ (T ×S T )ex over (S, I, γ) endowed with the inverse image of the log structure of
T by the “projection” pi : (T ×S T )ex −→ T (i = 1, 2) (note that p∗1(MT ) = p
∗
2(MT )).
Let J be the PD-ideal sheaf of ODT/S(1). By abuse of notation, let us denote by
pi : DT/S(1) −→ T the induced morphism by the morphism pi : (T ×S T )
ex −→ T .
Set DnT/S(1) := ODT/S(1)/J
[n+1] and J n := J /J [n+1]. Let Jn be the inverse image
of J in DnT/S(1). Then we have the following commutative diagram of split exact
sequences:
(2.0.0.1)
0 −−−−→ J n −−−−→ DnT/S(1) −−−−→ OT −−−−→ 0∥∥∥ ⋃x ⋃x
0 −−−−→ J n −−−−→ Jn −−−−→ J −−−−→ 0.
The two splittings are given by the two morphisms p∗i : OT −→ D
n
T/S(1) (i = 1, 2).
Then we have two decompositions Jn ≃ J n ⊕ J by using p∗1 and p∗2. Consequently
we have two PD-structures δ1 and δ2 on Jn ([BO1, 3.12 Proposition]). Following [Et,
II (1.1.1)∼(1.1.4)], set DnT/S,δ(1) := D
n
T/S(1)/〈(δ1)m(x) − (δ2)m(x) | x ∈ Jn,m ∈ N〉.
Let J n/〈 〉 be the image of J n in DnT/S,δ(1). Let D
n
T/S,δ(1) be the exact closed log
subscheme of DnT/S(1) whose structure sheaf is D
n
T/S,δ(1). Let
⊕
i≥0Ω
i
T/S,δ be a sheaf
of differential graded algebras over OS which is a quotient of
⊕
i≥0Ω
i
T/S divided by
the ideal sheaf generated by local sections of the following form dδj(a) − δj−1(a)da
(a ∈ J , j ≥ 1). Then, by (1.3.26.1) and the calculation in the proof of [Et, II (1.1.4)],
we have an equality
J 1/〈 〉 = Ω
1
T/S,δ.(2.0.0.2)
Let E be a quasi-coherent log crystal of OY/S-modules. Because we have the “pro-
jections” p1, p2 : (U,D
1
T/S,δ(1)) −→ (U, T ), we have canonical isomorphisms p
∗
2(ET )
∼
−→
ED1
T/S,δ
(1)
∼
←− p∗1(ET ). Using the difference of these two canonical isomorphisms, and
considering the modulo reduction “/〈 〉”, we have the following integrable connection
(2.0.0.3) ∇ : ET −→ ET ⊗OT Ω
1
T/S,δ
as usual (cf. [loc. cit.]).
Let κ be a perfect field of characteristic p > 0. Let s be a fine log scheme whose
underlying scheme is Spec(κ). Let Wn (resp. W) be the Witt ring of κ of length
n ∈ Z≥1 (resp. the Witt ring of κ). Let Y be a log smooth scheme of Cartier type
over s. Let g : Y −→ s be the structural morphism. Let Wn(Y ) be the canonical
lift of Y defined in [HK, (3.1)]: Wn(Y ) = (
◦
Y ,MY ⊕ Ker(Wn(OY )∗ −→ O∗Y ) −→
Wn(OY )). In particular, we have the canonical lift Wn(s) of s over Wn and hence
the formal canonical lift W(s) over W . We also denote the structural morphism
Y
g
−→ s
⊂
−→ Wn(s) by g : Y −→ Wn(s). The log scheme Wn(Y ) has the canonical
PD-structure [ ] on VWn−1(OY ) ([I2, 0 (1.4.3)]): [V x]m := pm−1/m! · V (xm) (m ∈
Z≥1, x ∈ Wn−1(OY )).
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Let E be a quasi-coherent log crystal of OY/W(s)-modules. Let ι : Wn(Y )
⊂
−→
Wn+1(Y ) be the natural closed immersion. Set En := EWn(Y ). For a quasi-coherent
log crystal E′ of OY/Wn(s)-modules (n ∈ Z≥1), set also E
′
r := E
′
Wr(Y ) (1 ≤ r ≤ n).
Since E is a crystal, we have the isomorphism ι∗(En+1) = En. Hence we have the
projection R : En+1 −→ En. We also have the projection R : E′r+1 −→ E′r (1 ≤ r ≤
n− 1).
Let Wn(OY )′ and Wn(OY ) be the obverse and reverse Witt ring sheaves of Y of
length n, respectively, in the sense of [Nakk2, (7.8)]: Wn(OY )′ is, by definition, the
structure sheaf of Wn(Y ); on the other hand, if there exists an immersion Y
⊂
−→ Q
into a log smooth scheme over Wn(s),
Wn(OY ) = H
0(OE⊗OQΩ
∗
Q/Wn(s)) = H
0(Ω∗E/Wn(s),[ ]),
where E is the log PD-envelope of the immersion Y
⊂
−→ Q over (Wn(s), pOWn(s), [ ]).
We have the Cartier isomorphism C−n : Wn(OY )′
∼
−→ Wn(OY ) ([Nakk2, (7.5)]). If
there exists an immersion Y
⊂
−→ Q into a log smooth scheme over Wn(s), then C−n
is defined by the following morphism
sn(0, 0): Wn(OY )
′ ∋ (a0, . . . , an−1) 7−→
n−1∑
i=0
a˜p
n−i
i p
i ∈ H0(Ω∗E/Wn(s),[ ]) =Wn(OY ),
(2.0.0.4)
where a˜i ∈ OE is a lift of ai (e. g., [HK, (4.9)]). In [loc. cit.] Hyodo and Kato have
proved that the morphism (2.0.0.4) is independent of the choice of the lift a˜i. By
virtue of this fact, it is easy to check that the morphism (2.0.0.4) is independent of
the choice of the immersion Y
⊂
−→ Q overWn(s). TheWn(OY )′-module En becomes
a Wn(OY )-module via the isomorphism (2.0.0.4).
Next we recall the obverse log de Rham-Witt complex (WnΩ•Y )
′′ in [Nakk2, §7]
which is a correction of (WnΩ•Y )
′ in [HK, (4.6)]. In this book we denote (WnΩ•Y )
′′
in [Nakk2, §7] by (WnΩ•Y )
′ for simplicity of notation. Let α : MY −→ OY be the
structural morphism.
For a local section b ∈ OY , set V j(b) = (0, · · · , 0︸ ︷︷ ︸
j times
, b, 0, . . . , 0) ∈ Wn(OY ) (0 ≤ j <
n). The sheaf (WnΩiY )
′ on
◦
Y is a quotient of
(2.0.0.5) {Wn(OY )
′ ⊗Z
i∧
(MgpY /g
−1(Mgps ))} ⊕ {Wn(OY )
′ ⊗Z
i−1∧
(MgpY /g
−1(Mgps ))}
divided by a subsheaf Fn of Z-modules generated by the images of local sections of
the following type
(2.0.0.6) (V j(α(a1)) ⊗ (a1 ∧ · · · ∧ ai), 0)− p
j(0, V j(α(a1))⊗ (a2 ∧ · · · ∧ ai))
(a1, . . . , ai ∈MY , 0 ≤ j < n)
and a subsheaf Gn of Z-modules generated by the images of local sections of the
following type
(2.0.0.7) (0, V j(α(a2)
e)⊗ (a2 ∧ · · · ∧ ai)) (a2, . . . , ai ∈MY , 1 ≤ j < n, e ∈ Z≥1)
(in this book we denote G′n in [Nakk2, p. 567] by Gn).
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We define the boundary morphism d by the following formula
d(b ⊗ (a1 ∧ · · · ∧ ai), c⊗ (a
′
2 ∧ · · · ∧ a
′
i)) = (0, b⊗ (a1 ∧ · · · ∧ ai))(2.0.0.8)
(a1, . . . , ai, a
′
2, · · · , a
′
i ∈MY , b, c ∈ Wn(OY ′)).
It is easy to check that d is well-defined. The complex (WnΩ•Y )
′ is contravariantly
functorial with respect to a morphism of log smooth schemes of Cartier type over
fine log schemes whose underlying schemes are the spectrums of perfect fields of
characteristic p > 0.
LetWnΩ•Y be the reverse log de Rham-Witt complex of Y/s of level n in the sense
of [Nakk2, (7.8)] ([HK, (4.1)]):
WnΩ
i
Y := R
iuY/Wn(s)∗(OY/Wn(s)) (i ∈ N).(2.0.0.9)
(The sheaf WnΩiY is denoted by Wnω
i
Y in [Hy2], [HK] and [Mo].) In a standard way,
we have a boundary morphism d : WnΩiY −→WnΩ
i+1
Y ([HK, p. 247]). As in the case
of (WnΩ
•
Y )
′, the complex WnΩ•Y is also contravariantly functorial. There exists the
following Cartier isomorphism of complexes ([Nakk2, (7.5)]), which is a nontrivial
correction of [HK, (4.6)]:
(2.0.0.10) C−n : (WnΩ•Y )
′ ∼−→WnΩ•Y .
Because we need the definition of C−n in (2.1.3) below, we recall it.
As in [HK, (4.9)] and [Nakk2, p. 589], we define three morphisms as follows.
Assume that there exists an immersion Y
⊂
−→ Q into a log smooth scheme over
Wn(s). The morphism sn(0, 0) is, by definition, the morphism (2.0.0.4). We define
the other two morphisms as follows:
(2.0.0.11)
sn(1, 0): Wn(OY ) ∋ (a0, . . . , an−1) 7−→
n−1∑
i=0
a˜p
n−i−1
i da˜i ∈ H
1(Ω∗E/Wn(s),[ ]),
(2.0.0.12) d log : MgpY /g
−1(Mgps ) ∋ b 7−→ d log b˜ ∈ H
1(Ω∗E/Wn(s),[ ]),
where a˜i ∈ OE and b˜ ∈ME are lifts of ai ∈ OY and b ∈MY ⊂MWn(Y ), respectively.
Then, by the same proof as that for the well-definedness of sn(0, 0), sn(1, 0) and d log
are well-defined ([HK, (4.9)]). Then the following morphism
(sn(0, 0)⊗ d log∧ · · · ∧ d log)⊕ (sn(1, 0)⊗ d log∧ · · · ∧ d log) :
{Wn(OY )
′ ⊗Z
i∧
(MgpY /g
−1(Mgps ))} ⊕ {Wn(OY )
′ ⊗Z
i−1∧
(MgpY /g
−1(Mgps ))} −→ WnΩ
•
Y
induces the isomorphism (2.0.0.10) ([Nakk2, (7.5)]).
Because WnΩiY (i ∈ N) has a structure of Wn(OY )-modules, (WnΩ
i
Y )
′ has a
structure of Wn(OY )′-modules via the isomorphism (2.0.0.10).
The following is a log version of [I2, I (1.9)] (modulo the equality of the de Rham-
Witt complexs above in the case of the trivial log structure and that in [loc. cit.]):
Proposition 2.1.1. Let t −→ s be a morphism of fine log schemes whose underlying
schemes are the spectrums of perfect fields of characteristic p > 0. Set κt := Γ(t,Ot)
and Yt := Y ×s t. Let gt : Yt −→ t be the base change of g : Y −→ s. Let q : Yt −→ Y
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be the projection. Let ⋆ be ′ or nothing. Assume that g is integral. Then the canonical
morphism
(2.1.1.1) q−1((WnΩiY )
⋆)⊗Wn Wn(κt) −→ (WnΩ
i
Yt)
⋆
is an isomorphism. In particular, if
◦
t =
◦
s, then the canonical morphism
(2.1.1.2) q−1((WnΩiY )
⋆) −→ (WnΩ
i
Yt)
⋆
is an isomorphism (note that
◦
Y t =
◦
Y ).
Proof. It suffices to prove (2.1.1) in the case ⋆ =nothing. The problem is local on
Y . Hence we may assume that there exists an immersion Y
⊂
−→ Q into a log smooth
integral scheme over Wn(s) by the proof of [Kk2, (3.14)]. In this case,
(2.1.1.3) WnΩ
i
Y = H
i(OE ⊗OQ Ω
∗
Q/Wn(s)).
Set QWn(t) := Q×Wn(s)Wn(t) and EWn(t) := E×Wn(s)Wn(t). Because g is integral,
(QWn(t))
◦ =
◦
Q ×Wn(◦s) Wn(
◦
t). Because the extension Wn(κt)/Wn(κ) is flat, EWn(t)
is the log PD-envelope of the immersion Yt
⊂
−→ QWn(t) over (Wn(t), pOWn(t), [ ]) by
[BO1, Proposition 3.21]. Let q˜ : QWn(t) −→ Q be the first projection. By [Kk2, (1.7)]
we have ΩiQWn(t)/Wn(t) = q˜
∗(ΩiQ/Wn(s)). Hence we have the following equalities:
WnΩ
i
Yt = H
i(OEWn(t) ⊗OQWn(t) Ω
∗
QWn(t)/Wn(t))
= q−1(Hi(OE ⊗OQ Ω
∗
Q/Wn(s)))⊗Wn Wn(κt)
= q−1((WnΩiY )
⋆)⊗Wn Wn(κt).
As in [HK, (4.9)] and the proof of [HK, (4.19)] (cf. [Nakk2, p. 589]), we see that
there exists the following natural morphism
(2.1.1.4) Ω•Wn(Y )/Wn(s),[ ] −→WnΩ
•
Y
of dga’s over g−1(OWn(s)). If there exists an immersion Y
⊂
−→ Q into a log smooth
scheme over Wn(s), the morphism (2.1.1.4) is equal to the following morphism:
(2.1.1.5)
Ω•Wn(Y )/Wn(s),[ ] −→ H
•(OE⊗OQΩ
∗
Q/Wn(s)) = H
•(OE⊗OQΩ
∗
Qex/Wn(s)) = H
•(Ω∗E/Wn(s),[ ]),
where E is the log PD-envelope defined before. Here we have used (1.3.28.1) for the
last equality. The morphism is, by definition, the induced morphism by sn(0, 0) and
the following two morphisms
(2.1.1.6)
sn(1, 0)
′ : Ω1Wn(Y )/Wn(s),[ ] ∋ d(a0, . . . , an−1) 7−→
n−1∑
i=0
a˜p
n−i−1
i da˜i ∈ H
1(Ω∗E/Wn(s),[ ]),
(2.1.1.7) ι : Ω1Wn(Y )/Wn(s),[ ] ∋ d log b 7−→ d log b˜ ∈ H
1(Ω∗E/Wn(s),[ ]),
where a˜i ∈ OE and b˜ ∈ME are lifts of ai ∈ OY and b ∈MY ⊂MWn(Y ), respectively.
By the same proof as that for the well-definedness of sn(0, 0) again, sn(1, 0)
′ and ι
are well-defined ([HK, (4.9)]). By the commutative diagram [Nakk2, (7.18.3)], this
morphism induces a morphism of complexes Ω•Wn(Y )/Wn(s),[ ] −→WnΩ
•
Y .
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Remark 2.1.2. By the definition of the crystalline complex CY/Wn(s) in [HK, p. 238],
CY/Wn(s) is a cosimplicial complex and H
i(CY/Wn(s)) 6=WnΩ
•
Y . The morphisms τ , δ
and d log in [HK, (4.9)] are not correct morphisms.
Proposition 2.1.3. The composite morphism
Ω•Wn(Y )/Wn(s),[ ] −→WnΩ
•
Y
(C−n)−1
−→ (WnΩ
•
Y )
′,(2.1.3.1)
which is a morphism of dga’s over g−1(OWn(s)), is characterized by the following:
a 7−→ a (a ∈ Wn(OY )), d logm 7−→ (1⊗m, 0) (m ∈MY ),
du 7−→ (0, u⊗ 1) (u ∈ Wn(OY )
∗).
Proof. The characterization is clear because the images of d logm ∈ Ω1Wn(Y )/Wn(s),[ ]
and (1⊗m, 0) ∈ (WnΩ1Y )
′ (resp. du ∈ Ω1Wn(Y )/Wn(s),[ ] and (0, u⊗ 1) ∈ (WnΩ
1
Y )
′) in
WnΩ1Y are the same.
In this book, let us denote by R the projection π : Wn+1Ω•Y −→ WnΩ
•
Y in [HK,
(4.2)]. In this book, based on Hyodo’s idea in [Hy2, §1] and our idea in [Nakk2], we
give a different construction of R from π in [loc. cit.].
Let A be a commutative ring with unit element. Consider an element a ∈ A. Let
n and m be nonnegative integers. Let L be an A/an+m-module. Set L/aj := L/ajL
(0 ≤ j ≤ n +m). Let am : L/an −→ L be the induced morphism by the morphism
am· : L −→ L. Assume that am : L/an −→ L is injective. (If a is a nonzero divisor of
A and if L is a flat A/an+m-module, then this injectivity holds since the morphism
am : A/an −→ A/an+m is injective.) Let f : L −→ L be an endomorphism of A-
modules such that Im(f) ⊂ Im(am). Then we can define a unique endomorphism
a−mf : L/an −→ L/an such that am ◦ a−mf ◦ pr. = f . Here pr. is the natural
projection L −→ L/an.
Let n and i be nonnegative integers. To define R : WnΩiY −→ Wn−1Ω
i
Y , we
first assume that there exists an immersion Y
⊂
−→ Qn+i into a formally log smooth
scheme overWn+i(s) such that Qn+i has a lift ϕn+i : Qn+i −→ Qn+i of the Frobenius
endomorphism of Qn+i×Wn+i(s) s. Let En+i be the log PD-envelope of the immersion
Y
⊂
−→ Qn+i over (Wn+i(s), pWn+i, [ ]). Set Qj := Qn+i ×Wn+i(s) Wj(s) and Ej :=
En+i ×Wn+i(s)Wj(s) (0 ≤ j ≤ n+ i). Consider the following morphism
ϕ∗n+i : OEn+i ⊗OQn+i Ω
i
Qn+i/Wn+i(s) −→ OEn+i ⊗OQn+i Ω
i
Qn+i/Wn+i(s) (i ∈ N).
Because OEn+i ⊗OQn+i Ω
i
Qn+i/Wn+i(s) is a sheaf of flat OWn+i(s)-modules by (1.7.22)
and because ϕ∗n+i is divisible by p
i (since ϕn+i is a lift of the Frobenius endomor-
phism), the morphism
p−(i−1)ϕ∗n+i : OEn+1 ⊗OQn+1 Ω
j
Qn+1/Wn+1(s) −→ OEn+1 ⊗OQn+1 Ω
j
Qn+1/Wn+1(s) (j ≥ i− 1)
is well-defined. Because the image of the morphism above is contained in pOEn+1⊗OQn+1
ΩjQn+1/Wn+1(s) for the case j = i, we have the following well-defined morphism
(cf. [Hy2, Editorial comment (5)])
p−(i−1)ϕ∗n+i : WnΩ
i
Y = H
i(OEn ⊗OQn Ω
•
Qn/Wn(s)) −→(2.1.3.2)
Hi(OEn+1 ⊗OQn+1 Ω
•
Qn+1/Wn+1(s)) =Wn+1Ω
i
Y (i ∈ N).
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Remark 2.1.4. Assume that there exists an immersion Y
⊂
−→ Q into a formally
log smooth scheme over W(s) such that Q has a lift ϕ : Q −→ Q of the Frobenius
endomorphism of Q×W(s) s. Let E be the log PD-envelope of the immersion Y
⊂
−→ Q
over (W(s), pW , [ ]). Set Qn := Q×W(s)Wn(s) and En := E×W(s)Wn(s). Consider
the following morphism
ϕ∗ : OE ⊗OQ Ω
i
Q/W(s) −→ OE ⊗OQ Ω
i
Q/W(s) (i ∈ N).
Then the morphism
p−(i−1)ϕ∗ : OE ⊗OQ Ω
j
Q/W(s) −→ OE ⊗OQ Ω
j
Q/W(s) (j ≥ i− 1)
is well-defined. Hence we have the following morphism for j ≥ i− 1:
p−(i−1)ϕ∗ : OEn+1 ⊗OQn+1 Ω
j
Qn+1/Wn+1(s) −→ OEn+1 ⊗OQn+1 Ω
j
Qn+1/Wn+1(s).
As above, we have the following well-defined morphism
p−(i−1)ϕ∗ : WnΩiY = H
i(OEn ⊗OQn Ω
•
Qn/Wn(s))(2.1.4.1)
−→ Hi(OEn+1 ⊗OQn+1 Ω
•
Qn+1/Wn+1(s)) =Wn+1Ω
i
Y (i ∈ N).
This morphism is equal to (2.1.3.2).
Proposition 2.1.5. (1) The morphism p−(i−1)ϕ∗ is independent of the choice of
the immersion Y
⊂
−→ Q and the lift ϕ : Q −→ Q of the Frobenius endomorphism of
Q×W(s) s. We set p := p−(i−1)ϕ∗ : WnΩiY −→Wn+1Ω
i
Y .
(2) Ker(p : WnΩiY −→Wn+1Ω
i
Y ) = 0.
(3) Im(p : WnΩiY −→Wn+1Ω
i
Y ) = Im(p : Wn+1Ω
i
Y −→Wn+1Ω
i
Y ).
Proof. (1): (This is a routine work in our formalism because we do not consider only
a lift but also an immersion.) Let Y
⊂
−→ Q′ be another immersion and another lift
ϕ′ : Q′ −→ Q′ of the Frobenius endomorphism of Q′ ×W(s) s. Then, considering the
products Q ×Wn(s) Q
′ and ϕ × ϕ′, we may assume that there exists the following
commutative diagram
Y
⊂
−−−−→ Q
ϕ
−−−−→ Q∥∥∥ y y
Y
⊂
−−−−→ Q′
ϕ′
−−−−→ Q′.
Hence we have the following commutative diagram
Hi(OEn ⊗OQn Ω
•
Qn/Wn(s))
p−(i−1)ϕ∗
−−−−−−→ Hi(OEn+1 ⊗OQn+1 Ω
•
Qn+1/Wn+1(s))
≃
x x≃
Hi(OE′n ⊗OQ′n Ω
•
Q′n/Wn(s))
p−(i−1)ϕ′∗
−−−−−−−→ Hi(OE′n+1 ⊗OQ′n+1
Ω•Q′n+1/Wn+1(s)),
which shows the desired independence.
(2): We may assume that Q is a formal lift Y/W(s) of Y/s. Then (Ω•, φ) :=
(Ω•Y/W(s), ϕ
∗) satisfies the conditions (6.0.1) ∼ (6.0.5) in [Nakk2] (these conditions
are only the abstract versions of necessary conditions for [BO1, (8.8)]). That is, the
following hold:
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(2.1.5.1) Ωi = 0 for i < 0.
(2.1.5.2) Ωi (∀i ∈ N) are sheaves of p-torsion-free, p-adically complete Zp-modules.
(2.1.5.3) φ(Ωi) ⊂ {ω ∈ piΩi | dω ∈ pi+1Ωi+1} (∀i ∈ N).
(2.1.5.4) Set Ω•1 := Ω•/pΩ•. Then there exists an Fp-linear isomorphism
C−1 : Ωi1
∼
−→ Hi(Ω•1) (∀i ∈ N).
(2.1.5.5) A composite morphism (mod p) ◦ p−iφ : Ωi −→ Ωi −→ Ωi1 factors through
Ker(d : Ωi1 −→ Ω
i+1
1 ), and the following diagram is commutative:
Ωi
mod p
−−−−−→ Ωi1
p−iφ
y yC−1
Ωi
mod p
−−−−−→ Hi(Ω•1).
Set
(2.1.5.6) Zin := {ω ∈ Ω
i| dω ∈ pnΩi+1}, Bin := p
nΩi + dΩi−1, WnΩi = Zin/B
i
n.
ThenWnΩiY = WnΩ
i and the morphism p : WnΩiY −→Wn+1Ω
i
Y is equal to p : WnΩ
i −→
Wn+1Ω
i in [Nakk2, p. 546]. Because the latter morphism is injecitve ([Nakk2, (6.8)]),
we obtain (2).
(3): By [Nakk2, p. 546], Im(p : WnΩ
i −→ Wn+1Ωi) = Im(p : Wn+1Ωi −→
Wn+1Ω
i). Hence we obtain (3).
Remark 2.1.6. In [Hy2] Hyodo has not proved the well-definedness of the morphism
p : WnΩiY −→Wn+1Ω
i
Y .
Definition 2.1.7 (cf. [Hy2, (1.3.2)]). (1) We call the morphism p : WnΩiY −→
Wn+1ΩiY Hyodo’s multiplication by p on W•Ω
i
Y .
(2) The morphism R : Wn+1ΩiY −→WnΩ
i
Y is, by definition, the unique morphism
fitting into the following commutative diagram:
Wn+1ΩiY
R
−−−−→ WnΩiY
p
y yp
Wn+1ΩiY Wn+1Ω
i
Y ,
whose existence is assured by (2.2.6).
Remark 2.1.8. (1) Our definition is a simpler one than the definition of π : Wn+1Ω•Y −→
WnΩ•Y in [HK, (4.2)] because we do not use the crystalline complexes (see [HK, (2.25)]
(cf. [Ol, (4.1.6), (4.1.7)])).
(2) Note that the proof of [HK, (2.24)] is mistaken because ϕ : RulogX′/Tn∗(OX′/Tn∗(OX′/Tn) −→
RulogX′/Tn∗(OX/Tn∗(OX/Tn) in the statement of [loc. cit.] does not produce the mor-
phism ϕ : CqX′/Tn −→ C
q
X/Tn
in [loc. cit., p. 242]; in [loc. cit.] Hyodo and Kato have
not considered local lifts of relative Frobenius morphism g : X −→ X ′ in [loc. cit.,
(2.12.1)].
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By the proof of (2.1.5) and [Nakk2, (6.27)], the morphism R is equal to the following
composite morphism in the case where Y/s has a local lift Y/W(s) (cf. [HK, (4.2)]):
Wn+1Ω˜
i
Y◦
t
= Zin+1/B
i
n+1
pi
∼
−→ piZin+1/p
iBin+1
proj.
−→ piZin+1/(p
i+nZi1 + p
i−1dZi−11 )
(2.1.8.1)
φ
∼
←− Zin/B
i
n =WnΩ˜
i
Y◦
t
.
By [Nakk2, (6.5)], the morphism R is equal to the following composite morphism:
Wn+1Ω˜
i
Y◦
t
= Zin+1/B
i
n+1
proj.
−→ Zin+1/(p
nZi1 + dΩ
i−1)(2.1.8.2)
(p−iφ)−1
∼
−→ Zin/(p
nΩi + pdΩi−1)
proj.
−→ Zin/B
i
n =WnΩ˜
i
Y◦
t
.
In particular, R is surjective.
Let R : (Wn+1Ω•Y )
′ −→ (WnΩ•Y )
′ be also the projection induced by the projection
Wn+1(OY )′ −→ Wn(OY )′. By [Nakk2, (7.1)] the two R’s are compatible with the
Cartier isomorphism C−m : (WmΩ•Y )
′ ∼−→WmΩ•Y (m = n, n+ 1).
Our first aim in this section is to construct a canonical morphism (2.1.8.11) below.
By (2.0.0.3) we have the following integrable connection
(2.1.8.3) En −→ En ⊗Wn(OY )′ Ω
1
Wn(Y )/Wn(s),[ ].
This gives the complex En ⊗Wn(OY )′ Ω
•
Wn(Y )/Wn(s),[ ] as in [Et, II (1.1.5)]. By using
the morphism (2.1.1.4), we have the connection
(2.1.8.4) En −→ En ⊗Wn(OY )′ WnΩ
1
Y
and the “reverse” log de Rham-Witt complex
(2.1.8.5) En ⊗Wn(OY )WnΩ
•
Y
of E of level n. By using the morphism (2.0.0.10), we also have the “obverse” log de
Rham-Witt complex
(2.1.8.6) En ⊗Wn(OY )′ (WnΩ
•
Y )
′
of E of level n. Let ⋆ be ′ or nothing. We have the following morphism
(2.1.8.7)
R : En+1⊗Wn+1(OY )⋆(Wn+1Ω
i
Y )
⋆ ∋ x⊗y 7−→ R(x)⊗R(y) ∈ En⊗Wn(OY )⋆(WnΩ
i
Y )
⋆ (i ∈ N).
Because R : Wn+1Ω•Y −→WnΩ
•
Y is a morphism of complexes ([Nakk2, (6.8), (6.27)])
(it is obvious that R : (Wn+1Ω•Y )
′ −→ (WnΩ•Y )
′ is a morphism of complexes), the
morphism R in (2.1.8.7) is a morphism of complexes. As usual, for 0 ≤ r ≤ n, set
Filr(En ⊗Wn(OY )⋆ (WnΩ
•
Y )
⋆) := Ker(Rn−r : En ⊗Wn(OY )⋆ (WnΩ
•
Y )
⋆(2.1.8.8)
−→ Er ⊗Wr(OY )⋆ (WrΩ
•
Y )
⋆).
We call Fil := {Filr}r∈Z the canonical filtration on En ⊗Wn(OY )⋆ (WnΩ
•
Y )
⋆ as in [I2].
The multiplication of pr (r ∈ N) on En+r ⊗Wn+r(OY )Wn+rΩ
•
Y induces the following
morphism of complexes ([HK, (4.5)]):
(2.1.8.9) pr : En ⊗Wn(OY )WnΩ
•
Y −→ En+r ⊗Wn+r(OY )Wn+rΩ
•
Y .
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The multiplication of pr (r ∈ N) on En+r ⊗Wn+r(OY )′ (Wn+rΩ
•
Y )
′ also induces the
following morphism of complexes
(2.1.8.10) pr : En ⊗Wn(OY )′ (WnΩ
•
Y )
′ −→ En+r ⊗Wn+r(OY )′ (Wn+rΩ
•
Y )
′.
The morphism (2.1.8.10) is equal to the morphism (2.1.8.9) via idEi⊗C
−i (i = n+r, n)
because C−i is compatible with the two projections. If E is a quasi-coherent flat
OY/Wn(s)-modules, then the morphism (2.1.8.9) and hence the morphism (2.1.8.10)
are injective by [HK, (4.5) (1)] or [Nakk2, (6.8) (2)] (the case En =Wn(OY )).
Now let N be a nonnegative integer or∞. Let Y•≤N be a log smooth N -truncated
simplicial log scheme of Cartier type over s. Let g : Y•≤N −→ s
⊂
−→ Wn(s) be
the structural morphism. Let E•≤N be a flat coherent log crystal of OY•≤N/Wn(s)-
modules. Set E•≤Nn := (E
•≤N )Wn(Y•≤N ). Then we have the N -truncated cosimplicial
log de Rham-Witt complex E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆. Assume that N 6=
∞ and that Y•≤N has an affine N -truncated simplicial open covering of Y•≤N . As
mentioned before, we would like to construct a canonical morphism
(2.1.8.11) RuY•≤N/Wn(s)∗(E
•≤N ) −→ E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆
in D+(g−1(Wn)) and to prove that this is an isomorphism. To prove this, we need
the following which is a variant of a coefficient version of [Nakk4, (4.22) (1)]:
Lemma 2.1.9 (cf. the proof of [HK, (4.19)]). Let Y (resp. Q) be a log smooth
scheme of Cartier type over s (resp. a log smooth scheme over Wn(s)). Let Y
⊂
−→ Q
be an immersion over Wn(s) and let E be the log PD-envelope of this immersion
over (Wn(s), pWn, [ ]). Let g : Y −→ Wn(s) be the structural morphism. Let E be a
quasi-coherent crystal of OY/Wn(s)-modules and let (E ,∇) be the corresponding quasi-
coherent OE-module with integrable connection to E. Assume that
◦
Y is affine. Then
the following hold:
(1) There exists a morphism Wn(Y ) −→ E of log PD-schemes over Wn(s) such
that the composite morphism Y
⊂
−→ Wn(Y ) −→ E is the immersion obtained by the
given immersion Y
⊂
−→ Q.
(2) Let Wn(Y ) −→ E over Wn(s) be the morphism in (1). Then this morphism
induces the following morphism
(2.1.9.1)
E ⊗OQ Ω
•
Q/Wn(s) −→ En ⊗Wn(OY ) H
•(OE ⊗OQ Ω
∗
Q/Wn(s)) = En ⊗Wn(OY )WnΩ
•
Y
in C+(
◦
g−1(Wn)) which will turn out to be a quasi-isomorphism. This morphism is
functorial in the following sense: for a log smooth log affine scheme Yi of Cartier
type over a fine log scheme si (i = 1, 2) whose underlying scheme is the spectrum
of a perfect field of characteristic p > 0 and for an immersion Yi
⊂
−→ Qi into a log
smooth scheme overWn(si) and for the log PD-envelope Ei (i = 1, 2) of the immersion
Yi
⊂
−→ Qi over (Wn(si), pWn, [ ]) and for the following commutative diagram
(2.1.9.2)
Wn(Y1) −−−−→ E1
hn
y yh
Wn(Y2) −−−−→ E2
of log PD-schemes over the morphism Wn(s1) −→ Wn(s2) such that the composite
morphism Yi
⊂
−→Wn(Yi) −→ Ei (i = 1, 2) is the given immersion and for a morphism
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h∗1crys(E2) −→ E1 of OY1/Wn(s1)-modules (Ei: a quasi-coherent crystal of OYi/Wn(si)-
modules), the following diagram is commutative:
(2.1.9.3)
E1⊗OQ1Ω
•
Q1/Wn(s) −−−−→ E1,n⊗Wn(OY1)H
•(OE1⊗OQ1Ω
∗
Q1/Wn(s))
h∗
x xh∗n
h∗(E2⊗OQ2Ω
•
Q2/Wn(s)) −−−−→ h
∗
n(E2,n⊗Wn(OY2)H
•(OE2⊗OQ2Ω
∗
Q2/Wn(s))),
where Ei := EEi . The morphism (2.1.9.1) is compatible with the projections.
(3) Let si (i = 1, 2) be as in (2). Let Yi
⊂
−→ Qi be an immersion into a log smooth
scheme over Wn(si). Let Ei be the log PD-envelope of the immersion Yi
⊂
−→ Qi over
(Wn(si), pWn, [ ]). Let Wn(Yi) −→ Qi be the morphism obtained in (1). Assume that
there exists the following commutative diagram
(2.1.9.4)
Wn(Y1) −−−−→ Q1
hn
y yh
Wn(Y2) −−−−→ Q2.
By abuse of notation, deonte by h : E1 −→ E2 the induced morphism by h : Q1 −→ Q2.
Then the diagram
(2.1.9.5)
Wn(Y1) −−−−→ E1
hn
y yh
Wn(Y2) −−−−→ E2
is commutative.
Proof. (1): Because
◦
Y is affine, because Q is log smooth over Wn(s) and because
the closed immersion Y
⊂
−→ Wn(Y ) is nilpotent ((VWn−1(OY ))n = 0 ([I2, p. 589])),
we have a morphism Wn(Y ) −→ Q over Wn(s) such that the composite morphism
Y
⊂
−→ Wn(Y ) −→ Q is the given immersion Y
⊂
−→ Q. Because the immersion
Y
⊂
−→ Wn(Y ) is a log PD-immersion over (Wn(s), pWn−1, [ ]), we have a natural
morphism Wn(Y ) −→ E of log PD-schemes over Wn(s) by the universality of the log
PD-envelope.
(2): By (1.3.28.1) we have the following isomorphism
E ⊗OQ Ω
i
Q/Wn(s)
∼
−→ E ⊗OE Ω
i
E/Wn(s),[ ] (i ∈ N).(2.1.9.6)
The morphism Wn(Y ) −→ E gives the following morphism
E ⊗OE Ω
i
E/Wn(s),[ ]−→En ⊗Wn(OY )′ Ω
i
Wn(Y )/Wn(s),[ ].(2.1.9.7)
By (2.1.1.5) we have the following morphism
En ⊗Wn(OY )′ Ω
i
Wn(Y )/Wn(s),[ ] −→ En ⊗Wn(OY ) H
i(OE ⊗OQ Ω
∗
Q/Wn(s)).(2.1.9.8)
By (2.1.9.6), (2.1.9.7) and (2.1.9.8), we obtain the following composite morphism:
E ⊗OQ Ω
i
Q/Wn(s) −→ En ⊗Wn(OY )′ Ω
i
Wn(Y )/Wn(s),[ ] −→ En ⊗Wn(OY ) H
i(OE ⊗OQ Ω
∗
Q/Wn(s)).
(2.1.9.9)
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Because the morphism Ω•E/Wn(s),[ ] −→ Ω
•
Wn(Y )/Wn(s),[ ] is a morphism of complexes,
it is easy to check that the morphism
E ⊗OE Ω
•
E/Wn(s),[ ] −→ En ⊗Wn(OY )′ Ω
•
Wn(Y )/Wn(s),[ ].(2.1.9.10)
is a morphism of complexes. Because the target of the second morphism in (2.1.9.9) is
equal to the degree i-part of the complex (2.1.8.5), the second morphism is a morphism
of complexes. As a result, we obtain the following desired composite morphism in
C+(
◦
g−1(Wn)):
E ⊗OQ Ω
•
Q/Wn(s) −→ En ⊗Wn(OY )′ Ω
•
Wn(Y )/Wn(s),[ ] −→ En ⊗Wn(OY ) H
•(OE ⊗OQ Ω
∗
Q/Wn(s)).
(2.1.9.11)
The functoriality of the first morphism in (2.1.9.11) is obvious by (2.1.9.6). The
functoriality of the second morphism in (2.1.9.11) with respect to the diagram (2.1.9.2)
is clear by the construction in [HK, (4.9)].
The compatibility of the morphism (2.1.9.1) with the projections follows from
[Nakk2, (7.18)].
(3): Because the morphism Wn(Yi) −→ Ei is a PD-morphism, the diagram
(2.1.9.5) is commutative as a diagram of schemes. Since the log structure of E2
is the pull-back of that of Q2, we see that the diagram (2.1.9.5) is commutative as a
diagram of log schemes.
Remark 2.1.10. (1) The morphisms Wn(Y ) −→ Q and Wn(Y ) −→ E in (2.1.9) (3)
give the first morphism in (2.1.9.9). We can dispense with the isomorphism (1.3.28.1)
(cf. [HK, (4.19)]).
(2) We can generalize (2.1.9) (3) as follows.
Let (Si, Ii, γi) (i = 1, 2) be a fine log PD-scheme and let Si0 be an exact closed
subscheme of Si defined by Ii. Let Zi be a fine log scheme over Si0. Let Zi
⊂
−→ Ri
be an immersion over Si and let Zi
⊂
−→ Di be a log PD-immersion over (Si, Ii, γi).
Let Ei be the log PD-envelope of the immersion Zi
⊂
−→ Ri over (Si, Ii, γi). Assume
that there exists the following commutative diagram
(2.1.10.1)
D1 −−−−→ R1y y
D2 −−−−→ R2.
Then the induced diagram
(2.1.10.2)
D1 −−−−→ E1y y
D2 −−−−→ E2
is commutative.
The following (1) is a log version of Etesse’s comparison theorem and a general-
ization of [Nakk2, (7.19)](=a correction of [HK, (4.19)]). (In [Nakk4, (7.12)] we have
also stated the following (1) in the case of the trivial coefficient.)
Theorem 2.1.11. Let E•≤N be a flat coherent log crystal of OY•≤N/Wn(s)-modules.
Assume that Y•≤N has an affine N -truncated simplicial open covering of Y•≤N . Let
g : Y•≤N −→ s
⊂
−→Wn(s) be the structural morphism. Then the following hold:
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(1) There exists a canonical isomorphism
(2.1.11.1) RuY•≤N/Wn(s)∗(E
•≤N ) ∼−→ E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆
in D+(g−1(Wn)). The isomorphisms (2.1.11.1) for n’s are compatible with the two
projections of both hand sides of (2.1.11.1).
(2) Let s −→ s′ be a morphism of fine log schemes whose underlying schemes are
the spectrums of perfect fields of characteristic p > 0. The isomorphism (2.1.11.1)
is contravariantly functorial with respect to a morphism h : Y•≤N −→ Z•≤N of N -
truncated simplicial log schemes over the morphism Wn(s) −→ Wn(s′) and a mor-
phism h∗crys(F
•≤N ) −→ E•≤N of OY•≤N/Wn(s)-modules, where Z•≤N and F
•≤N are
similar objects to Y•≤N and E•≤N , respectively.
Proof. (1): It suffices to prove (1) in the case ⋆ =nothing. By using (1.2.1) and
Tsuzuki’s functor as used in [NS1, (3.5)], we have the morphism (2.1.11.1) as follows.
Let Y ′•≤N be the disjoint union of an affine open covering of Y•≤N . Since
◦
Y ′N is
affine, there exists an immersion Y ′N
⊂
−→ Y ′N into a log smooth scheme overWn(s). In
fact, we have a log smooth lift Y ′N of Y
′
N over Wn(s). Because the closed immersion
Y ′N
⊂
−→ Wn(Y ′N ) is nilpotent ([I2, 0 (1.3.13)]) and because Y
′
N is log smooth over
Wn(s), there exists a morphism Wn(Y ′N ) −→ Y
′
N over Wn(s) such that the com-
posite morphism Y ′N
⊂
−→ Wn(Y ′N ) −→ Y
′
N is the given immersion. For a morphism
γ : [N ] −→ [m] in ∆, let Y ′(γ) be the corresponding morphism Y ′m −→ Y
′
N . Then we
have the following commutative diagram
(2.1.11.2)
Y ′m
⊂
−−−−→ Wn(Y ′m) −−−−→ Y ′N
Y ′(γ)
y yWn(Y ′(γ)) ∥∥∥
Y ′N
⊂
−−−−→ Wn(Y ′N ) −−−−→ Y
′
N .
By this commutative diagram, we have a morphism
(2.1.11.3) Wn(Y
′
•≤N ) −→ Γ
Wn(s)
N (Y
′
N )•≤N
ofN -truncated simplicial log schemes, where Γ
Wn(s)
N is the Tsuzuki’s functor ((1.2.3)).
Let Wn(Y•≤N,•) be the Cˇech diagram of Wn(Y ′•≤N ) over Wn(Y•≤N ): Wn(Ymn) :=
cosk
Wn(Ym)
0 Wn(Y
′
m)n (0 ≤ m ≤ N , n ∈ N). It is easy to check that Wn(Y•≤N,•) is
the canonical lift of Y•≤N,•. Set Qmn := cosk
Wn(s)
0 (Γ
Wn(s)
N (Y
′
N )m)n. By (2.1.11.3) we
have the following morphism
(2.1.11.4) Wn(Y•≤N,•) −→ Q•≤N,•
of (N,∞)-truncated bisimplicial log schemes, which gives an immersion Y•≤N,•
⊂
−→
Q•≤N,•. Let E•≤N,• be the log PD-envelope of the immersion Y•≤N,•
⊂
−→ Q•≤N,•
over (Wn(s), pWn, [ ]). Let E
•≤N,• be the crystal of OY•≤N,•/Wn(s)-modules obtained
by E•≤N . Let (E•≤N,•,∇) be the corresponding OE•≤N,•-module with integrable
connection to E•≤N . Set E•≤N,•n := (E
•≤N,•)Wn(Y•≤N,•). By (2.1.9) we have the
following morphism of complexes:
E•≤N,•⊗OQ•≤N,•Ω
•
Q•≤N,•/Wn(s) −→ E
•≤N,•
n ⊗Wn(OY•≤N,•) H
•(OE•≤N,•⊗OQ•≤N,•Ω
∗
Q•≤N,•/Wn(s)).
(2.1.11.5)
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Let g• : Y•≤N,• −→Wn(s) be the structural morphism. Let
(2.1.11.6) πzar : ((Y•≤N,•)zar, g−1• (Wn)) −→ ((Y•≤N )zar, g
−1(Wn))
be the natural morphism of ringed topoi. Applying Rπzar∗ to the morphism (2.1.11.5)
and using [Kk2, (6.4)] or the log Poincare´ lemma ([NS1, (2.2.7)]) and the cohomolog-
ical descent, we obtain the morphism (2.1.11.1) for the case ⋆=nothing.
This morphism is independent of the choices of Y ′•≤N and the immersion Y
′
N
⊂
−→
Y ′N . Indeed, let Y
′′
•≤N be the disjoint union of another affine open covering of Y•≤N .
By (1.2.2) (2) we may assume that there exists a morphism Y ′•≤N −→ Y
′′
•≤N over
Y•≤N . Take an immersion Y ′′N
⊂
−→ Y ′′N into a log smooth scheme overWn(s). Then we
have a morphism Wn(Y
′′
N )
⊂
−→ Y ′′N as already explained. Then we have the following
commutative diagram
(2.1.11.7)
Wn(Y ′N ) −−−−→ Y
′
N ×Wn(s) Y
′′
Ny y
Wn(Y
′′
N ) −−−−→ Y
′′
N ,
where the right vertical morphism is the second projection. (Note that, even if one
obtains the following commutative diagram
Y ′N −−−−→ Y
′
Ny y
Y ′′N −−−−→ Y
′′
N ,
one cannot obtain the following commutative diagram
Wn(Y ′N ) −−−−→ Y
′
Ny y
Wn(Y ′′N ) −−−−→ Y
′′
N
in general.) The rest of the proof of the independence of the choices is a routine work.
Now we have only to prove (1) for the constantN -truncated simplicial case Y•≤N =
Y and E•≤N = E. Then the rest of the proof is the same proof as that of [Et, II
(2.1)]. However we give the complete proof because we would like to give a (slight)
simplification of a part of the proof of [loc. cit.].
The question is local on Y ; we may assume that there exists an immersion Y
⊂
−→ Q
into a log smooth scheme overWn(s). Let E be the log PD-envelope of this immersion
over (Wn(s), pWn, [ ]). Set E := EE and En := EWn(Y ). By the log Poincare´ lemma,
we have
(2.1.11.8) RuY/Wn(s)∗(E) = E ⊗OY Ω
•
Y/Wn(s).
Then the morphism (2.1.11.1) is equal to the morphism (2.1.9.1). It is obvious that the
morphism (2.1.9.1) is an isomorphism in the case n = 1 since the morphism (2.1.9.1) is
equal to the isomorphism idE1⊗C
−1. As in [Et, II (2.1)], consider the p-adic filtration
F ′ (resp. the canonical filtration F := Fil) on E ⊗OY Ω•Y/Wn(s) (resp. En ⊗Wn(OY )
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WnΩ•Y ). Then we have the following commutative diagram
(2.1.11.9)
EY ⊗OY Ω•Y/s
idE1⊗C−1,∼−−−−−−−−→ E1 ⊗OY Ω•Y/s
pm
y≃ ypm
grmF ′(E ⊗OY Ω
•
Y/Wn(s)) −−−−→ gr
m
F (En ⊗Wn(OY )WnΩ
•
Y )
for 0 ≤ m ≤ n− 1. Hence it suffices to prove that the morphism
(2.1.11.10) p : En+1 ⊗Wn+1(OY ) gr
n
F (WΩ
•
Y ) −→ En+2 ⊗Wn+2(OY ) gr
n+1
F (WΩ
•
Y )
is a quasi-isomorphism. In other words, it suffices to prove that the complex
En+2 ⊗Wn+2(OY ) (gr
n+1
F (WΩ
•
Y )/pgr
n
F (WΩ
•
Y ))
is acyclic. Let {ei} be a local basis of En+2. Then consider a local section
∑
ei ⊗ ui
(ui ∈ gr
n+1
F (WΩ
q
Y )). Then ∇(
∑
ei ⊗ ui) =
∑
(∇(ei) ∧ ui + ei ⊗ dui). Express
∇(ei) =
∑
j ej ⊗ ωji (ωji ∈ (Wn+2Ω
1
Y )). Then
∇(
∑
ei ⊗ ui) =
∑
ei ⊗ (
∑
j
ωij ∧ uj + dui).
Hence, as in [loc. cit., II (2.5)], it suffices to prove the following:
If
(2.1.11.11)
∑
j
ωij ∧ uj + dui ∈ p gr
n
F (WΩ
q+1
Y ) (ui ∈ (gr
n+1
F WΩ
q
Y )),
then
ui ≡
∑
j
ωij ∧ vj + dvi mod p gr
n
F (WΩ
q
Y )(2.1.11.12)
for some vj ∈ gr
n+1
F (WΩ
q−1
Y ) ([loc. cit. (2.5.7.2), (2.5.7.3)]). Because uj ∈ Fil
n+1Wn+2Ω
q
Y =
V n+1ΩqY + dV
n+1ΩqY ([I2, I (3.31)], [Lo, (1.16), p. 258]), [Nakk2, (6.15.1)]), there ex-
ists sections aj , bj ∈ Ω
q
Y such that uj = V
n+1aj + dV
n+1bj . Then F
n+1(uj) =
pn+1aj + dbj = dbj and F
n+1(dui) = dai. Since
Fn+1(p grnF (WΩ
q+1
Y )) = F
n+1(pFiln(Wn+1Ω
q+1
Y )) ⊂ F
n+1(p(Wn+1Ω
q+1
Y )) = 0,
we have
0 = Fn+1(
∑
j
ωij ∧ uj + dui) =
∑
j
Fn+1(ωij) ∧ dbj + dai.(2.1.11.13)
Moreover, because Fn+1(ωij) is a one form, we have the following formula:
d(Fn+1(ωij) ∧ bj) = dF
n+1(ωij) ∧ bj − F
n+1(ωij) ∧ dbj
= pn+1Fn+1(dωij) ∧ bj − F
n+1(ωij) ∧ dbj
= −Fn+1(ωij) ∧ dbj.
Hence, by (2.1.11.13), we have d(ai−
∑
j F
n+1(ωij)∧bj) = 0. Because Ker(d : WnΩ
q
Y −→
WnΩ
q+1
Y ) = F
nW2nΩ
q
Y ([I2, I (3.21)], [IR, II (1.3)], [Mo, 1.3.4], [Nakk2, (6.21.1)]),
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there exists a section ci ∈ W2Ω
q
Y such that ai −
∑
j(F
n+1ωij)bj = Fci. By using the
formula V ((Fx)y) = xV y, we have the following:
ui = V
n+1(
∑
j
Fn+1(ωij) ∧ bj + Fci) + dV
n+1bi(2.1.11.14)
=
∑
j
ωij ∧ V
n+1bj + pV
nci + dV
n+1bi
≡ dV n+1bi +
∑
j
ωij ∧ V
n+1bj mod p gr
n
FWΩ
q
Y ,
which implies (2.1.11.12).
The compatibility of the morphism (2.1.11.1) with the projections follows from
[Nakk2, (7.18)].
(2): Let Z ′N be the disjoint union of an affine open covering of ZN . Let Y
′
N be
the disjoint union of an affine open covering of YN such that there exists a morphism
Y ′N −→ Z
′
N over the morphism YN −→ ZN . Let Y
′
N
⊂
−→ Y ′′N and Z
′
N
⊂
−→ Z ′N be
immersions into log smooth schemes over Wn(s) and W(s′), respectively. Then we
have the following morphisms Wn(Y ′N ) −→ Y
′′
N and Wn(Z
′
N ) −→ Z
′
N such that the
composite morphisms YN
⊂
−→Wn(Y ′N ) −→ Y
′′
N and ZN
⊂
−→Wn(Z ′N ) −→ Z
′
N are the
given immersions. Set
Y ′N := Y
′′
N ×Wn(s) (Z
′
N ×Wn(s′)Wn(s)).(2.1.11.15)
Then we have the following commutative diagram
(2.1.11.16)
Wn(Y ′N ) −−−−→ Y
′
Ny y
Wn(Z ′N ) −−−−→ Z
′
N ,
where the right vertical morphism is induced by the second projection. LetWn(Z•≤N,•),
R•≤N,• and F•≤N,• be similar objects to Wn(Y•≤N,•), Q•≤N,• and E•≤N,•, respec-
tively. Then we have the following commutative diagram
(2.1.11.17)
Wn(Y•≤N,•) −−−−→ Q•≤N,•y y
Wn(Z•≤N,•) −−−−→ R•≤N,•.
Hence, by (2.1.9) (3), we have the following commutative diagram
(2.1.11.18)
Wn(Y•≤N,•) −−−−→ E•≤N,•y y
Wn(Z•≤N,•) −−−−→ F•≤N,•.
Let F•≤N,• and F •≤N,•n be similar objects to E•≤N,• and E•≤N,•n , respectively. Let
h•≤N,• : Y•≤N,• −→ Z•≤N,• be the induced morphism byWn(Y•≤N,•) −→Wn(Z•≤N,•).
By (2.1.9) we have the following commutative diagram
(2.1.11.19)
h•≤N,•∗(E•≤N,•⊗OQ•≤N,•Ω
•
Q•≤N,•/Wn(s)) −−−−→x
F•≤N,•⊗OR•≤N,•Ω
•
R•≤N,•/Wn(s) −−−−→
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h•≤N,•∗(E•≤N,•n ⊗Wn(OY•≤N,•) H
•(OE•≤N,•⊗OQ•≤N,•Ω
∗
Q•≤N,•/Wn(s)))x
F •≤N,•n ⊗Wn(OZ•≤N,•) H
•(OF•≤N,•⊗OR•≤N,•Ω
∗
R•≤N,•/Wn(s)).
By this commutative diagram, we obtain the desired funtoriality.
Remark 2.1.12. (1) In the proof of (2.1.11) we have not used lifts of the Frobenius
endomorphisms of log schemes (cf. [I2, pp. 601–605], especially [I2, p. 603]) nor the
log version of the lemma of Dwork-Dieudnonne´-Cartier ([Nakk2, (7.13)]) (see (2.1.13)
below). In the case of trivial log structures and the constant simplicial case, to prove
the functoriality of the isomorphism (2.1.11.1), Illusie has used lifts of Frobenii and the
lemma of Dwork-Dieudnonne´-Cartier ([I2, p. 605]). In particular, we have simplified
the proof in [loc. cit.] by considering the product in (2.1.11.15).
(2) Because the isomorphism in [HK, (4.19)] has not been shown to be independent
of the choice of an embedding system, I cannot understand the meaning of “canonical”
of the following canonical isomorphism
Wnω
•
Y ≃ Ru
log
Y/(Wn,Wn(L)∗(OY/Wn)(2.1.12.1)
in [loc. cit.]. (The statement of [Nakk2, (7.19)] and the proof of it have no problem.)
(3) In [HK, (4.19)] Hyodo and Kato have claimed that the isomorphism (2.1.12.1)
is compatible with the Frobenii on both hand sides of (2.1.12.1). However they have
not proved this compatibility because they have not proved neither the functoriality of
this isomorphism nor a log version of a lemma of Dwork-Dieudnonne´-Cartier ([Nakk2,
(7.13)]) in [loc. cit.].
(4) The functoriality of the canonical isomorphisms in [Et, (2.1)], [HK, (4.19)],
[Lo, (1.22)], [Nakk2, (7.19)] and [Ol, (4.4.17)] has not been proved in these articles.
It should be proved in these articles.
(5) Except Berthelot’s article [Be5, the argument after (1.5)], I cannot find a
reference in which such a product in (2.1.11.15) and such a commutative diagram
in (2.1.11.16) are used in the proof of the functoriality of a canonical isomorphism.
Though we claim the functoriality of the canonical filtered isomorphism in [Nakk2,
(7.6.1)], the proof is not complete: the diagram
(Wn(X•≤N,•),Wn(D•≤N,• ∪ Z•≤N,•)) −−−−→ P•≤N,•y y
(Wn(Y•≤N,•),Wn(E•≤N,• ∪W•≤N,•)) −−−−→ R•≤N,•.
in [loc. cit.] is not necessarily commutative. We can complete the proof by considering
a product (X ′N ,D
′
N ∪ Z
′
N )×Wn (Y
′
N , E
′
N ∪W
′
N ) as in (2.1.11.15).
The following (see also [Nakk2, (7.16), (7.17)]) is obtained by a log version of a
lemma of Dwork-Dieudnonne´-Cartier ([Nakk2, (7.13)]): we have used this in the proof
of [Nakk2, (7.19)]. (We do not use this lemma in this book.)
Lemma 2.1.13. Let Z be an integral log formal scheme over W(s) such that OZ is p-
torsion-free. Set Zn := Z⊗WWn (n ∈ Z≥1). Assume that Z has a lift of the Frobenius
endomorphism of Z1. Then there exists a functorial morphism sZ,n : Wn(Z1) −→
Zn. Here we mean by the functoriality a functoriality with respect to morphisms of
integral log formal schemes which are compatible with lifts of Frobenii over a morphism
W(s) −→W(s′) induced by a morphism s −→ s′ of fine log schemes whose underlying
schemes are the spectrums of perfect fields of characteristic p > 0.
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In (2.2.4) (3) below we shall use the argument in the proof of the following propo-
sition.
Proposition 2.1.14. Let g : Z•≤N −→ Y•≤N be a solid morphism from an N -
truncated simplicial fine log scheme over s. Then the following hold:
(1) The log scheme Z•≤N is log smooth of Cartier type over s.
(2) Assume that
◦
g is e´tale. Then the canonical morphism
Wn(OZ•≤N )
⋆ ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆ −→ (WnΩ
i
Z•≤N
)⋆ (i ∈ N)(2.1.14.1)
is an isomorphism.
Proof. We may assume that N = 0. Denote Y0 and Z0 by Y and Z, respectively.
(1): Set Y ′ := Y ×s,Fs s and Z ′ := Z ×s,Fs s. Let g′ : Z ′ −→ Y ′ be the base
change of g. Let FY/s : Y −→ Y
′ and FZ/s : Z −→ Z ′ be the relative Frobenius
morphisms. Then F ∗Z/s(MZ′) −→ MZ is equal to F
∗
Z/sg
′∗(MY ′) = g∗F ∗Y/s(MY ′) −→
g∗(MY ). Since the morphism F ∗Y/s(MY ′) −→MY is exact, we see that the morphism
g∗F ∗Y/s(MY ′) −→ g
∗(MY ) is exact.
(2): It suffices to prove (2) in the case ⋆ =nothing. We have used the following
argument in the proof of [NS1, (2.12.2)]. (I have learnt this argument from Shiho.)
We may assume that there exists the following commutative diagram
Z
⊂
−−−−→ Zy y
Y
⊂
−−−−→ Yy y
s
⊂
−−−−→ Wn(s),
where the targets of the upper two horizontal morphisms are log smooth lifts over
Wn(s) of the sources of them. For a quasi-coherentOY -module (resp. a quasi-coherent
OWn(Y)-module) F , Fe´t denotes the corresponding OYe´t -module (resp. OWn(Y)e´t -
module). For a quasi-coherent OWn(Y )-module F , Fe´t denotes the corresponding
OWn(Y )e´t -module. Let
uY/Wn(s),e´t : (Y/Wn(s))crys −→ Ye´t
be the canonical projection, where (Y/Wn(s))crys is the log crystalline topos defined
in [Kk2]. Then the e´tale version of (2.1.11.1) for the case N = 0 also holds ([Nakk2,
(7.19)](=a correction of [HK, (4.19)])). This implies thatHi((Ω•Y/Wn(s))e´t) = (WnΩ
i
Y/Wn(s))e´t.
Hence
WnΩ
i
Z = H
i(Ω•Z/Wn(s)) =Wn(OZ)⊗Wn(OY )WnΩ
i
Y .
In fact, we can prove the log version (2.1.19) below of [I2, I (1.14)]. The proof of
this log version is very different from the proof of [loc. cit.]. To prove it, we need the
lemma (2.1.16). This is a log version of [I2, 0 (2.2.7)]. The proof of (2.1.16) fills a gap
in the explanation for [I2, 0 (2.2.7)] (see (2.1.17) below). To prove (2.1.16), we need
the following:
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Lemma 2.1.15. Let f : X −→ Y be a morphism of fine log schemes. Let g : Y −→ Z
be a log e´tale morphism. Assume that the composite morphism g ◦f is log e´tale. Then
the following hold:
(1) f is log e´tale.
(2) Assume that f is weakly purely inseparable over Fp, that g ◦f is exact and that
the log structure of Y is saturated. Then f is an isomorphism.
Proof. (1): By [Kk2, (3.12)] the following sequence
g∗(Ω1Y/Z ) −→ Ω
1
X/Z −→ Ω
1
X/Y −→ 0
is exact. By the assumption Ω1X/Z = 0 = g
∗(Ω1Y/Z). Hence f is log e´tale by [loc. cit.]
again.
(2): Since f is log e´tale, it suffices to prove, by using [Kk2, (4.11)], that f is
exact. Because f is weakly purely inseparable and log e´tale, the pull-back morphism
f∗ : f∗(MgpY ) −→ M
gp
X is an isomorphism. Let a be a local section of f
∗(MgpY ) such
that f∗(a) ∈MX . Since g ◦ f is log e´tale, there exists a positive integer m such that
f∗(am) ∈ Im(f∗g∗(MZ) −→ MX). In particular, f∗(am) ∈ Im(f∗(MY ) −→ MX).
Since MY is saturated, a ∈ Im(f∗(MY ) −→MX). Hence f is exact.
Next we redefine ZnΩ
i
Y•≤N/s
and BnΩ
i
Y•≤N/s
from our point of view which is
slightly different from [I2, 0 (2.2.2)]. This is convenient for the proof of (2.1.16).
Let S be a fine log scheme of characteristic p > 0. Let X be a fine log smooth
scheme of Cartier type over S. Let FX : X −→ X be the absolute Frobenius morphism
of X . For a nonnegative integer n, set X(p
n) := X×S,FnS S and let F
n
X/S : X −→ X
(pn)
be the induced morphism over S by FnX . Set ZΩ
i
X/S := Ker(d : Ω
i
X/S −→ Ω
i+1
X/S)
and BΩiX/S := Im(d : Ω
i−1
X/S −→ Ω
i
X/S). Set also Z1Ω
i
X/S := FX/S∗(ZΩ
i
X/S) and
B1Ω
i
X/S := FX/S∗(BΩ
i
X/S). Though ZΩ
i
X/S and BΩ
i
X/S are abelian sheaves on X ,
Z1Ω
i
X/S and B1Ω
i
X/S are naturally sheaves of OX(p) -submodules of FX/S∗(Ω
i
X/S). By
[Kk2, (4.12) (1)] we have the following Cartier isomorphism of OX(p) -modules:
(2.1.15.1) C−1X/S : Ω
i
X(p)/S
∼
−→ FX/S∗(Hi(Ω•X/S)) = Z1Ω
i
X/S/B1Ω
i
X/S .
since the morphism
◦
FX/S :
◦
X −→
◦
X(p) is finite. Assume that two OX(pn) -modules
ZnΩ
i
X/S and BnΩ
i
X/S of F
n
X/S∗(Ω
•
X/S) are defined. Applying F
n
X(p)/S∗ to (2.1.15.1),
we have the following isomorphism of OX(pn+1)-modules:
(2.1.15.2) FnX(p)/S∗(C
−1
X/S) : F
n
X(p)/S∗(Ω
i
X(p)/S)
∼
−→ Fn+1X/S∗(ZΩ
i
X/S)/F
n+1
X/S∗(BΩ
i
X/S).
Let D be Z or B. Then we define Zn+1Ω
i
X/S and Bn+1Ω
i
X/S by the following formula:
(2.1.15.3) FnX(p)/S∗(C
−1
X/S) : DnΩ
i
X(p)/S
∼
−→ Dn+1Ω
i
X/S/F
n+1
X/S∗(BΩ
i
X/S).
By the definitions of ZnΩ
i
X/S and BnΩ
i
X/S , we have the following inclusions
FX(pn)/S∗(BnΩ
i
X/S) ⊂ Bn+1Ω
i
X/S ⊂ F
n+1
X/S∗(ZΩ
i
X/S) ⊂ F
n+1
X/S∗(Ω
i
X/S)(2.1.15.4)
and
Zn+1Ω
i
X/S ⊂ FX(pn)/S∗(ZnΩ
i
X/S) ⊂ F
n+1
X/S∗(ZΩ
i
X/S) ⊂ F
n+1
X/S∗(Ω
i
X/S).(2.1.15.5)
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Because FnX/S : X −→ X
(pn) is a homeomorphism of underlying topological spaces, we
can define two abelian sheaves nZΩ
i
X/S and nBΩ
i
X/S on X by the following formula
nDΩ
i
X/S := ((F
n
X/S)
−1)∗(DnΩiX/S).(2.1.15.6)
In [I2] (and except this book) nZΩ
i
X/S and nBΩ
i
X/S have been denoted by ZnΩ
i
X/S
and BnΩ
i
X/S , respectively.
By the definition of ZnΩ
i
X/S and BnΩ
i
X/S , we have the following isomorphism of
OX(pn+1) -modules:
C−1X/S : ZnΩ
i
X(p)/S/BnΩ
i
X(p)/S
∼
−→ Zn+1Ω
i
X/S/Bn+1Ω
i
X/S .(2.1.15.7)
Iterating C−1X/S above, we have the following isomorphism of OX(pn) -modules:
C−nX/S : Ω
i
X(pn)/S
∼
−→ ZnΩ
i
X/S/BnΩ
i
X/S .(2.1.15.8)
As in [I2, p. 520], consider the following exact sequence of OX(pn+1)-modules:
0 −→ Z1Ω
i
X(pn)/S −→ FX(pn)/S∗(Ω
i
X(pn)/S)
d
−→ B1Ω
i+1
X(pn)/S
−→ 0.
Applying C−nX/S to this exact sequence, we have the following exact sequence of
OX(pn+1) -modules:
0 −→ Zn+1Ω
i
X(pn)/S/FX(pn)/S∗(BnΩ
i
X/S) −→ FX(pn)/S∗(ZnΩ
i
X(pn)/S)/FX(pn)/S∗(BnΩ
i
X/S)
(2.1.15.9)
d
−→ Bn+1Ω
i+1
X(pn)/S
/FX(pn)/S∗(BnΩ
i+1
X/S) −→ 0.
Hence we have the following isomorphism of OX(pn+1)-modules:
Zn+1Ω
i
X(pn)/S/Bn+1Ω
i
X/S
∼
−→ FX(pn)/S∗(H
i(Ω•X(pn)/S)).(2.1.15.10)
Lemma 2.1.16. Let S be as above. Let gZ•≤N/Y•≤N : Z•≤N −→ Y•≤N be a log e´tale
morphism of log smooth schemes of Cartier type over S. Assume that the structural
morphism Y•≤N −→ S and the morphism gZ•≤N/Y•≤N are saturated. Assume also
that the structural morphism Z•≤N −→ S is exact. Let n be a nonnegative integer.
Let g
(pn)
Z•≤N/Y•≤N
: Z
(pn)
•≤N := Z•≤N ×S,FnS S −→ Y
(pn)
•≤N := Y•≤N ×S,FnS S be the base
change of g. Then, for i ∈ N,
g
(pn)∗
Z•≤N/Y•≤N
(ZnΩ
i
Y•≤N/S
) = ZnΩ
i
Z•≤N/S
(2.1.16.1)
and
g
(pn)∗
Z•≤N/Y•≤N
(BnΩ
i
Y•≤N/S
) = BnΩ
i
Z•≤N/S
.(2.1.16.2)
Proof. We may assume that N = 0. Denote Y0 and Z0 by Y and Z, respectively.
Since g
(pn)
Z/Y is log e´tale (because g is log e´tale), g
(pn)∗
Z/Y (Ω
i
Y (pn)/S
) = Ωi
Z(pn)/S
.
We claim that the natural morphism Z(p
n) −→ Z(p
n+1) ×Y (pn+1),F
Y (p
n)/S
Y (p
n)
obtained by the following commutative diagram
(2.1.16.3)
Z(p
n)
F
Z(p
n)/S
−−−−−−→ Z(p
n+1)
g
(pn)
Z/Y
y yg(pn+1)Z/Y
Y (p
n)
F
Y (p
n)/S
−−−−−−→ Y (p
n+1).
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is an isomorphism. Indeed, since log e´taleness is stable under base change, the mor-
phism Z(p
n+1) ×Y (pn+1),F
Y (p
n)/S
Y (p
n) −→ Y (p
n) is log e´tale. Because the morphism
Z(p
n) −→ Y (p
n) is log e´tale and this is the composite morphism of
Z(p
n) −→ Z(p
n+1) ×Y (pn+1),F
Y (p
n)/S
Y (p
n)(2.1.16.4)
and Z(p
n)×Y (pn),F
Y (p
n)/S
Y (p
n+1) −→ Y (p
n+1), the morphism (2.1.16.4) is log e´tale by
(2.1.15). Since the upper horizontal morphism in (2.1.16.3) is weakly purely insepa-
rable (because Z(p
n) −→ S is of Cartier type), it is easy to check that the morphism
(2.1.16.4) is also weakly purely inseparable. By the assumption, the structural mor-
phism Z −→ S is exact. Since the exactness is stable under base change, the structural
morphism Z(p
n+1) −→ S is exact. In [Tsuj6, II (2.11)] Tsuji has prove the following:
(1) The composite morphism of two saturated morphisms of integral log schemes
is saturated.
(2) The saturated morphisms of integral log schemes are stable under the base
change of integral log schemes.
(3) Let g : Y −→ Z be a morphism of (fine) integral log schemes. Then g is
saturated if and only if the base change Y ′ of Y with respect to a morphism Z ′ −→ Z
from a (fine) saturated log scheme are saturated.
Hence Z(p
n)×Y (pn),F
Y (p
n)/S
Y (p
n+1) is saturated. By (2.1.15) the morphism (2.1.16.4)
is an isomorphism.
Next we claim that the natural morphism
g
(pn+1)∗
Z/Y (FY (pn)/S∗(Ω
i
Y (pn)/S)) −→ FZ(pn)/S∗(Ω
i
Z(pn)/S)(2.1.16.5)
is an isomorphism. Indeed, because this is a local problem, because Ωi
Y (pn)/S
is
locally free and because Ωi
Z(pn)/S
= g
(pn)∗
Z/Y (Ω
i
Y (pn)/S
), it suffices to prove that the
natural morphism
OZ(pn+1) ⊗OY (pn) FY (pn)/S∗(OY (pn)) −→ FZ(pn)/S∗(OZ(pn))
is an isomorphism. Because (2.1.16.4) is an isomorphism, this is an isomorphism.
Since the following diagram
(2.1.16.6)
g
(pn+1)∗
Z/Y (FY (pn)/S∗H
i(Ω•
Y (pn)/S
)) −−−−→ FZ(pn)/S∗Hi(Ω•Z(pn)/S)
g
(pn+1)∗
Z/Y
(C−1
Y (p
n)/S
)
x≃ ≃xC−1Z(pn)/S
g
(pn+1)
Z/Y ∗ (Ω
i
Y (pn+1)/S
)
≃
−−−−→ Ωi
Z(pn+1)/S
is commutative, the upper horizontal morphism in (2.1.16.6) is an isomorphism of
OZ(pn+1) -modules:
g
(pn+1)
Z/Y ∗ (FY (pn)/S∗H
i(Ω•Y (pn)/S))
∼
−→ FZ(pn)/S∗(H
i(Ω•Z(pn)/S)).(2.1.16.7)
Consider the complex FY (pn)/S∗(Ω•Y (pn)/S) of OY (pn+1) -modules. Since the following
sequence
0 −→ Z1Ω
i
Y/S −→ FY/S∗(Ω
i
Y/S)
d
−→ B1Ω
i+1
Y/S −→ 0
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is exact (since
◦
FY/S is a homeomorphism) and because B1Ω
i+1
Y/S is a locally free OY (p) -
modules by [Lo, (1.13)], we have the following exact sequence of OZ(p) -modules:
0 −→ g
(p)∗
Z/Y (Z1Ω
i
Y/S) −→ g
(p)∗
Z/Y FY/S∗(Ω
i
Y/S) −→ g
(p)∗
Z/Y (B1Ω
i+1
Y/S) −→ 0.
Because the morphism (2.1.16.5) is an isomorphism, this exact sequence is nothing
but the following exact sequence
0 −→ g
(p)∗
Z/Y (Z1Ω
i
Y/S) −→ FZ[p]/S∗(Ω
i
Z[p]/S) −→ g
(p)∗
Z/Y (B1Ω
i+1
Y/S) −→ 0.
This exact sequence tells us that g
(p)∗
Z/Y (B1Ω
i+1
Y/S) = B1Ω
i+1
Z/S and g
(p)∗
Z/Y (Z1Ω
i
Y/S) =
Z1Ω
i
Z/S . Let W be Y or Z. Since
C−1W/S : ZnΩ
i
W (p)/S
∼
−→ Zn+1Ω
i
W/S/F
n
W/S∗(Z1Ω
i
W/S),
we have the following isomorphism
C−1Y/S : g
(pn)∗
Z(p)/Y (p)
(ZnΩ
i
Y (p)/S)
∼
−→ g
(pn+1)∗
Z/Y (Zn+1Ω
i
Y/S/F
n
Y/S∗(Z1Ω
i
Y/S))
∼
−→ g
(pn+1)∗
Z/Y (Zn+1Ω
i
Y/S)/g
(pn+1)∗(FnY/S∗(Z1Ω
i
Y/S))
∼
−→ g
(pn+1)∗
Z/Y (Zn+1Ω
i
Y/S)/F
n
Z/S∗g
(p)∗
Z/Y (Z1Ω
i
Y/S)
induction on n shows that (2.1.16.1) holds. Similarly induction on n shows that
(2.1.16.2) holds.
Remark 2.1.17. Let the notations be as in [I2, 0 (2.2.7)]. In [loc. cit.] Illusie has
proved that the following morphism
f (p
n)∗(ZnΩiX/s/BnΩ
i
X/S) −→ ZnΩ
i
X(p)/s/BnΩ
i
X(p)/S(2.1.17.1)
is an isomorphism. However he has not proved the following morphisms
f (p
n)∗(ZnΩiX/S) −→ ZnΩ
i
X(p)/S(2.1.17.2)
and
f (p
n)∗(BnΩiX/S) −→ BnΩ
i
X(p)/S(2.1.17.3)
are isomorphisms.
Let the notations be as in the proof of (2.1.16). The point of the proof of (2.1.16)
is to prove that g
(p)∗
Z/Y (B1Ω
i+1
Y/S) = B1Ω
i+1
Z/S and g
(p)∗
Z/Y (Z1Ω
i
Y/S) = Z1Ω
i
Z/S . The corre-
sponding statement in the previous paragraph has not been proved in [I2, p. 520].
Let us recall the following which has been proved in [NY, (11.4), (11.9)]:
Theorem 2.1.18. Let Z be a log smooth scheme of Cartier type over s. Let F : Wn(Z) −→
Wn(Z) be the Frobenius endomorphism of Wn(Z). Then the following hold:
(1) The morphism Fn : Wn+1ΩiZ −→ W1Ω
i
Z factors through ZnW1Ω
i
Z and the
following sequence
F∗(WnΩiZ)
V
−→Wn+1Ω
i
Z
Fn
−→ ZnW1Ω
i
Z −→ 0(2.1.18.1)
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is an exact sequence of Wn+1(OZ)-modules.
(2) The morphism F∗(Fn−1d) : Wn+1ΩiZ −→W1Ω
i+1
Z factors through BnW1Ω
i+1
Z
and the following sequence
Wn+1Ω
i
Z
F
−→ F∗(WnΩiZ)
F∗(F
n−1d)
−→ BnW1Ω
i+1
Z −→ 0(2.1.18.2)
is an exact sequence of Wn(OZ)-modules.
The following is a log version of [I2, I (1.14)]; the proof of it is very different from
the proof of [loc. cit.]:
Theorem 2.1.19. Let Z•≤N , Y•≤N and g be as in (2.1.16). Then, for i, n ∈ N,
g∗(WnΩiY•≤N/s) =WnΩ
i
Z•≤N/s
.(2.1.19.1)
Proof. By [Lo, (1.13)] ZnΩ
i
Y/s and BnΩ
i
Y/s are locally free OY -modules. Hence
ZnW1ΩiY/s and BnW1Ω
i
Y/s are also locally free OY -modules. Now (2.1.19) imme-
diately follows from (2.1.16), (2.1.18) and induction on n.
Let FY•≤N : Y•≤N −→ Y•≤N be the Frobenius endomorphism(=the p-th power
endomorphism) of Y•≤N .
Definition 2.1.20. Let E•≤N be a coherent crystal on Y•≤N/W(s). Let
Φcrys : F
∗
Y•≤N ,crys
(E•≤N ) −→ E•≤N
be an OY•≤N/W(s)-linear morphism. We call the pair (E
•≤N ,Φcrys) an F -crystal on
Y•≤N/W(s).
Let E•≤N be a flat coherent F -crystal on Y•≤N/W(s). Let F : Wn(Y•≤N ) −→
Wn(Y•≤N ) be the Frobenius endomorphism ofWn(Y•≤N ). Set (E•≤Nn )
σ := F ∗(E•≤Nn ).
By the commutative diagram
(2.1.20.1)
Y•≤N
FY•≤N
−−−−→ Y•≤N
⋂y y⋂
Wn(Y•≤N )
F
−−−−→ Wn(Y•≤N ),
we have the following morphism of E•≤Nn : the Wn(OY•≤N )-linear endomorphism
Φ: (E•≤Nn )σ −→ E•≤Nn . As in [Et, II (3.0)] we have an F ∗-linear morphism FE•≤N : E•≤Nn −→
(E•≤Nn )
σ −→ E•≤Nn , where E
•≤N
n −→ (E
•≤N
n )
σ is the natural morphism x 7−→ 1⊗ x
(x ∈ E•≤Nn ). Let F : E
•≤N
n+1 −→ E
•≤N
n be the composite morphism E
•≤N
n+1
F
E•≤N−→
E•≤Nn+1
proj.
−→ E•≤Nn . Set
F := F⊗F : E•≤Nn+1 ⊗Wn+1(OY•≤N )⋆(Wn+1Ω
i
Y•≤N
)⋆ −→ E•≤Nn ⊗Wn(OY•≤N )⋆(WnΩ
i
Y•≤N
)⋆.
Now assume that E•≤N is a unit root log F -crystal, i. e., Φcrys is an isomorphism.
In particular, Φ is an isomorphism. First consider the following morphism
Φ−1 ⊗ id : E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆ −→ (E•≤Nn )
σ ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆.
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Next consider the following isomorphism
I : (E•≤Nn )
σ ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆ = F−1(E•≤Nn )⊗F−1(Wn(OY•≤N )⋆) (WnΩ
i
Y•≤N
)⋆
= E•≤Nn ⊗Wn(OY•≤N )⋆ F∗(WnΩ
i
Y•≤N
)⋆.
Consider also the following morphism
id⊗ V : E•≤Nn ⊗Wn(OY•≤N )⋆ F∗(WnΩ
i
Y•≤N
)⋆
= (E•≤Nn+1 ⊗Wn+1(OY•≤N )⋆,RWn(OY•≤N )
⋆)⊗Wn(OY•≤N )⋆ F∗(WnΩ
i
Y•≤N
)⋆
−→ E•≤Nn+1 ⊗Wn+1(OY•≤N )⋆ (Wn+1Ω
i
Y•≤N
)⋆.
Here we have used the formula “xV y = V (Fxy)” to define id⊗ V . Let
V : E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆ −→ E•≤Nn+1 ⊗Wn+1(OY•≤N )⋆ (Wn+1Ω
i
Y•≤N
)⋆
be the composite of Φ−1⊗id, I and id⊗V : V := (id⊗V )◦I◦(Φ−1⊗id). Now we obtain
the graded pro-module {E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆}∞n=1 over the Raynaud ring
R of κ. That is, E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆ is a sheaf of Wn(OY•≤N )
⋆-modules
and we have the following operators satisfying the standard relations in [IR, I (1.1)]
and [Hy2, (1.3.1)]:
F : E•≤Nn+1 ⊗Wn+1(OY•≤N )⋆ (Wn+1Ω
•
Y•≤N
)⋆ −→ E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆,
(2.1.20.2)
V : E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆ −→ E•≤Nn+1 ⊗Wn+1(OY•≤N )⋆ (Wn+1Ω
•
Y•≤N
)⋆,
∇ : E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆ −→ E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•+1
Y•≤N
)⋆,
p : E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆ −→ E•≤Nn+1 ⊗Wn+1(OY•≤N )⋆ (Wn+1Ω
•
Y•≤N
)⋆,
R : E•≤Nn+1 ⊗Wn+1(OY•≤N )⋆ (Wn+1Ω
•
Y•≤N
)⋆ −→ E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆.
(See [Et, II (3.1.3)] for the proof of the relation ∇F = pF∇; this relation implies the
relation F∇V = ∇ because Emn (0 ≤ m ≤ N) is generated by FE(E
m
n ) as in [Et,
p.86].) We also have the following Frobenius morphism:
(2.1.20.3)
Φn : E
•≤N
n ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆ −→ E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆.
As in [Et, II (3.2.3), (3.3.1), (3.4.1), (4.2.1)], we obtain the following four results:
Proposition 2.1.21.
Filn(E•≤Nn+r ⊗Wn+r(OY•≤N )⋆ (Wn+rΩ
i
Y•≤N
)⋆) =
(2.1.21.1)
V n(E•≤Nr ⊗Wr(OY•≤N )⋆ (WrΩ
i
Y•≤N
)⋆) +∇V n(E•≤Nr ⊗Wr(OY•≤N )⋆ (WrΩ
i−1
Y•≤N
)⋆).
Proposition 2.1.22. The following formula holds:
(2.1.22.1)
F r(Filn(E•≤Nn+r ⊗Wn+r(OY•≤N )⋆(Wn+rΩ
i
Y•≤N
)⋆)) = F r∇V n(E•≤Nr ⊗Wr(OY•≤N )⋆(WrΩ
i−1
Y•≤N
)⋆).
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Consequently the morphism F r : E•≤Nn+r ⊗Wn+r(OY•≤N )⋆(Wn+rΩ
i
Y•≤N
)⋆ −→ E•≤Nn ⊗Wn(OY•≤N )⋆
(WnΩiY•≤N )
⋆ induces the following morphism
Fˇ r : E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆ −→
(2.1.22.2)
F r(E•≤Nn+r ⊗Wn+r(OY•≤N )⋆ (Wn+rΩ
i
Y•≤N
)⋆)/F r∇V n(E•≤Nr ⊗Wr(OY•≤N )⋆ (WrΩ
i−1
Y•≤N
)⋆).
For the case r = n, Fˇn induces the following morphism
Fˇn : E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆ −→ Fn∗ H
i(E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆).
(2.1.22.3)
Theorem 2.1.23. The morphism V r : E•≤Nn ⊗Wn(OY•≤N )⋆(WnΩ
i
Y•≤N
)⋆ −→ E•≤Nn+r ⊗Wn+r(OY•≤N )⋆
(Wn+rΩiY•≤N )
⋆ induces the following morphism
Vˇ r : E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆/F r∇V n(E•≤Nr ⊗Wr(OY•≤N )⋆ (WrΩ
i−1
Y•≤N
)⋆)
(2.1.23.1)
−→ E•≤Nn+r ⊗Wn+r(OY•≤N )⋆ (Wn+rΩ
i
Y•≤N
)⋆.
There exists a generalized Cartier isomorphism
Cˇr : F r(E•≤Nn+r ⊗Wn+r(OY•≤N )⋆ (Wn+rΩ
i
Y•≤N
)⋆)/F r∇V n(E•≤Nr ⊗Wr(OY•≤N )⋆ (WrΩ
i−1
Y•≤N
)⋆)
∼
−→ E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆
(2.1.23.2)
which is the inverse of Fˇ r. The morphism Cˇr satisfies a relation pr ◦ Cˇr = Vˇ r. In
particular, there exist the following isomorphisms
Fˇn : E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆
∼
−→ Fn∗ (H
i(E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆))
(2.1.23.3)
and
Cˇn : Fn∗ (H
i(E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆))
∼
−→ E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
i
Y•≤N
)⋆,
(2.1.23.4)
which are the inverse of another.
Theorem 2.1.24 (Slope spectral sequence). Set E•≤N∞ := lim←−nE
•≤N
n . Then
there exists the following spectral sequence
(2.1.24.1)
Ei,q−i1 = H
q−i(Y•≤N , E•≤N∞ ⊗W(OY•≤N )⋆(WΩ
i
Y•≤N
)⋆) =⇒ Hq((Y•≤N/W(s))crys, E•≤N ).
This degenerates at E1 modulo torsion and there exists the following canonical iso-
morphism
(Hq((Y•≤N/W(s))crys, E•≤N )⊗W K0)[i,i+1)(2.1.24.2)
= Hq−i(Y•≤N , E•≤N∞ ⊗W(OY•≤N )⋆ (WΩ
i
Y•≤N
)⋆)⊗W K0.
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The log crystal E•≤N gives a log crystal E•≤NY•≤N/Wn(s) of OY•≤N/Wn(s)-modules.
Set E•≤Nn := E
•≤N
Wn(Y•≤N ). Assume that E
•≤N is a flat coherent unit root log F -crystal.
Then, by (2.1.23.3) and (2.1.11),
(2.1.24.3) E•≤Nn ⊗Wn(OY•≤N )WnΩ
i
Y•≤N
= Fn∗ R
iuY•≤N/Wn(s)∗(E
•≤N
Y•≤N/Wn(s)).
In a standard way, we can define a boundary morphism “p−n∇”:
∇ : RiuY•≤N/Wn(s)∗(E
•≤N
Y•≤N/Wn(s)) −→ R
i+1uY•≤N/Wn(s)∗(E
•≤N
Y•≤N/Wn(s)).(2.1.24.4)
Assume that there exists an immersion ι : Y•≤N
⊂
−→ Q•≤N,n into a log smooth
scheme over Wn(s). Let gn : Q•≤N,n −→ Wn(s) be the structural morphism. Let
E•≤N be as in (2.1.23). Let E•≤NY•≤N/Wn(s) be the restriction ofE
•≤N on (Y•≤N/Wn(s))crys.
Let E•≤N,n be the log PD-envelope of the immersion Y•≤N
⊂
−→ Q•≤N,n over (Wn(s), pWn, [ ]).
Let (E•≤Nn ,∇) be the corresponding OE•≤N,n-module with integrable connection to
E•≤NY•≤N/Wn(s). Then, by (2.1.24.3) and [Kk2, (6.4)] (or the log Poincare´ lemma ([NS1,
(2.2.7)])), we have the following equality
(2.1.24.5)
E•≤Nn ⊗Wn(OY•≤N )WnΩ
i
Y•≤N
= Fn∗ H
i(E•≤Nn ⊗OQ•≤N,nΩ
•
Q•≤N,n/Wn(s)) (i ∈ N).
Theorem 2.1.25. Let E•≤N be a flat coherent unit root log F -crystal in (Y•≤N/W(s))crys.
Consider E•≤NY•≤N/Wn(s) as E in (2.1.11). Denote E
•≤N,• and Q•≤N,• in the proof of
(2.1.11) by E•≤N,•n and Q•≤N,•,n, respectively. Then the isomorphism in (2.1.11.1)
for the case ⋆=nothing is equal to the following isomorphism
Rπzar∗(E•≤N,•n ⊗OQ•≤N,•,nΩ
•
Q•≤N,•,n/Wn(s))
∼
−→ Rπzar∗(H•(E•≤N,•n ⊗OQ•≤N,•,nΩ
∗
Q•≤N,•,n/Wn(s))).
(2.1.25.1)
Proof. This follows from (2.1.11.5) and (2.1.24.5).
Remark 2.1.26. Let the notations and the assumptions be in (2.1.25). Then, as
in [IR], we can consider RiuY•≤N/Wn(s)∗(E
•≤N
Y•≤N/Wn(s)) as the definition of the sheaf
“E•≤Nn ⊗Wn(OY•≤N ) WnΩ
i
Y•≤N
” and {RiuY•≤N/Wn(s)∗(E
•≤N
Y•≤N/Wn(s))}i∈N becomes a
complex {R•uY•≤N/Wn(s)∗(E
•≤N
Y•≤N/Wn(s))}. Moreover, one can prove that
{R•uY•≤N/Wn(s)∗(E
•≤N
Y•≤N/Wn(s))}n∈N
has operators F , V , p and R in a standard way. (2.1.11) and (2.1.25) imply that
there exists a canonical isomorphism
E•≤Nn ⊗Wn(OY•≤N )⋆ (WnΩ
•
Y•≤N
)⋆
∼
−→ R•uY•≤N/Wn(s)∗(E
•≤N )(2.1.26.1)
in D+(g−1(Wn)).
2.2 Log de Rham-Witt complexes of crystals II
Let the notations be as in the previous section. In this section s is assumed to be the
log point of a perfect field κ of characteristic p > 0, that is, s = (Spec(κ),N⊕κ∗ −→ κ)
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as in the Introduction. Set Wn := Γ(Wn(s),OWn(s)). In this section we give a defini-
tion of the sheafWnΩ˜iY (i ∈ N) ofWn(OY )-modules from our point of view. The sheaf
WnΩ˜iY has been denoted byWnω˜
i
Y in [Hy2] and [Mo]. For a quasi-coherent log crystal
E of O
Y/W(◦s)-modules, we consider a complex En ⊗Wn(OY ) WnΩ˜
•
Y (En := EWn(Y ))
and we give the “crystalline” interpretation of this complex. In the next section we
construct an analogous filtered complex to (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) in §1.4
by using results in this section in the case where
◦
T is the spectrum of a perfect
field of characteristic p > 0. This analogous filtered complex is a generalization of
Hyodo-Mokrane-Steenbrink complex in [Mo] and [Nakk2].
Let t −→ s be a morphism from a fine log scheme whose underlying scheme is the
spectrum of a perfect field of characteristic p > 0. Set s◦
t
:= s ×◦
s
◦
t. Let Y be a log
smooth scheme of Cartier type over s. Set Y◦
t
:= Y ×◦
s
◦
t and κt := Γ(t,Ot). In this
section we consider the following commutative diagram
t
⊂
−−−−→ Wn(t)y y
s
⊂
−−−−→ Wn(s).
We consider S, T0 and T in §1.3 as s, t, Wn(t), respectively in this section. Because
S(T ) = s(Wn(t)) =Wn(s◦
t
)
is hollow, Wn(s◦
t
)♮ =Wn(s◦
t
).
Set
WnΩ˜
i
Y◦
t
:= R˜iu
Y◦
t
/Wn(
◦
t)∗(OY◦
t
/Wn(
◦
t)
) (i ∈ N).(2.2.0.1)
(Recall the definition of R˜iu
Y◦
t
/Wn(
◦
t)∗(OY◦
t
/Wn(
◦
t)
) in (1.7.24).)
Proposition 2.2.1. The following formula holds:
WnΩ˜
i
Y◦
t
=Wn(κt)⊗Wn WnΩ˜
i
Y (i ∈ N).(2.2.1.1)
Proof. This follows from (1.7.25).
Proposition 2.2.2. Let
(2.2.2.1)
t −−−−→ t′y y
s −−−−→ s′
be a commutative diagram of fine log schemes whose underlying schemes are the spec-
trums of perfect fields of characteristic p > 0. Assume that s′ and s are log points.
Then the sheaf WnΩ˜iY◦
t
is contravariantly functorial with respect to the following com-
mutative diagram
(2.2.2.2)
Y◦
t
−−−−→ Y ′◦
t′y y
s◦
t
−−−−→ s′◦
t′
.
192CHAPTER 2. WEIGHT FILTRATIONS AND SLOPE FILTRATIONS ON LOGCRYSTALLINE COHOMOLOGIES VIA LOGDE RHAM-WITT COMPLEXES
Proof. This immediately follows from (1.7.26) (1).
If there exists an immersion Y◦
t
⊂
−→ Qn into a log smooth scheme over Wn(s◦
t
), then
WnΩ˜
i
Y◦
t
= Hi(OEn ⊗OQn Ω
•
Qn/Wn(
◦
t)
) = Hi(OEn ⊗OQexn Ω
•
Qexn /Wn(
◦
t)
),(2.2.2.3)
where En is the log PD-envelope of the immersion Y◦
t
⊂
−→ Qn over (Wn(s◦
t
), pWn, [ ]).
This is equal to the definition in [Mo, p. 311] only in the case where Qn is a lift of
Y◦
t
over Wn(s◦
t
).) Let Y◦
t
⊂
−→ Q2n be an immersion into a log smooth scheme over
W2n(s). Set Qn := Q2n ×W2n(s◦
t
)Wn(s◦
t
). Because the following sequence
0 −→ OEn ⊗OQn Ω
•
Qn/Wn(
◦
t)
pn
−→ OE2n ⊗OQ2n Ω
•
Q2n/W2n(
◦
t)
(2.2.2.4)
−→ OEn ⊗OQn Ω
•
Qn/Wn(
◦
t)
−→ 0
is exact ((1.7.22)), we have the following boundary morphism
d : WnΩ˜
i
Y◦
t
= Hi(OEn ⊗OQn Ω
•
Qn/Wn(
◦
t)
) −→ Hi+1(OEn ⊗OQn Ω
•
Qn/Wn(
◦
t)
) =WnΩ˜
i+1
Y◦
t
.
(2.2.2.5)
It is easy to prove that d is independent of the choice of the immersion Y◦
t
⊂
−→ Q2n
as in the proof of (2.2.6) below. Let gn : Qn −→Wn(s) be the structural morphism.
Let τ be a global section of the log structure Ms of s whose image in Γ(s,Ms/O∗s)
is a generator. Let τ be also the image of τ in Γ(Y◦
t
,MY◦
t
). Let θn ∈ WnΩ˜1Y◦
t
=
H1(OEn ⊗OQ Ω•Q/Wn(
◦
t)
) be the cohomology class of d log τ ∈ OEn ⊗OQ Ω1Q/Wn(
◦
t)
([Mo, 3.4]).
Proposition 2.2.3 (cf. [Hy2, (1.4.3)]). Set Yt := Y ×s t. Let WnΩ•Yt be the log de
Rham-Witt complex of Yt/t. Then the following sequence
(2.2.3.1) 0 −−−−→ WnΩ•Yt [−1]
θn∧−−−−→ WnΩ˜•Y◦
t
−−−−→ WnΩ•Yt −−−−→ 0
is exact.
Proof. Because WnΩiYt = WnΩ
i
Ys◦
t
by (2.1.1), we may assume that t = s. Because
the problem is local, we may also assume that there exists an immersion Y
⊂
−→ Q2n
into a log smooth scheme overW2n(s). Set Qn := Q2n×W2n(s)Wn(s). Then we have
the following exact sequence by (1.7.20.1):
0 −→ OEn ⊗OQn Ω
•
Qn/Wn(s)[−1]
d log τ∧
−→ OEn ⊗OQn Ω
•
Qn/Wn(◦s)
(2.2.3.2)
−→ OEn ⊗OQn Ω
•
Qn/Wn(s) −→ 0.
Consider the following exact sequence
· · · −→ Hi−1(OEn ⊗OQn Ω
•
Qn/Wn(s))
θn∧−→ Hi(OEn ⊗OQn Ω
•
Qn/Wn(◦s)
)
−→ Hi(OEn ⊗OQn Ω
•
Qn/Wn(s)) −→ · · · .
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We have to prove the injectivity of the following morphism
θn∧ : H
i−1(OEn ⊗OQn Ω
•
Qn/Wn(s)) −→ H
i(OEn ⊗OQn Ω
•
Qn/Wn(◦s)
)(2.2.3.3)
to prove the injectivity of the morphism θn∧ : WnΩ•Y [−1] −→ WnΩ˜
•
Y . Consider the
following diagram
(2.2.3.4)
OE2n ⊗OQ2n Ω
i−1
Q2n/W2n(◦s)yd
0 −−−−→ OEn ⊗OQn Ω
i
Qn/Wn(◦s)
pn
−−−−→ OE2n ⊗OQ2n Ω
i
Q2n/W2n(◦s)
.
To prove the injectivity, we have only to prove the following inclusion holds
d log τ ∧ (pn)−1d(OE2n ⊗OQ2n Ω
i−2
Q2n/W2n(◦s)
) ⊃(pn)−1d(OE2n ⊗OQ2n Ω
i−1
Q2n/W2n(◦s)
)
(2.2.3.5)
∩ (d log τ ∧ (OEn ⊗OQn Ω
i−1
Qn/Wn(◦s)
)).
For a local section ω ∈ OEn ⊗OQn Ω
i−1
Qn/Wn(◦s)
, assume that
d log τ ∧ ω ∈ (pn)−1d(OE2n ⊗OQ2n Ω
i−1
Q2n/W2n(◦s)
).
Then, by using a basis of OE2n ⊗OQ2n Ω
1
Q/W2n(◦s)
taking d log τ as a member and
noting that d log τ is closed, it is clear that ω ∈ (pn)−1d(OE2n ⊗OQ2n Ω˜
i−2
Q2n/W2n(◦s)
).
Hence we obtain the exactness of (2.2.3.1).
Remark 2.2.4. (1) By expressing a local section of ω˜1Yn by a linear combination of
a basis taking d log τ as a member, the formula
(dω˜i−1Yn ∩ (ω˜
i−1
Yn ∧ (dT/T ))) ⊂ dω˜
i−2
Yn ∧ dT/T(2.2.4.1)
in [Hy2, p. 246] is an obvious formula about which the editorial comment [Hy2,
(6), (11A)] is unnecessary. Because the boundary morphism Hi(ΩYn/Wn(◦s)) −→
Hi+1(ΩYn/Wn(◦s)) is “p
−nd”, the above formula is not a precise necessary ingredient
for the injectivity needed in [loc. cit.]. The boundary morphism ofHi(ΩYn/Wn(◦s)) −→
Hi+1(ΩYn/Wn(◦s)) has been misunderstood in [loc. cit.] and the editorial comment for
(2.2.4.1).
(2) In [Mo, p. 311] it has been claimed that the sequence (2.2.3.1) is exact. However
the proof of this claim (the injectivity of the morphism θn∧ : Wnω
q−1
Y −→Wnω˜
q
Y ) has
not been given in [loc. cit.].
(3) I am not sure that the reduction to the local calculations of the proof of the
well-definedness ofWnω˜
q
Y (q ∈ N) (and PkWnω˜
q
Y (k ∈ Z)) in the end of [Hy2, §1] (and
in [Mo, Lemme 3.4]) are correct since the differentials of (log) de Rham complexes
are not linear for the structure sheaves. See the proof of (2.1.14) (and [NS1, (2.12.2)])
which can remove this incorrectness.
It is known that the projection R : WnΩ˜•Y −→ Wn−1Ω˜
•
Y is well-defined ([Hy2,
(1.3.2)], cf. [HK, (4.2)], [Nakk2, (6.27)]). However the definition of π(= R) in [Hy2] is
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not perfect as pointed out in (2.1.6) (and (2.1.8)). Moreover, we would like to avoid
the calculation of subquotients of WnΩ˜iY (i ∈ N) for the calculations of the kernel
and the image of p : WnΩ˜iY −→Wn+1Ω˜
i
Y . In the following, we calculate Ker(p) and
Im(p) and construct R in our formalism based on Hyodo’s idea in [Hy2, §1] as in the
previous section; we do not use the admissible lift in [Hy2, (1.1)] and [Mo, (2.4.3)].
Let n and i be nonnegative integers. To define R : WnΩ˜
i
Y◦
t
−→ Wn−1Ω˜iY◦
t
, we
first assume that there exists an immersion Y◦
t
⊂
−→ Qn+i into a formally log smooth
scheme over Wn+i(s◦
t
) such that Qn+i has a lift ϕn+i : Qn+i −→ Qn+i of the Frobe-
nius endomorphism of Qn+i ×Wn+i(s◦
t
) s◦
t
. Let En+i be the log PD-envelope of the
immersion Y◦
t
⊂
−→ Qn+i over (Wn+i(s◦
t
), pWn+i, [ ]). Set Qj := Qn+i×Wn+i(s◦
t
)Wj(s◦
t
)
and Ej := En+i ×Wn+i(s◦
t
)Wj(s◦
t
) (0 ≤ j ≤ n+ i). Consider the following morphism
ϕ∗n+i : OEn+i ⊗OQn+i Ω
i
Qn+i/Wn+i(
◦
t)
−→ OEn+i ⊗OQn+i Ω
i
Qn+i/Wn+i(
◦
t)
(i ∈ N).
As in (2.1.3.2), we have the following well-defined morphism (cf. [Hy2, Editorial com-
ment (5)])
p−(i−1)ϕ∗n+i : WnΩ˜
i
Y◦
t
= Hi(OEn ⊗OQn Ω
•
Qn/Wn(
◦
t)
) −→(2.2.4.2)
Hi(OEn+1 ⊗OQn+1 Ω
•
Qn+1/Wn+1(
◦
t)
) =Wn+1Ω˜
i
Y◦
t
(i ∈ N).
Remark 2.2.5. Assume that there exists an immersion Y◦
t
⊂
−→ Q into a formally
log smooth scheme over W(s◦
t
) such that Q has a lift ϕ : Q −→ Q of the Frobenius
endomorphism of Q×W(s◦
t
) s◦
t
. Let E be the log PD-envelope of the immersion Y◦
t
⊂
−→
Q over (W(s◦
t
), pW , [ ]). Set Qn := Q ×W(s◦
t
) Wn(s◦
t
) and En := E ×W(s◦
t
) Wn(s◦
t
).
Consider the following morphism
ϕ∗ : OE ⊗OQ Ω
i
Q/W(◦t)
−→ OE ⊗OQ Ω
i
Q/W(◦t)
(i ∈ N).
As in (2.1.4.1), we have the following well-defined morphism
p−(i−1)ϕ∗ : WnΩ˜iY◦
t
= Hi(OEn ⊗OQn Ω
•
Qn/Wn(
◦
t)
)(2.2.5.1)
−→ Hi(OEn+1 ⊗OQn+1 Ω
•
Qn+1/Wn+1(
◦
t)
) =Wn+1Ω˜
i
Y◦
t
(i ∈ N).
This morphism is equal to (2.2.4.2).
Proposition 2.2.6. (1) The morphism p−(i−1)ϕ∗ is independent of the choice of the
immersion Y◦
t
⊂
−→ Q and the lift ϕ : Q −→ Q of the Frobenius endomorphism of
Q×W(s◦
t
) s◦
t
. We set p := p−(i−1)ϕ∗ : WnΩ˜iY◦
t
−→Wn+1Ω˜
i
Y◦
t
.
(2) Ker(p : WnΩ˜iY◦
t
−→Wn+1Ω˜iY◦
t
) = 0.
(3) Im(p : WnΩ˜iY◦
t
−→Wn+1Ω˜iY◦
t
) = Im(p : Wn+1Ω˜iY◦
t
−→Wn+1Ω˜iY◦
t
).
Proof. The proof is the same as that of (2.1.5).
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Definition 2.2.7 (cf. [Hy2, (1.3.2)]). The morphism R : Wn+1Ω˜iY◦
t
−→WnΩ˜iY◦
t
is,
by definition, the unique morphism fitting into the following commutative diagram:
Wn+1Ω˜iY◦
t
R
−−−−→ WnΩ˜iY◦
t
p
y yp
Wn+1Ω˜iY◦
t
Wn+1Ω˜iY◦
t
.
If there exists a formal lift Y/W(s◦
t
) of Y◦
t
/s◦
t
, set (Ω•, φ) := (Ω•
Y/W(◦t)
, ϕ∗) and
Zin := {ω ∈ Ω
i| dω ∈ pnΩi+1}, Bin := p
nΩi + dΩi−1.
By the proof of (2.2.6) and [Nakk2, (6.27)], the morphism R is equal to the following
composite morphism in the case where Y/s has a local lift Y/W(s) (cf. [HK, (4.2)]):
Wn+1Ω˜
i
Y◦
t
= Zin+1/B
i
n+1
pi
∼
−→ piZin+1/p
iBin+1
proj.
−→ piZin+1/(p
i+nZi1 + p
i−1dZi−11 )
(2.2.8.1)
φ
∼
←− Zin/B
i
n =WnΩ˜
i
Y◦
t
.
By [Nakk2, (6.5)], the morphism R is equal to the following composite morphism:
Wn+1Ω˜
i
Y◦
t
= Zin+1/B
i
n+1
proj.
−→ Zin+1/(p
nZi1 + dΩ
i−1)(2.2.8.2)
(p−iφ)−1
∼
−→ Zin/(p
nΩi + pdΩi−1)
proj.
−→ Zin/B
i
n =WnΩ˜
i
Y◦
t
.
In particular, R is surjective.
As is well-known, {WnΩ˜•Y◦
t
}n∈N is a pro-dga over the Raynaud ring R of κt, that is,
there exist operators F , V , d, p and R on {WnΩ˜•Y◦
t
}n∈N satisfying standard relations.
By [Nakk2, (8.1.2)], R(θn+1) = θn. Set θ := lim←−n
θn ∈ WΩ˜1Y◦
t
.
Corollary 2.2.8. The following sequence
(2.2.9.1) 0 −−−−→ WΩ•Yt [−1]
θ∧
−−−−→ WΩ˜•Y◦
t
−−−−→ WΩ•Yt −−−−→ 0
is exact.
Proof. Because the projection R : WnΩ
•
Yt
−→ Wn−1Ω•Yt is surjective, we obtain the
exactness of (2.2.9.1) by that of (2.2.3.1).
As in [NS1], we can prove that the Frobenius endomorphism of Y induces the
following morphism
Φ˜⋆ : W⋆Ω˜
i
Y◦
t
−→W⋆Ω˜
i
Y◦
t
(⋆ = n ∈ Z>0 or nothing).
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More generally, consider the commutative diagram (2.2.2.1) and the following com-
mutative diagram of log smooth schemes over s and s′:
(2.2.9.2)
Y◦
t
g
−−−−→ Y ′◦
t′y y
s◦
t
−−−−→ s′◦
t′
⋂y y⋂
Wn(s◦
t
)
un−−−−→ Wn(s′◦
t′
)
⋂y y⋂
W(s◦
t
)
u
−−−−→ W(s′◦
t′
).
By (2.2.2) we have the following morphism
g˜∗⋆ : g
∗(W⋆Ω˜iY ′◦
t′
) −→W⋆Ω˜
i
Y◦
t
(⋆ = n ∈ Z>0 or nothing).(2.2.9.3)
The sequences (2.2.3.1) and (2.2.9.1) are equal to the following exact sequences:
0 −→WnΩ
•
Yt(−1, un)[−1]
θn∧−→WnΩ˜•Y◦
t
−→WnΩ
•
Yt −→ 0(2.2.9.4)
and
0 −→WΩ•Yt(−1, u)[−1]
θ∧
−→WΩ˜•Y◦
t
−→ WΩ•Yt −→ 0.(2.2.9.5)
Let α : MY◦
t
−→ OY◦
t
be the structural morphism. Consider two abelian subsheaves
F˜n and G˜n in
(2.2.9.6) (Wn(OY◦
t
)′ ⊗Z
i∧
(MgpY◦
t
/α−1(κ∗))) ⊕ (Wn(OY◦
t
)′ ⊗Z
i−1∧
(MgpY◦
t
/α−1(κ∗))) :
the sheaf F˜n is, by definition, generated by the images of local sections of the type
(2.0.0.6) and G˜n is, by definition, generated by the images of local sections of the type
(2.0.0.7). Set
(2.2.9.7)
(WnΩ˜
i
Y◦
t
)′ := {(Wn(OY◦
t
)′⊗Z
i∧
(MgpY◦
t
/α−1(κ∗)))⊕(Wn(OY◦
t
)′⊗Z
i−1∧
(MgpY◦
t
/α−1(κ∗)))}/(F˜n+G˜n).
Here we have considered (WnΩ˜iY◦
t
)′ only as an abelian sheaf on Y◦
t,zar
. We define a
boundary morphism d : (WnΩ˜
i
Y◦
t
)′ −→ (WnΩ˜i+1Y◦
t
)′ by the following formula
d(b ⊗ (a1 ∧ · · · ∧ ai), c⊗ (a
′
2 ∧ · · · ∧ a
′
i)) = (0, b⊗ (a1 ∧ · · · ∧ ai))(2.2.9.8)
(a1, . . . , ai, a
′
2, · · · , a
′
i ∈MY◦
t
, b, c ∈ Wn(OY◦
t
)).
It is easy to check that d is well-defined. Thus we have a complex (WnΩ˜•Y◦
t
)′ of abelian
sheaves. Set (WΩ˜•Y◦
t
)′ := lim
←−n
(WnΩ˜•Y◦
t
)′. The Frobenius endomorphism of Y induces
the following endomorphism
Φ˜∗⋆ : (W⋆Ω˜
i
Y◦
t
)′ −→ (W⋆Ω˜iY◦
t
)′ (⋆ = n ∈ Z>0 or nothing).
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More generally, we have the morphism
g˜∗⋆ : g
∗(W⋆Ω˜iY ′◦
t′
)′ −→ (W⋆Ω˜iY◦
t
)′ (⋆ = n ∈ Z>0 or nothing)
for the commutative diagrams (2.2.2.1) and (2.2.9.2). Let θ′⋆ := (d log τ)⋆ be the
image of 1⊗ τ ∈ W⋆(OY◦
t
)′⊗MgpY◦
t
in (W⋆Ω˜1Y◦
t
)′. Then θ′⋆ is independent of the choice
of τ .
Recall the following theorem:
Theorem 2.2.9 ([Nakk2, (11.1)]). (1) There exists a canonical isomorphism
(2.2.10.1) C˜−n : (WnΩ˜•Y◦
t
)′ ∼−→WnΩ˜•Y◦
t
which makes the following two diagrams commutative:
(2.2.10.2;n)
0 −−−−→ (WnΩ•Yt)
′(−1, u)[−1]
θ′n∧−−−−→ (WnΩ˜•Y◦
t
)′ −−−−→ (WnΩ•Yt)
′ −−−−→ 0
C−n, ≃
y C˜−n, ≃y C−n, ≃y
0 −−−−→ WnΩ•Yt(−1, u)[−1]
θn∧−−−−→ WnΩ˜•Y◦
t
−−−−→ WnΩ•Yt −−−−→ 0,
(2.2.10.3)
(Wn+1Ω˜•Y◦
t
)′
C˜−(n+1)∼
−−−−−→ Wn+1Ω˜•Y◦
t
proj.
y yR
(WnΩ˜•Y◦
t
)′
C˜−n∼
−−−−→ WnΩ˜•Y◦
t
.
(2) The two projections R : (Wn+1Ω˜
•
Y◦
t
)′ −→ (WnΩ˜•Y◦
t
)′, R : (Wn+1Ω•Y◦
t
)′ −→ (WnΩ•Y◦
t
)′
and the other two projections R : Wn+1Ω˜•Y◦
t
−→WnΩ˜•Y◦
t
, R : Wn+1Ω
•
Yt
−→WnΩ•Yt in-
duce a morphism from (2.2.10.2;n+ 1) to (2.2.10.2;n).
(3) There exists the following commutative diagram:
(2.2.10.4)
0 −−−−→ (WΩ•Yt)
′(−1)[−1] θ
′∧
−−−−→ (WΩ˜•Y◦
t
)′ −−−−→ (WΩ•Yt)
′ −−−−→ 0
lim
←−n
C−n, ≃
y lim←−n C˜−n, ≃y lim←−n C−n, ≃y
0 −−−−→ WΩ•Yt(−1)[−1]
θ∧
−−−−→ WΩ˜•Y◦
t
−−−−→ WΩ•Yt −−−−→ 0.
Corollary 2.2.10. (1) The sheaves WΩ˜iY◦
t
and (WΩ˜iY◦
t
)′ (i ∈ N) are sheaves of flat
OW(◦t)-modules.
(2) Let the notations be as in (2.1.1). Let ⋆ be nothing or ′. Then the canonical
morphism
(2.2.11.1) q−1((WnΩ˜iY )
⋆)⊗Wn Wn(κt) −→ (WnΩ˜
i
Y◦
t
)⋆
is an isomorphism.
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(3) Let g : Z −→ Y be a solid morphism from a fine log scheme over s. Assume
that
◦
g is e´tale. Then the canonical morphism
Wn(OZ)
⋆ ⊗Wn(OY )⋆ (WnΩ˜
i
Y◦
t
)⋆ −→ (WnΩ˜
i
Z◦
t
)⋆ (i ∈ Z)(2.2.11.2)
is an isomorphism.
Proof. (1): By [HK, (4.5) (1)] or [Nakk2, (6.8) (2)], WΩiY◦
t
(i ∈ N) is a sheaf of flat
W(κt)-modules. Hence (1) follows from (2.2.9.1) and (2.2.10.4). ((1) also immediately
follows from [Nakk2, (6.8) (3)].)
(2): (2) follows from (2.2.3), (2.1.1) and (2.2.9).
(3): It suffices to prove (3) in the case ⋆ = ′. Because
◦
g is e´tale, so is Wn(
◦
Z) −→
Wn(
◦
Y ) ([I2, 0 (1.5.8)]). Hence we have the following exact sequence:
0 −→Wn(OZ)⊗Wn(OY ) (WnΩ
i
Y )
′(−1, u)[−1]
θ′n∧−→Wn(OZ)⊗Wn(OY ) (WnΩ˜
i
Y )
′
−→Wn(OZ)⊗Wn(OY ) (WnΩ
i
Y )
′ −→ 0.
By (2.1.14.1) and (2.2.9), we obtain (2.2.11.2).
Let E be a quasi-coherent log crystal of O
Y◦
t
/W(◦t)-modules. Set En := EWn(Y◦t)
.
By (2.0.0.3) we have the following integrable connection
(2.2.11.3) En −→ En ⊗Wn(OYt)′ Ω
1
Wn(Y◦
t
)/Wn(
◦
t),[ ]
,
which gives the complex En ⊗Wn(OYt)′ Ω
•
Wn(Yt)/Wn(
◦
t),[ ]
as in [Et, II (1.1.5)]. As in
[HK, pp. 251–252], the proof of [HK, (4.19)] and [Nakk2, p. 589], we can define the
following morphism of complexes by the same formula as that in [loc. cit.] in spite of
the non-log smootheness of Y◦
t
over
◦
t:
Ω•
Wn(Y◦
t
)/Wn(
◦
t),[ ]
−→WnΩ˜
•
Y◦
t
.(2.2.11.4)
Indeed, if there exists an immersion Y◦
t
⊂
−→ Q into a log smooth scheme overWn(s◦
t
),
the morphism (2.2.11.4) is equal to the following morphism:
Ω•
Wn(Y◦
t
)/Wn(
◦
t),[ ]
−→ H•(OE ⊗OQ Ω
∗
Q/Wn(
◦
t)
),(2.2.11.5)
where E is the log PD-envelope of the immersion Y◦
t
⊂
−→ Q over (Wn(s◦
t
), pWn, [ ]).
We define the morphism (2.2.11.5) by the similar morphism to (2.0.0.4), (2.0.0.11)
and (2.1.1.7). We note that a local section d logm (m ∈ MY◦
t
) is mapped to the
cohomology class of d log m˜ by the morphism (2.2.11.5), where m˜ ∈ MQ is any lift
of m. This morphism is compatible with the Wn(OY◦
t
)′-module structure and the
Wn(OY◦
t
)-module structure for each morphism Ωi
Wn(Y◦
t
)/Wn(
◦
t),[ ]
−→ WnΩ˜iY◦
t
(i ∈ Z).
Hence we have the log de Rham-Witt complex En⊗Wn(OY◦
t
)WnΩ˜
•
Y◦
t
. By (2.2.10.1) we
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have the log de Rham-Witt complex En ⊗Wn(OY◦
t
)′ (WnΩ˜
•
Y◦
t
)′. Let ⋆ be ′ or nothing.
We have the following morphism
(2.2.11.6)
R : En+1⊗Wn+1(OY◦
t
)⋆(Wn+1Ω˜
i
Y◦
t
)⋆ ∋ x⊗y 7−→ R(x)⊗R(y) ∈ En⊗Wn(OY◦
t
)⋆(WnΩ˜
i
Y◦
t
)⋆ (i ∈ N).
As in the case for En ⊗Wn(OY◦
t
) WnΩ
•
Y◦
t
in the previous section, we can define the
canonical filtration Fil on En ⊗Wn(OY◦
t
)⋆ (WnΩ˜
i
Y◦
t
)⋆ (0 ≤ r ≤ n) and the morphisms
(2.2.11.7) pr : En ⊗Wn(OY◦
t
)′ (WnΩ˜
i
Y◦
t
)′ −→ En+r ⊗Wn+r(OY◦
t
)′ (Wn+rΩ˜
i
Y◦
t
)′
and
(2.2.11.8) pr : En ⊗Wn(OY◦
t
)WnΩ˜
i
Y◦
t
−→ En+r ⊗Wn+r(OY◦
t
)Wn+rΩ˜
i
Y◦
t
.
If E is flat and coherent, then the two pr’s are injective by (2.2.6) (2).
Set E := ǫ∗
Yt/Wn(s◦
t
)/Wn(
◦
t)
(E) and En := EWn(Yt). By (2.1.8.3) we have the
following integrable connection
(2.2.11.9) En −→ En ⊗Wn(OYt )′ Ω
1
Wn(Yt)/Wn(t),[ ].
Then we have the following log de Rham complexes by (2.1.8.5) and (2.1.8.6):
En ⊗Wn(OYt )WnΩ
•
Yt and En ⊗Wn(OYt )′ (WnΩ
•
Yt)
′.
Lemma 2.2.11. Let Y (resp. Q) be a log smooth scheme of Cartier type over s
(resp. a log smooth scheme over Wn(s◦
t
)). Let Y◦
t
⊂
−→ Q be an immersion over s◦
t
−→
Wn(s◦
t
) and let E be the log PD-envelope of this immersion over (Wn(
◦
t), pWn, [ ]). Set
Q := Q×Wn(s◦
t
)
Wn(s◦
t
). Let g : Y◦
t
−→ Wn(s◦
t
) be the structural morphism. Let E be
a quasi-coherent log crystal of O
Y◦
t
/Wn(
◦
t)
-modules and let (E ,∇) be the corresponding
quasi-coherent OE-module with integrable connection. Set E := E×D(Wn(s◦
t
))Wn(s◦t
)
and (E ,∇) := (E ,∇)⊗OE OE. Assume that
◦
Y is affine. Then the following hold:
(1) There exists a morphism Wn(Y◦
t
) −→ E over Wn(s◦
t
) such that the composite
morphism Y◦
t
⊂
−→ Wn(Y◦
t
) −→ E is the immersion obtained by the given immersion
Y◦
t
⊂
−→ Q.
(2) Let Wn(Y◦
t
) −→ E be the morphism over Wn(s◦
t
) in (1). Then this morphism
induces the following morphism
(2.2.12.1) E ⊗OQ Ω
•
Q/Wn(
◦
t)
−→ En ⊗Wn(OY◦
t
) H
•(OE ⊗OQ Ω
∗
Q/Wn(
◦
t)
).
This morphism is functorial in the following sense:
For the following commutative diagram
(2.2.12.2)
t1 −−−−→ s1y y
t2 −−−−→ s2
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of fine log schemes whose underlying schemes are the spectrums of a perfect field of
characteristic p > 0 and for a log smooth affine scheme Y
i,
◦
ti
of Cartier type over a
log point s
i,
◦
ti
(i = 1, 2) whose underlying scheme is the spectrum of a perfect field of
characteristic p > 0 and for a morphism Wn(Y
i,
◦
ti
) −→ Qi to a log smooth scheme
Qi over Wn(s
i,
◦
ti
) such that the composite morphism Y
i,
◦
ti
⊂
−→Wn(Y
i,
◦
ti
) −→ Qi is an
immersion and for the log PD-envelope Ei (i = 1, 2) of the immersion Y
i,
◦
ti
⊂
−→ Qi
over (Wn(s
i,
◦
ti
), pOWn(s
i,
◦
ti
), [ ]) and for the following commutative diagram
(2.2.12.3)
Wn(Y
1,
◦
t1
) −−−−→ E1
hn
y yh
Wn(Y
2,
◦
t2
) −−−−→ E2
of log schemes over the commutative diagram (cf. (1.1.4))
(2.2.12.4)
Wn(s
1,
◦
t1
) −−−−→ Wn(s
1,
◦
t1
)y y
Wn(s
2,
◦
t2
) −−−−→ Wn(s
2,
◦
t2
)
such that the composite morphism Y
i,
◦
ti
⊂
−→Wn(Y
i,
◦
t
) −→ Ei is the immersion obtained
by the immersion Y
i,
◦
ti
⊂
−→ Qi and for a morphism h∗1crys(E2) −→ E1 (Ei (i =
1, 2) : a quasi-coherent crystal of O
Y
i,
◦
ti
/Wn(
◦
ti)
-modules) of O
Y
1,
◦
t1
/Wn(
◦
t1)
-modules,
the following diagram is commutative:
(2.2.12.5)
E1⊗OQ1Ω
•
Q1/Wn(
◦
t1)
−−−−→ E1,n⊗Wn(OY
1,
◦
t1
)H
•(OE1⊗OQ1Ω
∗
Q1/Wn(
◦
t1)
)
hPD∗
x xh∗n
h∗(E2⊗OQ2Ω
•
Q2/Wn(
◦
t2)
) −−−−→ h∗n(E2,n⊗Wn(OY
2,
◦
t2
)H
•(OE2⊗OQ2Ω
∗
Q2/Wn(
◦
t2)
)),
where Ei := EEi ⊗OD(Wn(s
i,
◦
ti
)) OWn(s
i,
◦
ti
). The morphism (2.2.12.1) is compatible
with the projections.
Proof. (1): The proof is the same as that of (2.1.9) (1).
(2): By (1.3.29.1) we have the following isomorphism
E ⊗OQ Ω
i
Q/Wn(
◦
t)
∼
−→ E ⊗OE Ω
i
E/Wn(
◦
t),[ ]
(i ∈ N).(2.2.12.6)
The morphism Wn(Y◦
t
) −→ E gives the following morphism
E ⊗OE Ω
i
E/Wn(
◦
t),[ ]
−→En ⊗Wn(OY◦
t
)′ Ω
i
Wn(Y◦
t
)/Wn(
◦
t),[ ]
.(2.2.12.7)
Because the morphism Wn(Y◦
t
) −→ E factors through the morphism Wn(Y◦
t
) −→ E,
we have the following morphism
E ⊗OE Ω
i
E/Wn(
◦
t),[ ]
−→En ⊗Wn(OY◦
t
)′ Ω
i
Wn(Y◦
t
)/Wn(
◦
t),[ ]
.(2.2.12.8)
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By using the morphism (2.2.11.5), we have the following morphism
En ⊗Wn(OY◦
t
)′ Ω
i
Wn(Y◦
t
)/Wn(
◦
t),[ ]
−→ En ⊗Wn(OY◦
t
) H
i(OE ⊗OQ Ω
∗
Q/Wn(
◦
t)
).
(2.2.12.9)
By (2.2.12.6), (2.2.12.8) and (2.2.12.9), we obtain the following composite morphism:
E ⊗OQ Ω
i
Q/Wn(
◦
t)
−→ En ⊗Wn(OY◦
t
)′ Ω
i
Wn(Y◦
t
)/Wn(
◦
t),[ ]
−→ En ⊗Wn(OY◦
t
) H
i(OE ⊗OQ Ω
∗
Q/Wn(
◦
t)
).
(2.2.12.10)
As in the proof of (2.1.11), it is easy to check that the morphism (2.2.12.10) induces
the morphism of complexes. This is the desired morphism (2.2.12.1).
As in the proof of (2.1.11), the functoriality of the morphism (2.2.12.10) is clear.
The compatibility of the morphism (2.2.12.1) with the projections follows from
[Nakk2, (7.18)].
Now let N be a nonnegative integer or ∞. Let Y•≤N be a log smooth N -
truncated simplicial log scheme of Cartier type over s. Set Y•≤N,t := Y•≤N ×s t and
Y•≤N,◦t := Y•≤N ×◦s
◦
t. Let E•≤N be a flat coherent log crystal of O
Y
•≤N,
◦
t
/Wn(
◦
t)
-
modules. Set E•≤Nn := E
•≤N
Wn(Y
•≤N,
◦
t
). Then we have the N -truncated cosimpli-
cial log de Rham-Witt complex E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆. Set E•≤N :=
ǫ∗
Y
•≤N,
◦
t
/Wn(s◦
t
)/Wn(
◦
t)
(E•≤N ). Let gt : Y•≤N,t −→ t
⊂
−→ Wn(t) be the structural mor-
phism.
By (2.2.10.2;n) and (2.2.10.4), we have the following commutative diagrams:
(2.2.12.11;n)
0 −−−−→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)′ (WnΩ
•
Y
•≤N,
◦
t
)′(−1, u)[−1]
id⊗(θ′n∧)−−−−−−→
id⊗C−n
y≃
0 −−−−→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)WnΩ
•
Y
•≤N,
◦
t
(−1, u)[−1]
id⊗(θn∧)
−−−−−−→
E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)′ (WnΩ˜
•
Y
•≤N,
◦
t
)′ −−−−→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)′ (WnΩ
•
Y
•≤N,
◦
t
)′ −−−−→ 0
id⊗C˜−n
y≃ id⊗C−ny≃
E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)WnΩ˜
•
Y
•≤N,
◦
t
−−−−→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)WnΩ
•
Y
•≤N,
◦
t
−−−−→ 0,
(2.2.12.12)
0 −−−−→ lim
←−n
(E•≤Nn )⊗W(OY
•≤N,
◦
t
)′ (WΩ
•
Y
•≤N,
◦
t
)′(−1, u)[−1]
id⊗lim
←−n
(C−n)
y≃
0 −−−−→ lim←−n(E
•≤N
n )⊗W(OY
•≤N,
◦
t
)WΩ
•
Y
•≤N,
◦
t
(−1, u)[−1]
id⊗(θ′∧)
−−−−−−→ lim
←−n
(E•≤Nn )⊗W(OY
•≤N,
◦
t
)′ (WΩ˜
•
Y
•≤N,
◦
t
)′ −−−−→
id⊗lim
←−n
(C˜−n)
y≃
id⊗(θ∧)
−−−−−→ lim
←−n
(E•≤Nn )⊗W(OY
•≤N,
◦
t
)WΩ˜
•
Y
•≤N,
◦
t
−−−−→
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lim
←−n
(E•≤Nn )⊗W(OY
•≤N,
◦
t
)′ (WΩ
•
Y
•≤N,
◦
t
)′ −−−−→ 0
id⊗lim
←−n
(C−n)
y≃
lim
←−n
(E•≤Nn )⊗W(OY
•≤N,
◦
t
)WΩ
•
Y
•≤N,
◦
t
−−−−→ 0.
The horizontal lines in (2.2.12.11;n) and (2.2.12.12) are exact.
Proposition 2.2.12 (Contravariant functoriality). (1) Let un be as in (2.2.9.2).
Let
(2.2.13.1)
Y•≤N,◦t
g•≤N
−−−−→ Z•≤N,◦t′y y
s◦
t
−−−−→ s′◦
t′
be a commutative diagram of N -truncated simplicial log smooth schemes over s◦
t
and
s′◦
t′
. Let F •≤N be a flat quasi-coherent crystal of O
Z
•≤N,
◦
t′
/Wn(
◦
t′)
-modules. Let
h : g∗•≤N,crys(F
•≤N ) −→ E•≤N
be a morphism of flat quasi-coherent crystals of O
Y
•≤N,
◦
t
/Wn(
◦
t)
-modules. Then there
exists a natural morphism
g˜∗•≤N : F
•≤N
n ⊗Wn(OZ
•≤N,
◦
t
) (WnΩ˜
•
Z
•≤N,
◦
t
)⋆ −→ Rg•≤N∗(E•≤Nn ⊗Wn(OY
•≤N,
◦
t
) (WnΩ˜
•
Y
•≤N,
◦
t
)⋆),
(2.2.13.2)
which is compatible with the composition of g•≤N ’s and
˜(idY
•≤N,
◦
T0
)∗ = id
E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)WnΩ˜•Y
•≤N,
◦
t
.
(2) Set F •≤N := ǫ∗
Z•≤N,T′0
/Wn(s◦
t
)/Wn(
◦
t)
(F •≤N ). Then the morphism g˜∗•≤N fits into
the following commutative diagram of triangles:
(2.2.13.3)
Rg•≤N∗(E•≤Nn ⊗Wn(OY•≤N,t) (WnΩ
•
Y•≤N,t
)⋆)[−1] −−−−→
g∗•≤N
x
F •≤Nn ⊗Wn(OZ
•≤N,t′
) (WnΩ
•
Z•≤N,t′
)⋆[−1] −−−−→
Rg•≤N∗(E•≤Nn ⊗Wn(OY
•≤N,
◦
t
) (WnΩ˜
•
Y
•≤N,
◦
t
)⋆) −−−−→xg˜∗•≤N
F •≤Nn ⊗Wn(OZ
•≤N,
◦
t′
) (WnΩ˜
•
Z
•≤N,
◦
t′
)⋆ −−−−→
Rg•≤N∗(E•≤Nn ⊗Wn(OY•≤N,t) (WnΩ
•
Y•≤N,t
)⋆)
+1
−−−−→
g∗•≤N
x
F •≤Nn ⊗Wn(OZ
•≤N,
◦
t′
) (WnΩ
•
Z
•≤N,
◦
t′
)⋆
+1
−−−−→
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Proof. (1): (1) follows from (2.2.2).
(2): (2) follows from (2.2.2) and (2.2.3).
Theorem 2.2.13. Let E•≤N be a flat coherent log crystal of O
Y
•≤N,
◦
t
/Wn(◦s)-modules.
Assume that Y•≤N,◦t has an affine N -truncated simplicial open covering. Then the
following hold:
(1) There exists a canonical isomorphism
(2.2.14.1) R˜u
Y
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N ) ∼−→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆
in D+(g−1(Wn)). The isomorphisms (2.2.14.1) for n’s are compatible with the two
projections of both hands of (2.2.14.1). The isomorphism (2.2.14.1) fits into the fol-
lowing commutative diagram of triangles:
(2.2.14.2)
−−−−→ RuY•≤N,t/Wn(t)∗(E
•≤N )(−1, un)[−1] −−−−→
≃
y
−−−−→ E•≤Nn ⊗Wn(OY•≤N,t)⋆ (WnΩ
•
Y•≤N,t
)⋆(−1, un)[−1]
id⊗((θn)⋆∧)
−−−−−−−−→
R˜u
Y
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N ) −−−−→ RuY•≤N,t/Wn(t)∗(E
•≤N ) +1−−−−→
≃
y ≃y
E•≤Nn ⊗Wn(OY•≤N,t)⋆ (WnΩ˜
•
Y•≤N,t
)⋆ −−−−→ E•≤Nn ⊗Wn(OY•≤N,t)⋆ (WnΩ
•
Y•≤N,t
)⋆
+1
−−−−→ .
The commutative diagram (2.2.14.2) is compatible with n’s. Here the isomorphism
RuY•≤N,t/Wn(t)∗(E
•≤N ) ∼−→ E•≤Nn ⊗Wn(OY•≤N,t)⋆ (WnΩ
•
Y•≤N,t
)⋆
in the commutative diagram above is the isomorphism (2.1.11.1).
(2) Let the notations be as in (2.2.9.2). The isomorphism (2.2.14.1) is functorial
with respect to a morphism g•≤N : Y•≤N,◦t −→ Z•≤N,◦t′ of N -truncated simplicial log
schemes over the morphism Wn(s◦
t
) −→Wn(s′◦
t′
) satisfying the condition (1.5.0.3) and
a morphism g∗•≤N,crys(F
•≤N ) −→ E•≤N of O
Y•≤N ,
◦
t/Wn(s◦
t
)
-modules, where Z•≤N and
F •≤N are similar objects to Y•≤N and E•≤N , respectively.
(3) Let the notations be as in (2). The morphisms (1.7.26.3), (2.2.13.2) and the
following morphisms
g∗•≤N : F
•≤N
n ⊗Wn(OZ•≤N,t′ )⋆(WnΩ
•
Z•≤N,t′
)⋆ −→ Rg•≤N∗(E•≤Nn ⊗Wn(OY•≤N,t)⋆(WnΩ
•
Y•≤N,t
)⋆),
g∗•≤N : F
•≤N
n ⊗Wn(OZ•≤N,t′ )(WnΩ˜
•
Z•≤N,t′
)⋆ −→ Rg•≤N∗(E•≤Nn ⊗Wn(OY•≤N,t)(WnΩ˜
•
Y•≤N,t
)⋆)
induce a morphism from the commutative diagram (2.2.14.2) for Z•≤N,◦t′ and F
•≤N
to the commutative diagram Rh•≤N∗((2.2.14.2)).
Proof. (1): By (2.2.12.11;n) it suffices to prove (2.2.13) in the case ⋆ =nothing. By
using (1.2.1) and Tsuzuki’s functor Γ, we have the canonical morphism (2.2.14.1) as in
the proof of (2.1.11). Indeed, let Y ′
N,
◦
t
be the disjoint union of a log affine open covering
204CHAPTER 2. WEIGHT FILTRATIONS AND SLOPE FILTRATIONS ON LOGCRYSTALLINE COHOMOLOGIES VIA LOGDE RHAM-WITT COMPLEXES
of Y
N,
◦
t
such that there exists an immersion Y ′
N,
◦
t
⊂
−→ Y ′N into a log smooth scheme
overWn(s◦
t
). Then there exists a morphismWn(Y ′
N,
◦
t
) −→ Y ′N overWn(s◦t) such that
the composite morphism Y ′
N,
◦
t
⊂
−→ Wn(Y
′
N,
◦
t
) −→ Y ′N is the given immersion. As in
the proof of (2.1.11), we have the following natural morphism
(2.2.14.3) Wn(Y
′
•≤N,◦t
) −→ Γ
Wn(s◦
t
)
N (Y
′
N )•≤N
of N -truncated simplicial log schemes. Let Wn(Y•≤N,•,◦t) be the Cˇech diagram of
Wn(Y ′•≤N,◦t
). Set Qmn := cosk
Wn(s◦
t
)
0 (Γ
Wn(s◦
t
)
N (Y
′
N )m)n (0 ≤ m ≤ N , n ∈ N). By
(2.2.14.3) we have the following morphism
(2.2.14.4) Wn(Y•≤N,•,◦t) −→ Q•≤N,•
of (N,∞)-truncated bisimplicial log schemes. Set Q•≤N,• := Q•≤N,• ×Wn(s) Wn(s).
Let E•≤N,• be the log PD-envelope of the immersion Y•≤N,•,◦t
⊂
−→ Q•≤N,• over
(Wn(
◦
t), pWn, [ ]). Let E•≤N,• be the crystal of O
Y•≤N,•/Wn(
◦
t)
-modules obtained by
E•≤N . Let (E•≤N,•,∇) be the corresponding OE•≤N,•-module with integrable con-
nection to E•≤N,•. Set E•≤N,• := E•≤N,• ×D(Wn(s)) Wn(s). Then E•≤N,• is the
log PD-envelope of the immersion Y•≤N,•,◦t
⊂
−→ Q•≤N,• over (Wn(s◦
t
), pWn, [ ]). Set
(E•≤N,•,∇) := (E•≤N,•,∇)⊗O
E•≤N,•
OE•≤N,•:
∇ : E•≤N,• −→ E•≤N,• ⊗OQ•≤N,• Ω
1
Q•≤N,•/Wn(
◦
t)
.
The connection ∇ induces the following connection:
∇/Wn(t) : E
•≤N,• −→ E•≤N,• ⊗OQ•≤N,• Ω
1
Q•≤N,•/Wn(t).
Set E•≤N,•n := (E
•≤N,•)Wn(Y
•≤N,•,
◦
t
). Then we have natural morphismsWn(Y•≤N,•,◦t) −→
E•≤N,• and Wn(Y•≤N,•,◦t) −→ E•≤N,•. By (2.2.11) we have the following morphism
of complexes:
E•≤N,•⊗OQ•≤N,•Ω
•
Q•≤N,•/Wn(
◦
t)
−→(2.2.14.5)
E•≤N,•n ⊗Wn(OY•≤N,•) H
•(OE•≤N,•⊗OQ•≤N,•Ω
∗
Q•≤N,•/Wn(
◦
t)
).
Applying Rπzar∗ ((1.7.22.4)) to this morphism and using the log Poincare´ lemma and
the cohomological descent, we obtain the morphism (2.2.14.1) for the case ⋆=nothing.
As in the proof of (2.1.11) (1), we see that this morphism is independent of the choices
of Y ′
N,
◦
t
and the immersion Y ′
N,
◦
t
⊂
−→ Y ′N .
By the definition of the morphisms (2.1.11.5) and (2.2.14.5), we have the following
commutative diagram with exact rows:
(2.2.14.6)
0 −−−−→ E•≤N,•⊗OQ•≤N,•Ω
•
Q•≤N,•/Wn(t)[−1]y
0 −−−−→ E•≤N,•n ⊗Wn(OY
•≤N,•,
◦
t
) H
•(OE•≤N,•⊗OQ•≤N,•Ω
∗
Q•≤N,•/Wn(t))[−1]
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d log τ∧
−−−−−→ E•≤N,•⊗OQ•≤N,•Ω
•
Q•≤N,•/Wn(
◦
t)y
d log τ∧
−−−−−→ E•≤N,•n ⊗Wn(OY
•≤N,•,
◦
t
) H
•(OE•≤N,•⊗OQ•≤N,•Ω
∗
Q•≤N,•/Wn(
◦
t)
)
−−−−→ E•≤N,•⊗OQ•≤N,•Ω
•
Q•≤N,•/Wn(t) −−−−→ 0y
−−−−→ E•≤N,•n ⊗Wn(OY
•≤N,•,
◦
t
) H
•(OE•≤N,•⊗OQ•≤N,•Ω
∗
Q•≤N,•/Wn(t)) −−−−→ 0.
Let
(2.2.14.7) πzar : ((Y•≤N,•,t)zar, g−1• (Wn)) −→ ((Y•≤N,t)zar, g
−1(Wn))
be the natural morphism of ringed topoi. Applying Rπzar∗ to the diagram (2.2.14.6)
and using the isomorphism (2.1.11.1), we obtain the diagram (2.2.14.2).
The compatibility of the morphism (2.2.14.1) with the projections follows from
the proof of [Nakk2, (7.18)] ((2.2.11)).
Now the compatibility of the commutative diagram (2.2.14.2) with n’s is clear.
(2): Let Z ′
N,
◦
t′
and Y ′
N,
◦
t
be as in the proof of (2.1.11) (2). Let Y ′
N,
◦
t
⊂
−→ Y ′′N
and Z ′
N,
◦
t′
⊂
−→ Z ′N be immersions into log smooth schemes over Wn(s◦t) and W(s
′
◦
t′
),
respectively. Then we have the morphisms Wn(Y ′
N,
◦
t
) −→ Y ′′N and Wn(Z
′
N,
◦
t′
) −→
Z ′N such that the composite morphisms YN,◦t
⊂
−→ Wn(Y
′
N,
◦
t
) −→ Y ′′N and ZN,◦t′
⊂
−→
Wn(Z ′
N,
◦
t
) −→ Z ′N are the given immersions. Set
Y ′N := Y
′′
N ×Wn(s◦
t
) (Z
′
N ×Wn(s′◦
t′
)Wn(s◦t
)).(2.2.14.8)
Then we have the following commutative diagram
(2.2.14.9)
Wn(Y ′
N,
◦
t
) −−−−→ Y ′Ny y
Wn(Z ′
N,
◦
t′
) −−−−→ Z ′N ,
where the right vertical morphism is induced by the second projection. By using
(2.2.12.5), the rest of the proof is almost the same as that of (2.1.11) (2). We leave
the detailed proof to the reader.
(3): We leave the detailed proof to the reader.
Let F : W(Y•≤N,◦t) −→ W(Y•≤N,◦t) be the Frobenius endomorphism. By re-
placing W(s) in (2.1.20) with W(
◦
t), we obtain the notion of a coherent log F -
crystal on Y•≤N,◦t/W(
◦
t) and a unit root log F -crystal on Y•≤N,◦t/W(
◦
t). Let E•≤N
be a flat coherent log F -crystal on Y•≤N,◦t/Wn(
◦
t). Set E•≤Nn := E
•≤N
Wn(Y
•≤N,
◦
t
) and
(E•≤Nn )
σ := F ∗(E•≤Nn ). Then we have the relative Frobenius morphism of E
•≤N
n :
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the OWn(Y
•≤N,
◦
t
)-linear endomorphism Φ: (E
•≤N
n )
σ −→ E•≤Nn . As in [Et, II (3.0)],
we have the F ∗-linear morphism F : E•≤Nn −→ E
•≤N
n .
Now assume that E•≤N is a unit root log F -crystal. Then Φ: (E•≤Nn )σ −→ E•≤Nn
is an isomorphism. As in §2.1, we obtain the graded pro-module {E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆
(WnΩ˜•Y
•≤N,
◦
t
)⋆}n∈N over the Raynaud ring R of κt; E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆
is a Wn(OYt)
⋆-module and we have the following operators satisfying the standard
relations in [IR, I (1.1)] and [Hy2, (1.3.1)]:
F : E•≤Nn+1 ⊗Wn+1(OY
•≤N,
◦
t
)⋆ (Wn+1Ω˜
•
Y
•≤N,
◦
t
)⋆ −→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆,
V : E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆ −→ E•≤Nn+1 ⊗Wn+1(OY
•≤N,
◦
t
)⋆ (Wn+1Ω˜
•
Y
•≤N,
◦
t
)⋆,
∇ : E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆ −→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•+1
Y
•≤N,
◦
t
)⋆,
p : E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆ −→ E•≤Nn+1 ⊗Wn+1(OY
•≤N,
◦
t
)⋆ (Wn+1Ω˜
•
Y
•≤N,
◦
t
)⋆,
R : E•≤Nn+1 ⊗Wn+1(OY
•≤N,
◦
t
)⋆ (Wn+1Ω˜
•
Y
•≤N,
◦
t
)⋆ −→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆.
As in [Et, (3.2.3), (3.3.1)], the following holds:
Proposition 2.2.14.
Filn(E•≤Nn+r ⊗Wn+r(OY
•≤N,
◦
t
)⋆ (Wn+rΩ˜
i
Y
•≤N,
◦
t
)⋆)
(2.2.15.1)
= V n(E•≤Nr ⊗Wr(OY
•≤N,
◦
t
)⋆ (WrΩ˜
i
Y
•≤N,
◦
t
)⋆) +∇V n(E•≤Nr ⊗Wr(OY
•≤N,
◦
t
)⋆ (WrΩ˜
i−1
Y
•≤N,
◦
t
)⋆).
Proof. The proof is the same as that of [Et, II (3.2.3)].
Proposition 2.2.15. The following formula holds:
F r(Filn(E•≤Nn+r ⊗Wn+r(OY
•≤N,
◦
t
)⋆ (Wn+rΩ˜
i
Y
•≤N,
◦
t
)⋆))(2.2.16.1)
= F r∇V n(E•≤Nn+r ⊗Wn+r(OY
•≤N,
◦
t
)⋆ (Wn+rΩ˜
i−1
Y
•≤N,
◦
t
)⋆).
Consequently the morphism F r : E•≤Nn+r ⊗Wn+r(OY
•≤N,
◦
t
)⋆(Wn+rΩ˜
i
Y
•≤N,
◦
t
)⋆ −→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆
(WnΩ˜iY
•≤N,
◦
t
)⋆ induces the following morphism
Fˇ r : E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆ −→
(2.2.16.2)
F r(E•≤Nn+r ⊗Wn+r(OY
•≤N,
◦
t
)⋆ (Wn+rΩ˜
i
Y
•≤N,
◦
t
)⋆)/F r∇V n(E•≤Nr ⊗Wr(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i−1
Y
•≤N,
◦
t
)⋆).
For the case r = n, Fˇn induces the surjection
Fˇn : E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆ −→ Hi(E•≤Nn ⊗Wr(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆).
(2.2.16.3)
Proof. (2.2.15) follows from (2.2.14).
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Theorem 2.2.16. The morphism
V r : E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆ −→ E•≤Nn+r ⊗Wn+r(OY
•≤N,
◦
t
)⋆ (Wn+rΩ˜
i
Y
•≤N,
◦
t
)⋆
induces the following morphism
Vˇ r : E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆/F r∇V n(E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i−1
Y
•≤N,
◦
t
)⋆)
(2.2.17.1)
−→ E•≤Nn+r ⊗Wn+r(OY
•≤N,
◦
t
)⋆ (Wn+rΩ˜
i
Y
•≤N,
◦
t
)⋆.
There exists a generalized Cartier isomorphism
Cˇr : F r(E•≤Nn+r ⊗Wn+r(OY
•≤N,
◦
t
)⋆ (Wn+rΩ˜
i
Y
•≤N,
◦
t
)⋆)/F r∇V n(E•≤Nr ⊗Wr(OY
•≤N,
◦
t
)⋆ (WrΩ˜
i−1
Y
•≤N,
◦
t
)⋆)
(2.2.17.2)
∼
−→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆
which is the inverse of Fˇ r. The morphism Cˇr satisfies a relation pr ◦ Cˇr = Vˇ r. In
particular, there exist the following isomorphisms
Fˇn : E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆
∼
−→ Fn∗ (H
i(E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆))
(2.2.17.3)
and
Cˇn : Fn∗ (H
i(E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
•
Y
•≤N,
◦
t
)⋆))
∼
−→ E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆,
(2.2.17.4)
which are the inverse of another.
Then, by (2.2.13) and (2.2.17.3),
(2.2.17.5) E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆ = R˜iu
Y/Wn(
◦
t)∗(E
•≤N ).
In a standard way, we can define a boundary morphism “p−n∇”:
∇ : R˜iu
Y
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N) −→ R˜i+1u
Y
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N ).(2.2.17.6)
Assume that there exists an immersion ι : Y•≤N,◦t
⊂
−→ Q•≤N,n into a log smooth
scheme overWn(s◦
t
). Let E•≤N,n be the log PD-envelope of the immersion Y•≤N,◦t
⊂
−→
Q•≤N,n over (Wn(
◦
t), pWn, [ ]). Set E•≤N,n := E•≤N,n ×D(Wn(s◦
t
)) Wn(s◦t
). Let
(E•≤N ,∇) be the correspondingOE•≤N,n -modules with integrable connection to E
•≤N .
Set (E•≤N ,∇) := (E•≤N ,∇)⊗O
E•≤N,n
OE•≤N,n . Then, by (2.2.17.5), we have the fol-
lowing equality for i ∈ N:
E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)⋆ (WnΩ˜
i
Y
•≤N,
◦
t
)⋆ = Hi(E•≤N⊗OQnΩ
•
Qn/Wn(
◦
t)
)
(2.2.17.7)
= Hi(E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)WnΩ˜
•
Y
•≤N,
◦
t
) (i ∈ N).
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Theorem 2.2.17. Let the notations be as in (2.2.13) and the proof of (2.2.13). As-
sume that E•≤N is a flat coherent unit root log F -crystal. Then the isomorphism in
(2.2.13) (1) for the case ⋆=nothing is equal to the following isomorphism
Rπzar∗(E•≤N,•⊗OQ•≤N,•Ω
•
Q•≤N,•/Wn(
◦
t)
)
∼
−→ Rπzar∗(H•(E•≤N,•⊗OQ•≤N,•Ω
∗
Q•≤N,•/Wn(
◦
t)
)).
(2.2.18.1)
Proof. This follows from (2.2.14.5), (2.2.14.1) and (2.2.17.7).
Remark 2.2.18. Let the notations and the assumptions be in (2.2.17). Then, as
in (2.1.26), we can consider R˜iu
Y
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N ) as the definition of the sheaf
“E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)WnΩ˜
i
Y
•≤N,
◦
t
” and {R˜iu
Y
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N )}i∈N becomes a com-
plex {R˜•u
Y
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N )}. Moreover, one can prove that {R˜•u
Y
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N )}n∈N
has operators F , V , p and R in a standard way. (2.2.13) and (2.2.17) imply that there
exists a canonical isomorphism
E•≤Nn ⊗Wn(OY
•≤N,
◦
t
)WnΩ˜
•
Y
•≤N,
◦
t
∼
−→ R˜•u
Y
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N )(2.2.19.1)
in D+(g−1(OWn(
◦
t)
)).
2.3 Zariskian p-adic filtered Steenbrink complexes
via log de Rham-Witt complexes
Let κ be a perfect field of characteristic p > 0. Let s be the log point (Spec(κ),N ⊕
κ∗ −→ κ). Let W (resp. Wn) be the Witt ring of κ (resp. the Witt ring of κ
of length n ∈ Z>0). Let t −→ s be a morphism from a fine log scheme whose
underlying scheme is the spectrum of a perfect field of characteristic p > 0. Set
κt := Γ(t,Ot). Let W(t) be the formal canonical lift of t over Spf(W(κt)). Let
t −→ s be a morphism of log schemes. Let N be a nonnegative integer or ∞. Let
X•≤N be an N -trucnated simplicial SNCL scheme over s. Set X•≤N,◦t := X•≤N ×◦s
◦
t
with with structural morphism f : X•≤N,◦t −→ Wn(s◦t) and X•≤N,t := X•≤N ×s
t with structural morphism fWn(t) : X•≤N,t −→ Wn(t). Let E be a flat coherent
crystal of O ◦
X•≤N,t/Wn(
◦
t)
-modules. In this section we construct a filtered complex
(WnAX
•≤N,
◦
t
(E•≤N ), P ) of f−1(Wn(κt))-modules for a unit root F -crystal E•≤N of
O ◦
X•≤N,t/Wn(
◦
t)
-modules. In the case where E•≤N = O ◦
X•≤N,t/Wn(
◦
t)
, we denote the
filtered complex (WnAX
•≤N,
◦
t
(O ◦
X•≤N,t/Wn(
◦
t)
), P ) by (WnA
X•≤N ,
◦
t
, P ). This is the
N -truncated cosimplicial filtered version of the Hyodo-Mokrane-Steenbrink complex
constructed by Mokrane ([Mo, 3.8]) and corrected by the author of this book. Because
there are numerous incomplete and mistaken parts in [Mo], see [Nakk2], (2.2.3), (2.2.4)
(2), (3), (2.3.2) (2) below and (2.3.3) below. If N 6= ∞ and if X•≤N has an affine
N -truncated simplicial open covering, then we prove that there exists a canonical
isomorphism
(2.3.0.1) (Azar(X•≤N,◦t/Wn(s◦t), E
•≤N ), P ) ∼−→ (WnAX
•≤N,
◦
t
(E•≤N ), P ).
2.3. ZARISKIAN P -ADIC FILTERED STEENBRINK COMPLEXESVIA LOGDE RHAM-WITT COMPLEXES209
Here note that Wn(s◦
t
)♮ =Wn(s◦
t
).
Let X be an SNCL scheme over s. First we give a new definition of PkWnΩ˜iX◦
t
(i ∈ N) in [Mo, (3.5)] as follows.
Set
PkWnΩ˜
i
X◦
t
:= PkR˜
iu
X◦
t
/Wn(
◦
t)∗(OX◦
t
/Wn(
◦
t)
) := Hi(PkR˜u
X◦
t
/Wn(
◦
t)∗(OX◦
t
/Wn(
◦
t)
)).
(2.3.0.2)
(Recall the definition (1.7.37).) Then we have a natural morphism
PkWnΩ˜
i
X◦
t
−→WnΩ˜
i
X◦
t
.(2.3.0.3)
Moreover PkWnΩ˜iX◦
t
is naturally a sheaf ofWn(OXt) = R˜
0u
X◦
t
/Wn(
◦
t)∗(OXt/Wn(
◦
t)
)-
modules. (This equality follows from (2.2.17.5).)
Proposition 2.3.1. (1) The sheaf PkWnΩ˜iX◦
t
is contravariantly functorial with re-
spect to the following commutative diagram
(2.3.1.1)
X −−−−→ X ′y y
s◦
t
−−−−→ s′◦
t′
and (2.2.2.1), where X ′, s′ and t′ are similar objects to X, s and t, respectively.
(2) The boundary morphism d : WnΩ˜iX◦
t
−→WnΩ˜
i+1
X◦
t
induces a morphism d : PkWnΩ˜iX◦
t
−→
PkWnΩ˜
i+1
X◦
t
of complexes.
Proof. (1): (1) immediately follows from (1.7.26) (1).
(2): (2) follows from the definition of PkWnΩ˜iX◦
t
and (1.3.17).
If there exists an immersion X◦
t
⊂
−→ Pn into a log smooth scheme over Wn(s◦
t
),
then
PkWnΩ˜
i
X◦
t
= Hi(Pk(ODn ⊗OPexn Ω
•
Pexn /Wn(
◦
t)
)).(2.3.1.2)
Here Dn is the log PD-envelope of the immersion X◦
t
⊂
−→ Pn over (Wn(s◦
t
), pWn, [ ]).
(2.3.1.2) is a generalized description of PkWnΩ˜iX◦
t
in [Mo, (3.5)].
Remark 2.3.2. (1) In [Mo, (3.5)] the sheaf WnΩ˜iX◦
t
(=PkWnω˜
i
X◦
t
in [loc. cit.]) was
defined by only an admissible lift of X◦
t
over a polynomial ring in one variable over
Wn(κt). We allow an immersion from X◦
t
into a log smooth scheme P over Wn(s◦
t
)
for the definition ofWnΩ˜iX◦
t
because the immersion is stable under the product of two
immersions X◦
t
⊂
−→ P ’s.
(2) As pointed out in (2.2.4) (3), I am not sure that the proof of [Mo, Lemme 3.4]
needed for the well-definedness of PkWnΩ˜iX is perfect.
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Assume that there exists an immersion X◦
t
⊂
−→ P2n into a log smooth scheme over
W2n(s◦
t
). Set Pn := P2n ×W2n(s) Wn(s). By (1.3.15) we have the following exact
sequence
0 −→ Pk(ODn ⊗OPexn Ω
•
Pexn /Wn(
◦
t)
)
pn
−→ Pk(OD2n ⊗OPex
2n
Ω•
Pex2n/W2n(
◦
t)
)(2.3.2.1)
−→ Pk(ODn ⊗OPexn Ω
•
Pexn /Wn(
◦
t)
) −→ 0.
Because the differential
d : OD2n ⊗OPex
2n
Ωi
Pex2n/W2n(
◦
t)
−→ OD2n ⊗OPex
2n
Ωi+1
Pex2n/W2n(
◦
t)
(i ∈ N)(2.3.2.2)
preserves P , we have the following boundary morphism of the exact sequence associ-
ated to (2.3.2.1):
d : PkWnΩ˜
i
X◦
t
= Hi(Pk(ODn ⊗OPexn Ω
•
Pexn /Wn(
◦
t)
))(2.3.2.3)
−→ Hi+1(Pk(ODn ⊗OPexn Ω
•
Pexn /Wn(
◦
t)
)) = PkWnΩ˜
i+1
X◦
t
.
By the definition of (2.3.2.3), the following diagram is commutative:
PkWnΩ˜iX◦
t
d
−−−−→ PkWnΩ˜
i+1
X◦
ty y
Pk+1WnΩ˜
i
X◦
t
d
−−−−→ Pk+1WnΩ˜
i+1
X◦
t
.
We have not yet claimed that the vertical morphisms above are injective.
The following proposition is essentially the same as [Mo, Corollaire 3.7].
Proposition 2.3.3 (cf. [Mo, Lemme 3.3, Lemme 3.4]). Let X be an SNCL
scheme over s. Then the following hold:
(1) Then there exists the following Poincare´ residue morphism
Res: PkWnΩ˜
•
X◦
t
−→ a
(k−1)
∗ (WnΩ•−k◦
X
(k−1)
t
⊗Z ̟
(k−1)
zar (
◦
Xt/
◦
t)) (k ∈ Z≥1)(2.3.3.1)
fitting into the following exact sequence
0 −→Pk−1WnΩ˜•X◦
t
−→ PkWnΩ˜
•
X◦
t
Res
−→ a
(k−1)
∗ (WnΩ•−k◦
X
(k−1)
t
⊗Z ̟
(k−1)
zar (
◦
Xt/
◦
t)) −→ 0.
(2.3.3.2)
(2) The Poincare´ residue morphism (2.3.3.1) is compatible with F , V , p and R.
Proof. (1): Take an open log subscheme of X◦
t
such that there exists an immersion
from the open log subscheme into a log smooth scheme over Wn(s◦
t
). By abuse of
notation, we denote this open log subscheme by X◦
t
. Let X◦
t
⊂
−→ Pn be an immer-
sion into a log smooth scheme over Wn(s◦
t
). Let Dn be the log PD-envelope of this
immersion over (Wn(s◦
t
), pWn, [ ]). Let
◦
D
(k−1)
n be the PD-envelope of the immersion
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◦
X
(k−1)
t
⊂
−→
◦
P
(k−1)
n over (Wn(
◦
t), pWn, [ ]). We define the morphism (2.3.3.1) as the
following morphism:
Hi(Pk(ODn ⊗OPexn Ω
•
Pexn /Wn(
◦
t)
))
(2.3.3.3)
Hi(Res)
−→ b
(k−1)
∗ Hi(O ◦
D
(k−1)
n
⊗O◦
P
ex,(k−1)
n
Ω•−k◦
Pex,(k−1)n /Wn
⊗Z ̟
(k−1)
zar (P
ex
n /Wn(s))).
This morphism is independent of the choice of the immersion X◦
t
⊂
−→ Pn overWn(s◦
t
).
Indeed, let X◦
t
⊂
−→ P ′n be another immersion into a log smooth scheme over Wn(s◦t).
Then, by considering the product Pn×s◦
t
P ′n, we may assume that we have the following
commutative diagram over Wn(s◦
t
):
(2.3.3.4)
X◦
t
−−−−→ Pn∥∥∥ y
X◦
t
−−−−→ P ′n.
By this commutative diagram and the contravariant functoriality of the Poincare´
residue morphism ((1.3.20)), the morphism (2.3.3.3) turns out to be the well-defined
morphism (2.3.3.1).
By (2.3.3.3) we see that the morphism (2.3.3.1) kills Pk−1WnΩ˜iX◦
t
. By (1.3.4) (2)
and (1.3.14), we have the following exact sequence
0 −→ Pk−1(ODn ⊗OPexn Ω
•
Pexn /Wn(
◦
t)
) −→ Pk(ODn ⊗OPexn Ω
•
Pexn /Wn(
◦
t)
)
(2.3.3.5)
Res
−→ b
(k−1)
∗ (O ◦
D
(k−1)
n
⊗O◦
P
ex,(k−1)
n
Ω•−k◦
Pex,(k−1)n /Wn
⊗Z ̟
(k−1)
zar (P
ex
n /Wn(
◦
t))) −→ 0.
Because the exactness of the sequence (2.3.3.2) is a local question, we may assume
that there exists the cartesian diagram (1.3.14.3) for P = Pn. By (2.2.10) (3) we may
assume that there exists a local retraction of the closed immersion
◦
Pex,(k−1) ⊂−→
◦
P
as in [Mo, 1.2]. As in [loc. cit.], we can prove that the long exact sequence associated
to (2.3.3.5) is decomposed into the following exact sequence
0 −→Pk−1(WnΩ˜iX◦
t
) −→ Pk(WnΩ˜
i
X◦
t
)
Res
−→
(2.3.3.6)
b
(k−1)
∗ (Hi−k(O ◦
D
(k−1)
n
⊗O◦
P
ex,(k−1)
n
Ω•◦
Pex,(k−1)n /Wn
⊗Z ̟
(k−1)
zar (P
ex
n /Wn(
◦
t)))) −→ 0.
It is easy to check that Res is a morphism of complexes. We complete the proof of
(2.3.3).
Remark 2.3.4. Note that we have used (2.1.14) for the proof of (2.3.3), which has
not been proved in [Mo].
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Corollary 2.3.5 (cf. [Mo, (?.?)]). The natural morphism
Pk(WnΩ˜
i
X◦
t
) −→WnΩ˜
i
X◦
t
(k ∈ N)(2.3.5.1)
is injective. Consequently we have a filtered complex (WnΩ˜•X◦
t
, P ) of C+(f−1(Wn)-
modules, where f : X◦
t
−→Wn(s◦
t
) is the structural morphism.
Proposition 2.3.6. There exists the following canonical functorial isomorphism
P0(WnΩ˜
i
X◦
t
)
∼
−→Hi[MF(a
(0)
∗ (WnΩ•◦
X
(0)
t
⊗Z ̟
(0)
zar(
◦
Xt0/
◦
t))(2.3.6.1)
−→ MF(a
(1)
∗ (WnΩ•◦
X
(1)
t
⊗Z ̟
(1)
zar(
◦
Xt0/
◦
t))
−→ · · ·
−→ MF(a
(m)
∗ (WnΩ•◦
X
(m)
t
⊗Z ̟
(m)
zar (
◦
Xt0/
◦
t))
−→ · · · · · · ) · · · )].
Proof. This follows from (1.3.22.1) and the well-known equalityWnΩ•Y = RuY/Wn(OY/Wn)
for a proper smooth scheme Y/κ ([I2, II (1.4)]).
Corollary 2.3.7. Let the notations be as in (2.1.1). Then the canonical morphism
(2.3.7.1) q−1(PkWnΩ˜iX)⊗Wn Wn(κt) −→ PkWnΩ˜
i
X◦
t
is an isomorphism.
Proof. The same proof as that of (2.1.1) also works.
Proposition 2.3.8. The morphisms F : Wn+1Ω˜•X◦
t
−→WnΩ˜•X◦
t
and V : WnΩ˜•X◦
t
−→
Wn+1Ω˜•X◦
t
preserve P ’s.
Proof. This is obvious.
Let us recall the following
Proposition 2.3.9 ([Nakk2, (8.4) (1), (2)]). (1) The morphism p : WnΩ˜•X◦
t
−→
Wn+1Ω˜•X◦
t
preserves P ’s.
(2) The projection R : Wn+1Ω˜•X◦
t
−→WnΩ˜•X◦
t
preserves P ’s.
Proof. (We give the proof of (1) because we do not use the admissible lift explicitly
in this proof, which was used in [Nakk2, (8.4) (1)].)
(1): Let FX◦
t
: X◦
t
−→ X◦
t
be the Frobenius endomorphism of X◦
t
. By (1.7.37.3)
we have the following pull-back morphism
Hi(F˜ ∗X◦
t
) : Hi(PkR˜u
X◦
t
/Wn+i(
◦
t)∗(OX◦
t
/Wn+i(
◦
t)
)) −→ Hi(PkR˜u
X◦
t
/Wn+i(
◦
t)∗(OX◦
t
/Wn+i(
◦
t)
)).
(2.3.9.1)
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Because the problem is local, we may assume that there exists an immersion X◦
t
⊂
−→
Pn+i into a log smooth scheme overWn+i(s◦
t
) such that there exists an endomorphism
ϕn+i : Pn+i −→ Pn+i which is a lift of the Frobenius endomorphism of Pn+i×Wn+i(s◦
t
)
s◦
t
. LetDn+i be the log PD-envelope of the immersionX◦
t
⊂
−→ Pn+i over (Wn+i(s◦
t
), pWn+i, [ ]).
The morphism (2.3.9.1) is nothing but the following morphism
ϕ∗n+i : H
i(Pk(ODn+i ⊗OPex
n+i
Ω•
Pexn+i/Wn+i(
◦
t)
)) −→ Hi(Pk(ODn+i ⊗OPex
n+i
Ω•
Pexn+i/Wn+i(
◦
t)
)).
By the argument before (2.2.5), the restriction of the morphism p to PkWnΩ˜•Xt is
equal to the following morphism
p−(i−1)ϕ∗n+i : H
i(Pk(ODn ⊗OPexn Ω
•
Pexn /Wn(
◦
t)
)) −→ Hi(Pk(ODn+1 ⊗OPex
n+1
Ω•
Pexn+1/Wn+1(
◦
t)
))
⊂
−→ Hi(ODn+1 ⊗OPex
n+1
Ω•
Pexn+1/Wn+1(
◦
t)
).
This proves (1).
(2): See the proof of [Nakk2, (8.4) (2)].
Proposition 2.3.10. The morphism Res in (2.3.3.1) is compatible with d, p, R, F
and V on {PkWmΩ˜iX◦
t
}nm=1.
Proof. In the proof of (2.3.3), we have already mentioned that Res is compatible with
d. In [Nakk2, (8.4.1), (8.4.2), (8.4.3)] we have proved that the morphism (2.3.3.1) is
compatible with p and R on PkWnΩ˜iX◦
t
. The compatibility of F and V is obvious.
Proposition 2.3.11. Let k be a nonnegative integer and let n be a positive integer.
Then the projection
R : PkWn+1Ω˜
•
X◦
t
−→ PkWnΩ˜
•
X◦
t
(2.3.11.1)
is surjective.
Proof. Let i be a nonnegative integer. Because the problem is local, we may assume
that there exists a positive integer K such that PKWjΩ˜iX◦
t
= WjΩ˜iX◦
t
(j = n, n +
1). By [Nakk2, (6.28) (8)] the projection R : Wn+1Ω˜iX◦
t
−→ WnΩ˜iX◦
t
is surjective.
(This surjectivity also follows from (2.2.10.1) immediately.) Consider the following
commutative diagram of exact sequences
(2.3.11.2)
0 −−−−→ Pk−1Wn+1Ω˜iX◦
t
−−−−→ PkWn+1Ω˜iX◦
t
Res
−−−−→ Wn+1Ω
i−k
◦
X
(k−1)
t
−−−−→ 0
R
y Ry Ry
0 −−−−→ Pk−1WnΩ˜iX◦
t
−−−−→ PkWnΩ˜X◦
t
Res
−−−−→ WnΩ
i−k
◦
X
(k−1)
t
−−−−→ 0.
By the snake lemma and the descending induction, we have only to prove that the
morphism
{Ker(PkWn+1Ω˜
i
X◦
t
−→ PkWnΩ˜
i
X◦
t
)} −→ Filn(Wn+1Ω
i−k
◦
X
(k−1)
t
) = V nΩi−k◦
X
(k−1)
t
+ dV nΩi−1−k◦
X
(k−1)
t
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is surjective. Consider a subsheaf V nPkΩ˜
i
X◦
t
+ dV nPkΩ˜
i−1
X◦
t
in Filn(Wn+1Ω˜iX◦
t
). Be-
cause Res is compatible with V and d, the upper Res in (2.3.11.2) induces a surjective
morphism V nPkΩ˜
i
X◦
t
+ dV nPkΩ˜
i−1
X◦
t
−→ V nΩi−k◦
X
(k−1)
t
+ dV nΩi−1−k◦
X
(k−1)
t
. Because V pre-
serves P , V nPkΩ˜
i
X◦
t
+ dV nPkΩ˜
i−1
X◦
t
is contained in Ker(PkWn+1Ω˜iX◦
t
−→ PkWnΩ˜iX◦
t
).
Thus we have proved the desired surjectivity.
Let E be a flat coherent log crystal of O ◦
Xt/Wn(
◦
t)
-modules. Set
Pk((ǫ
∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i
X◦
t
)(2.3.11.3)
:= (ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
) PkWnΩ˜
i
X◦
t
(i, k ∈ Z).
Because E is flat,
Pk((ǫ
∗
Xt/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i
X◦
t
)
is a subsheaf of (ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i
X◦
t
.
Proposition 2.3.12. (1) The connection
∇ : (ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i
X◦
t
−→ (ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i+1
X◦
t
preserves P ’s.
(2) Let E be a flat coherent log crystal of O ◦
Xt/Wn+1(
◦
t)
-modules. Let E ◦
Xt/Wn(
◦
t)
be
the log crystal of O ◦
Xt/Wn(
◦
t)
-modules obtained by E. Then the morphism
p : (ǫ∗
X◦
t
/Wn(
◦
t)
(E ◦
Xt/Wn(
◦
t)
))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
•
X◦
t
−→
(ǫ∗
Xt/Wn+1(
◦
t)
(E))Wn+1(X◦
t
) ⊗Wn+1(OX◦
t
)Wn+1Ω˜
•
X◦
t
preserves P ’s.
(3) Let the notations be as in (2). Then the morphism
R : (ǫ∗
X◦
t
/Wn+1(
◦
t)
(E))Wn+1(X◦
t
) ⊗Wn+1(OX◦
t
)Wn+1Ω˜
•
X◦
t
−→
(ǫ∗
X◦
t
/Wn(
◦
t)
(E ◦
Xt/Wn(
◦
t)
))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
•
X◦
t
preserves P ’s.
(4) Let the notations be as in (2). Then the morphism
F : (ǫ∗
X◦
t
/Wn+1(
◦
t)
(E))Wn+1(X◦
t
) ⊗Wn+1(OX◦
t
)Wn+1Ω˜
•
X◦
t
−→
(ǫ∗
X◦
t
/Wn(
◦
t)
(E ◦
Xt/Wn(
◦
t)
))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
•
X◦
t
preserves P ’s.
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Proof. (1): The problem is local. Let X◦
t
⊂
−→ P be an immersion into a log smooth
scheme overWn(s◦
t
). LetD be the log PD-envelope of this immersion over (Wn(
◦
t), pWn, [ ]).
Set P := P×Wn(s)Wn(s) and D := D×D(Wn(s))Wn(s). Set En := EWn(
◦
Xt)
. Because
E is a crystal of O ◦
Xt/Wn(
◦
t)
-modules, En = (ǫ
∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
). By (2.0.0.3) (for
the trivial logarithmic case), we have the following integral connection:
(2.3.12.1) ∇ : En −→ En ⊗Wn(OXt)′ Ω
1
Wn(
◦
Xt)/Wn(
◦
t),[ ]
.
Using this connection above, we have the complex En ⊗Wn(OXt)′ Ω
•
Wn(
◦
Xt)/Wn(
◦
t),[ ]
.
We define the following two morphisms:
(2.3.12.2)
s˜n(0, 0): Wn(OX◦
t
) ∋ (a0, . . . , an−1) 7−→
n−1∑
i=0
a˜p
n−i
i p
i ∈ H0(OD ⊗OPex Ω
∗
◦
Pex/Wn(
◦
t)
),
(2.3.12.3)
s˜n(1, 0): Wn(OX◦
t
) ∋ (a0, . . . , an−1) 7−→
n−1∑
i=0
a˜p
n−i−1
i da˜i ∈ H
1(OD⊗OPex Ω
∗
◦
Pex/Wn(
◦
t)
),
where a˜i ∈ OD is a lift of ai ∈ OX◦
t
. Then, by the same proof as that of [HK,
(4.9)], s˜n(0, 0) and s˜n(1, 0) are well-defined. In a standard way, we have a complex
H•(OD⊗OPex Ω
∗
◦
Pex/Wn(
◦
t)
). The morphisms s˜n(0, 0) and s˜n(1, 0) induces the following
morphism of complexes as in §2.1:
Ω•
Wn(
◦
Xt)/Wn(
◦
t),[ ]
−→ H•(OD ⊗OPex Ω
∗
◦
Pex/Wn(
◦
t)
).(2.3.12.4)
By (1.3.12.1) we have the following natural morphism
H•(OD ⊗OPex Ω
∗
◦
Pex/Wn(
◦
t)
) −→ H•(P0(OD ⊗OPex Ω
∗
Pex/Wn(
◦
t)
)).(2.3.12.5)
Hence we have the following composite morphism
Ω•
Wn(
◦
X)/Wn(
◦
t),[ ]
−→ H•(P0(OD ⊗OPex Ω
∗
Pex/Wn(
◦
t)
)) = P0WnΩ˜
•
X◦
t
.(2.3.12.6)
This morphism induces the following morphism
Ω•
Wn(
◦
Xt)/Wn(
◦
t),[ ]
−→ P0WnΩ˜
•
X◦
t
.(2.3.12.7)
Thus we have the complex En⊗Wn(OX)P0WnΩ˜
•
X◦
t
. Because PkWnΩ˜iX◦
t
is stable under
the actions of the operator d on PkWnΩ˜iX◦
t
((2.3.2.3)), Pk((ǫ
∗
X◦
t
/Wn(
◦
t)
(E ◦
Xt/Wn(
◦
t)
))Wn(X◦
t
)⊗Wn(OX)
WnΩ˜
i
X) is also stable.
(2), (3), (4): By abuse of notation, denote E ◦
Xt/Wn(
◦
t)
simply by E. Because
PkWmΩ˜iX◦
t
(m = n, n + 1) is stable under the actions of the operators p and R
((2.3.9)), Pk((ǫ
∗
X◦
t
/Wm(
◦
t)
(E))Wm(X◦
t
) ⊗Wm(OX◦
t
) WmΩ˜
i
X◦
t
) is also stable. Obviously
Pk((ǫ
∗
X◦
t
/Wm(
◦
t)
(E))Wm(X◦
t
) ⊗Wm(OX◦
t
) WmΩ˜
i
X◦
t
) (m = n, n + 1) is stable under the
action of the operators F .
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Proposition 2.3.13. (1) Let E be a flat coherent log crystal of O ◦
Xt/Wn(
◦
t)
-modules.
Let
a(k−1)crys : ((
◦
X
(k−1)
t /Wn(
◦
t))crys,O ◦
X
(k−1)
t /Wn(
◦
t)
) −→ ((
◦
Xt/Wn(
◦
t))crys,O ◦
Xt/Wn(
◦
t)
) (k ∈ Z≥1)
be the natural morphism of ringed topoi. Then there exists the following Poincare´
residue morphism for k ∈ Z≥1
Res: Pk((ǫ
∗
X◦
t
/Wn(
◦
t)crys
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i
X◦
t
) −→
(2.3.13.1)
a
(k−1)
∗ ((E ◦
X
(k−1)
t /Wn(
◦
t)
)
Wn(
◦
X
(k−1)
t )
)⊗Wn(O ◦
X
(k−1)
t
)WnΩ
i−k
◦
X
(k−1)
t
⊗Z ̟
(k−1)
zar (
◦
Xt/
◦
t)
fitting into the following exact sequence
0 −→Pk−1((ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i
X◦
t
) −→
(2.3.13.2)
Pk((ǫ
∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i
X◦
t
)
Res
−→
a
(k−1)
∗ ((E ◦
X
(k−1)
t /Wn(
◦
t)
)
Wn(
◦
X
(k−1)
t )
⊗Wn(O ◦
X
(k−1)
t
)WnΩ
i−k
◦
X
(k−1)
t
⊗Z ̟
(k−1)
zar (
◦
Xt/
◦
t) −→ 0.
(2) The Poincare´ residue morphism (2.3.13.1) is compatible with F , p and R.
Proof. (1): (1) follows from (2.3.11.3) and (2.3.3).
(2): (2) follows from (2.3.10).
Let E be a flat coherent log crystal of O ◦
Xt/W(
◦
t)
-modules. Let E ◦
Xt/Wn(
◦
t)
be the
log crystal of O ◦
Xt/Wn(
◦
t)
-modules obtained by E. Then, by (2.3.12) (2), we have the
projective system
{((ǫ∗
Xt/Wn(
◦
t)
(E ◦
Xt/Wn(
◦
t)
))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
•
X◦
t
, P )}∞n=1
of filtered complexes in Xt,zar. Set
((ǫ∗
X◦
t
/W(◦t)
(E))W(X◦
t
) ⊗W(OX◦
t
)WΩ˜
•
X , P ) := lim←−
n
((ǫ∗
Xt/Wn(
◦
t)
(E ◦
Xt/Wn(
◦
t)
))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
•
X◦
t
, P )
= (lim←−
n
(ǫ∗
X◦
t
/Wn(
◦
t)
(E ◦
Xt/Wn(
◦
t)
))Wn(X◦
t
))⊗W(OX◦
t
)
WΩ˜•X◦
t
, P ).
By (2.3.11.1) and (2.3.13.2) we have the following exact sequence
0 −→Pk−1((ǫ∗
X◦
t
/W(◦t)
(E))W(X◦
t
) ⊗W(OX◦
t
)WΩ˜
i
X◦
t
) −→
(2.3.13.3)
Pk((ǫ
∗
X◦
t
/W(◦t)
(E))W(X◦
t
) ⊗W(OX◦
t
)WΩ˜
i
X◦
t
)
Res
−→
a
(k−1)
∗ ((E) ◦
X
(k−1)
t /W(
◦
t)
)
W(
◦
X
(k−1)
t )
⊗W(O ◦
X
(k−1)
t
)WΩ
i−k
◦
X
(k−1)
t
⊗Z ̟
(k−1)
zar (
◦
Xt/
◦
t) −→ 0.
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Definition 2.3.14. Let ⋆ be noting or a positive integer n. Let E be a flat coherent
log crystal of O ◦
Xt/W⋆(
◦
t)
-modules. We call the isomorphism
Res: grPk ((ǫ
∗
X◦
t
/W⋆(
◦
t)
(E))W⋆(Xt) ⊗W⋆(OX◦
t
)W⋆Ω˜
•
X◦
t
)
∼
−→(2.3.14.1)
a
(k)
W⋆(
◦
t)∗
((E ◦
X
(k)
t /W⋆(
◦
t)
)
W⋆(
◦
X
(k)
t )
)⊗
W⋆(
◦
X
(k)
t )
W⋆Ω
•−k
◦
X
(k)
t
⊗Z ̟
(k)
zar(X◦t
/
◦
t))(−k)
the Poincare´ residue isomorphism of the log de Rham-Witt complex of ǫ∗
X◦
t
/W⋆(
◦
t)
(E).
Proposition 2.3.15. Let the notations be as in (2.3.12). Assume that E is a unit
root F -crystal on
◦
Xt/Wn(
◦
t). Then the following hold:
(1) The following operator
V : (ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i
X◦
t
−→
(ǫ∗
X◦
t
/Wn+1(
◦
t)
(E))Wn+1(X◦
t
) ⊗Wn+1(OX◦
t
)Wn+1Ω˜
i
X◦
t
(2.3.15.1)
preserves P ’s.
(2) The Poincare´ residue isomorphism (2.3.13.2) is compatible with V .
Proof. (1): Set En := (ǫ
∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
). First note that the morphism V : WnΩ˜
i
X◦
t
−→
Wn+1Ω˜iX◦
t
preserve P ’s. Hence the following morphism
id⊗ V : En ⊗Wn(OX◦
t
)⋆ F∗(WnΩiX◦
t
)⋆
= (En+1 ⊗Wn+1(OX◦
t
)⋆,RWn(OX◦
t
)⋆)⊗Wn(OX◦
t
)⋆ F∗(WnΩiX◦
t
)⋆
−→ En+1 ⊗Wn+1(OX◦
t
)⋆ (Wn+1Ω
i
X◦
t
)⋆
preserves P ’s. Furthermore it is clear that the morphisms
Φ−1 ⊗ id : En ⊗Wn(OX◦
t
) (WnΩ˜
i
X◦
t
)⋆ −→ (En)
σ ⊗Wn(OX◦
t
) (WnΩ˜
i
X◦
t
)
and
I : (En)
σ ⊗Wn(OX◦
t
) (WnΩ˜
i
X◦
t
) = F−1(En)⊗F−1(Wn(OX◦
t
)) (WnΩ˜
i
X◦
t
)
= En ⊗Wn(OX◦
t
)⋆ F∗(WnΩ˜iX◦
t
)⋆.
preserve P ’s. Because the morphism (2.3.15.1) is the composite morphsim of Φ−1⊗id,
I and id⊗ V , the morphism (2.3.15.1) preserves P ’s.
(2): (2) follows from (2.3.10).
Proposition 2.3.16. Let X ′ be an SNCL scheme over a log point s′ whose underlying
scheme is the spectrum of a perfect field of characteristic p > 0. For the commutative
diagram (2.2.2.1) and a commutative diagram
(2.3.16.1)
X◦
t
g
−−−−→ X ′◦
t′y y
s◦
t
u
−−−−→ s′◦
t′
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and a morphism of E′ −→
◦
gcrys∗(E), where E′ (resp. E) is a flat coherent crystal of
O ◦
X′
t′
/Wn(
◦
t′)
-modules (resp. a flat coherent crystal of O ◦
Xt/Wn(
◦
t)
-modules), there exists
the following natural pull-back morphism
g∗ : (ǫ∗
X′◦
t′
/Wn(
◦
t′)
(E))Wn(X′◦
t′
) ⊗Wn(OX′◦
t′
)WnΩ˜
•
X′◦
t′
, P ) −→(2.3.16.2)
g∗(((ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
•
X◦
t
, P )),
which is compatible with projections.
Proof. Because the proof is standard, we omit the proof.
In [Mo, 3.4] Mokrane has defined a well-defined class θn ∈ WnΩ˜1X◦
t
and he has
obtained the following morphism
θn∧ : WnΩ˜
j
X◦
t
−→WnΩ˜
j+1
X◦
t
.
In [Nakk2, (8.1.2)] we have proved that the following diagram
(2.3.16.3)
Wn+1Ω˜
j+1
X◦
t
R
−−−−→ WnΩ˜
j+1
X◦
t
θn+1∧
x xθn∧
Wn+1Ω˜
j
X◦
t
R
−−−−→ WnΩ˜
j
X◦
t
is commutative.
Let E be a flat coherent log crystal of O ◦
Xt/Wn+1(
◦
t)
-modules. It is straightforward
to generalize (2.3.16.3) to the following commutative diagram by using the fact that
the isomorphism Wn(OX◦
t
)′ ∼−→Wn(OX◦
t
) is compatible with projections:
(2.3.16.4)
(ǫ∗
X◦
t
/Wn+1(
◦
t)
(E))Wn+1(X◦
t
) ⊗Wn+1(OX◦
t
)Wn+1Ω˜
j+1
X◦
t
R
−−−−→
θn+1∧
x
(ǫ∗
X◦
t
/Wn+1(
◦
t)
(E))Wn+1(X◦
t
) ⊗Wn+1(OX◦
t
)Wn+1Ω˜
j
X◦
t
R
−−−−→
(ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
j+1
X◦
txθn∧
(ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
j
X◦
t
.
For the commutative diagrams (2.2.2.1) and (2.3.16.1), we have the following com-
mutative diagram
(2.3.16.5)
(ǫ∗
X′◦
t′
/Wn(
◦
t′)
(E′))Wn(X′◦
t′
) ⊗Wn(OX′◦
t′
)WnΩ˜
j+1
X′◦
t′
g∗
−−−−→
θ′n∧
x
(ǫ∗
X′◦
t′
/Wn(
◦
t′)
(E′))Wn(X′◦
t′
) ⊗Wn(OX′◦
t′
)WnΩ˜
j
X′◦
t′
g∗
−−−−→
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g∗((ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
j+1
X◦
t
)xdeg(u)θn∧
g∗((ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
j
X◦
t
).
Let E be a flat coherent log crystal of O
X◦
t
/Wn(
◦
t)
-modules. Set En := (E)Wn(X◦
t
).
Let X◦
t
⊂
−→ Pn be an immersion into a log smooth scheme overWn(s◦
t
). Let D be the
log PD-envelope of this immersion over (Wn(
◦
t), pWn, [ ]). Set Pn := Pn×Wn(s)Wn(s)
and D := D×
D(Wn(s))Wn(s). Let (E ,∇) be the coherentODn -module with integrable
connection obtained by E. Set (E ,∇) := (E ,∇) ⊗OD OD. In (2.2.12.10) we have
constructed the following composite morphism:
E ⊗OPn Ω
•
Pn/Wn(
◦
t)
−→ En ⊗Wn(OY )′ Ω
•
Wn(X)/Wn(
◦
t),[ ]
(2.3.16.6)
−→ En ⊗Wn(OX◦
t
)WnΩ˜
•
X◦
t
in C+(f−1(Wn(κt))). In fact, this is a quasi-isomorphism by (2.2.13). Let E be a flat
coherent crystal of O ◦
Xt/Wn(
◦
t)
-modules. Consider the case E := ǫ∗
X◦
t
/Wn(
◦
t)
(E).
Definition 2.3.17. Set
Pk(En ⊗Wn(OX◦
t
)′ Ω
•
Wn(X◦
t
)/Wn(
◦
t),[ ]
) := En ⊗Wn(OX◦
t
)′ PkΩ
•
Wn(X◦
t
)/Wn(
◦
t),[ ]
,
where {PkΩ•Wn(X◦
t
)/Wn(
◦
t),[ ]
}k∈Z is the induced filtration by the filtration P on Ω•Wn(X◦
t
)/Wn(
◦
t)
((1.3.0.1)).
It is clear that the first morphism in (2.3.16.6) induces the following filtered morphism
(E ⊗OPn Ω
•
Pn/Wn(
◦
t)
, P ) −→ (En ⊗Wn(OX◦
t
)′ Ω
•
Wn(X◦
t
)/Wn(
◦
t),[ ]
, P ).(2.3.17.1)
By the note after (2.2.11.5), the second morphism in (2.3.16.6) induces the following
filtered morphism
(En ⊗Wn(OX◦
t
)′ Ω
•
Wn(X)/Wn(
◦
t),[ ]
, P ) −→ (En ⊗Wn(OX◦
t
)WnΩ˜
•
X◦
t
, P ).(2.3.17.2)
Hence the morphism (2.3.16.6) induces the following filtered morphism
(E ⊗OPn Ω
•
Pn/Wn(
◦
t)
, P ) −→(En ⊗Wn(OX◦
t
)WnΩ˜
•
X◦
t
, P )(2.3.17.3)
in C+F(f−1(Wn)). The morphism (2.3.17.3) is a filtered quasi-isomorphism by (1.3.19.1),
(2.3.13.2) and (2.1.11.1) (or Etesse’s comparison theorem [Et, II (2.1)] (=(2.1.11) for
the case of the trivial log structure).
For the proof of (2.3.26) below, we need the following, which is a variant of a
coefficient version of an SNCL version of [Nakk4, (4.22) (2)]:
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Lemma 2.3.18. Assume that
◦
X is affine. Let (E ,∇) be as above. Then the following
hold:
(1) Assume that we are given the commutative diagram (2.2.12.2). The morphism
(2.3.17.3) is functorial in the following sense: for an affine SNCL scheme Xi over si
(i = 1, 2), for a morphism Wn(X
i,
◦
ti
) −→ P i,n to a log smooth scheme over Wn(s
i,
◦
ti
)
such that the composite morphism X
i,
◦
ti
⊂
−→ Wn(X
i,
◦
ti
) −→ P i,n is an immersion
and for the log PD-envelope Di,n (i = 1, 2) of the immersion X
i,
◦
ti
⊂
−→ Pi,n over
(Wn(s
i,
◦
ti
), pWn, [ ]) and for the following commutative diagram
(2.3.18.1)
Wn(X
1,
◦
t1
) −−−−→ D1,n
gn
y yg
Wn(X
2,
◦
t2
) −−−−→ D2,n
of log schemes over the following commutative diagram
(2.3.18.2)
Wn(s
1,
◦
t1
) −−−−→ Wn(s
1,
◦
t1
)y y
Wn(s
2,
◦
t2
) −−−−→ Wn(s
2,
◦
t2
)
and for the log PD-envelope Di,n (i = 1, 2) of the immersion Xi
⊂
−→ Pi,n (Pi,n :=
Pi,n×Wn(s
i,
◦
ti
)Wn(si,
◦
ti
) over (Wn(s
i,
◦
ti
), pOWn(s
i,
◦
ti
), [ ]) and for a flat coherent crys-
tal Ei of O ◦
Xi,ti/Wn(
◦
ti)
-modules with a morphism
◦
g∗1crys(E2) −→ E1 and the corre-
sponding integrable connection (E i,∇i) to ǫ∗
X
i,
◦
ti
/Wn(
◦
ti)
(Ei), the following diagram is
commutative:
(2.3.18.3)
(E1⊗OPex
1,n
Ω•
Pex1,n/Wn(
◦
t1)
, P )
∼
−−−−→ (H•(E1⊗OPex
1,n
Ω∗
Pex1,n/Wn(
◦
t1)
), P )
g∗
x xg∗n
(g∗(E2⊗OPex
2,n
Ω•
Pex2,n/Wn(
◦
t2)
), P )
∼
−−−−→ (g∗H•(E2⊗OPex
2,n
Ω∗
Pex2,n/Wn(
◦
t2)
), P ),
where Ei := E i⊗O
D(Wn(s
i,
◦
ti
))
OWn(s
i,
◦
ti
) and g : D1,n −→ D2,n is the induced morphism
by g. In the p-adic case over W(s) := (Spf(W),N ⊕W∗) and the case where E is a
coherent flat crystal of O ◦
Xt/W(
◦
t)
-modules, the morphism (2.3.17.3) is compatible with
the projections.
(2) The following diagram is commutative:
(2.3.18.4)
E ⊗OPexn Ω
i+1
Pexn /Wn(
◦
t)
∼
−−−−→ (ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i+1
X◦
t
θPexn ∧
x xθn∧
E ⊗OPexn Ω
i
Pexn /Wn(
◦
t)
∼
−−−−→ (ǫ∗
X◦
t
/Wn(
◦
t)
(E))Wn(X◦
t
) ⊗Wn(OX◦
t
)WnΩ˜
i
X◦
t
The commutative diagram (2.3.18.4) is compatible with projections.
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Proof. (1): Let gcrys : (X
1,
◦
t1
/Wn(
◦
t1))crys −→ (X
2,
◦
t2
/Wn(
◦
t2))crys be the induced mor-
phism by g : X
1,
◦
t1
−→ X
2,
◦
t2
. Because we are given a morphism
◦
g∗crys(E2) −→ E1, we
have a morphism g∗crysǫ
∗
X
2,
◦
t2
/Wn(
◦
t2)
(E2) −→ ǫ
∗
X
1,
◦
t1
/Wn(
◦
t1)
(E1). The rest of the proof
is the same as that of (2.2.11).
(2): (2) follows immediately from the construction of the morphism (2.3.17.3) and
from (2.3.16.3).
Now let us come back to the beginning of this section.
Theorem 2.3.19 (Comparison theorem). (1) Assume that N 6= ∞. Assume
that X•≤N,◦t has an affine N -truncated simplicial open covering. Then there exists a
canonical filtered isomorphism
(2.3.19.1) (R˜u
X
•≤N,
◦
t
/Wn(
◦
t)∗(E
•≤N ), P ) ∼−→ (E•≤Nn ⊗Wn(OX
•≤N,
◦
t
)WnΩ˜
•
X
•≤N,
◦
t
, P )
in D+F(f−1•≤N (Wn(κt))). The isomorphisms (2.3.19.1) for n’s are compatible with two
projections of both hands of (2.3.19.1).
(2) Let the notations be as in (2.2.2.1). The isomorphism (2.3.19.1) is contravari-
antly functorial with respect to a morphism h : Y•≤N −→ Z•≤N of N -truncated simpli-
cial SNCL schemes over the morphism Wn(s◦
t
) −→ Wn(s′◦
t′
) satisfying the condition
(1.5.0.3) and
◦
h∗crys(F
•≤N ) −→ E•≤N , where Z•≤N and F •≤N are similar objects to
Y•≤N and E•≤N , respectively.
Proof. (1): Let the notations be as in the proof of (2.2.13). In this proof we denote
Q•≤N,• by P•≤N,•. By (2.3.17.3) and (2.3.18) (and the argument before (2.3.18)), we
have the following morphism of filtered complexes:
(E•≤N,•⊗OPex
•≤N,•
Ω•
Pex•≤N,•/Wn(
◦
t)
, P ) −→ (H•(E•≤N,•)⊗OPex
•≤N,•
Ω∗
Pex•≤N,•/Wn(
◦
t)
), P )
(2.3.19.2)
= (E•≤N,•n ⊗Wn(OX
•≤N,•,
◦
t
)WnΩ˜
•
X
•≤N,•,
◦
t
, P )
in C+F(f−1•≤N,•(Wn(κt))). As in the proof of (2.2.13), we obtain the filtered isomor-
phism (2.3.19.1) by the argument before (2.3.18).
(2): By using (2.3.18.3), the proof is almost the same as that of (2.1.11) (2). We
leave the detailed proof to the reader.
Let ⋆ be a positive integer n or nothing. Let E•≤N be a flat coherent log crystal
of O ◦
X•≤N,t/W⋆(
◦
t)
-modules. Next we give the definition of a zariskian filtered com-
plex (W⋆AX
•≤N,
◦
t
(E•≤N ), P ), which is a generalization of the zariskian p-adic filtered
Hyodo-Mokrane-Steenbrink complex in [Mo, 3.15] (see also [Nakk2, (9.9)]) as follows.
Set
W⋆AX
•≤N,
◦
t
(E•≤N )ij := ((ǫ∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω˜
i+j+1
X
•≤N,
◦
t
)/
(2.3.19.3)
Pj((ǫ
∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω˜
i+j+1
X
•≤N,
◦
t
) (i, j ∈ N).
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We consider the following boundary morphisms of the double complexesW⋆AX
•≤N,
◦
t
(E•≤N ):
(2.3.19.4)
W⋆AX
•≤N,
◦
t
(E•≤N )i,j+1
(−1)iθ⋆∧
x
W⋆AX
•≤N,
◦
t
(E•≤N )ij
(−1)j+1d
−−−−−−→ W⋆AX
•≤N,
◦
t
(E•≤N )i+1,j .
Then W⋆AX
•≤N,
◦
t
(E•≤N )•• becomes an N -truncated cosimplicial double complex of
f−1•≤N(W⋆(κt))-modules. LetW⋆AX
•≤N,
◦
t
(E•≤N ) be the single complex ofW⋆AX
•≤N,
◦
t
(E•≤N )••.
We endow W⋆AX
•≤N,
◦
t
(E•≤N ) with a filtration P as follows:
PkW⋆AX
•≤N,
◦
t
(E•≤N )ij := Im(P2j+k+1((ǫ∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
)
(2.3.19.5)
⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω˜
i+j+1
X
•≤N,
◦
t
) −→W⋆AX
•≤N,
◦
t
(E•≤N )ij).
Let (W⋆AX
•≤N,
◦
t
(E•≤N ), P ) be the filtered single complex of the filtered double com-
plex (W⋆AX
•≤N,
◦
t
(E•≤N )••, P ).
Definition 2.3.20. We call the filtered complex (W⋆AX
•≤N,
◦
t
(E•≤N ), P ) the fil-
tered Hyodo-Mokrane-Steenbrink complex of E•≤N . In the case where E•≤N =
O ◦
X•≤N,t/W⋆(
◦
t)
, we denote (W⋆AX
•≤N,
◦
t
(E•≤N ), P ) by (W⋆AX
•≤N,
◦
t
, P ) and we call it
the filtered Hyodo-Mokrane-Steenbrink complex of X•≤N,◦t/
◦
t. (In the case N = 0 and
t = s, in [Mo], Mokrane has called (W⋆AX
0,
◦
t
(E0), P ) the filtered Steenbrink-Hyodo
complex.)
Proposition 2.3.21. The following morphism
θ⋆∧ : (ǫ
∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω
•
X
•≤N,
◦
t
−→W⋆AX
•≤N,
◦
t
(E•≤N )
(2.3.21.1)
is a quasi-isomorphism.
Proof. It suffices to prove that the following morphism
θ⋆∧ : (ǫ
∗
X
m,
◦
t
/W⋆(
◦
t)
(Em))W⋆(X
m,
◦
t
) ⊗W⋆(OX
m,
◦
t
)W⋆Ω
•
X
m,
◦
t
−→W⋆AX
m,
◦
t
(E•≤N )
(2.3.21.2)
is a quasi-isomorphism for 0 ≤ m ≤ N . We may assume that Em = O ◦
Xm,t/W(
◦
t)
.
By [Mo, 3.15] and [Nakk2, (6.28) (9), (6.29) (1)] (see also the proof of (1.4.4)), the
following morphism
θ⋆∧ : W⋆Ω
i
X
m,
◦
t
−→W⋆A
i•
X
m,
◦
t
is a quasi-isomorphism. Hence the morphism (2.3.21.2) is a quasi-isomorphism.
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Theorem 2.3.22 (Contravariant functoriality). (1) Let the notations be as in
the beginning of §1.5, where S = s, S′ = s′, T = Wn(t) and T ′ = Wn(t′) (s′ is the
log point of a perfect field of characteristic p and t and t′ are fine log schemes whose
underlying schemes are the spectrums of perfect fields of characteristic p). Let g•≤N
be as in (1.5.0.2). That is, g•≤N is the following morphism
(2.3.22.1)
X•≤N,◦t0
g•≤N
−−−−→ Y•≤N,◦t′0y y
s◦
t
−−−−→ s′◦
t′
⋂y y⋂
Wn(s◦
t
)
u
−−−−→ Wn(s′◦
t′
)
be a commutative diagram of N -truncated simplicial SNCL schemes over s◦
t
and s′◦
t′
such that X•≤N,◦t and Y•≤N,◦t′ have the disjoint unions X
′
•≤N,◦t
and Y ′
•≤N,◦t′
of the
members of affine N -truncated simplicial open coverings of X•≤N,◦t and Y•≤N,◦t′ , re-
spectively, fitting into the following commutative diagram
(2.3.22.2)
X ′
•≤N,◦t
g′•≤N
−−−−→ Y ′
•≤N,◦t′y y
X•≤N,◦t
g•≤N
−−−−→ Y•≤N,◦t′ .
Let
◦
g∗•≤N,crys(F
•≤N ) −→ E•≤N(2.3.22.3)
be a morphism of flat coherent crystal of O ◦
X•≤N,t/W(
◦
t)
-modules as in (1.5.1.2). As-
sume that deg(u)x is not divisible by p for any point x ∈
◦
t. Then g•≤N induces the
following well-defined pull-back morphism
g∗•≤N : (WnAY
•≤N,
◦
t′
(F •≤N ), P ) −→ Rg•≤N∗((WnAX
•≤N,
◦
t
(E•≤N ), P ))(2.3.22.4)
fitting into the following commutative diagram:
(2.3.22.5)
WnAY
•≤N,
◦
t′
(F •≤N )
g∗•≤N
−−−−→
θn∧
x≃
RuY•≤N,t′/Wn(t′)∗(ǫ
∗
Y
•≤N,
◦
t′
/Wn(
◦
t′)
(F •≤N ))
g∗•≤N
−−−−→
Rg•≤N∗(WnAX
•≤N,
◦
t
(E•≤N ))
Rg•≤N∗(θn∧)
x≃
Rg•≤N∗RuX•≤N,t/Wn(t)∗(ǫ
∗
X
•≤N,
◦
t
/Wn(
◦
t)
(E•≤N )).
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(2) Let the notations be as in (1). Let s′′, t′′, S′′ =Wn(s′′) and T ′′ = Wn(t′′) be
similar objects to s′, t′, S′ =Wn(s′) and T ′ =Wn(t′), respectively. Let h•≤N : Y•≤N,◦t′ −→
Z•≤N,◦t′′ be a similar morphism over s
′
◦
t′
−→ s′′◦
t′′
to g•≤N : X•≤N,◦t −→ Y•≤N,◦t′ . Let
◦
h∗•≤N,crys(G
•≤N ) −→ F •≤N(2.3.22.6)
be as in (1.5.1.2). Let v : S′ −→ S′′ be a similar morphism to u. Assume that deg(v)y
is not divisible by p for any point y ∈
◦
t′. Then
(h•≤N ◦ g•≤N )∗ = Rh•≤N∗(g∗•≤N ) ◦ h
∗
•≤N : (WnAZ
•≤N,
◦
t′′
(G•≤N )), P ) −→
(2.3.22.7)
Rh•≤N∗Rg•≤N∗(WnAX
•≤N,
◦
t
(E•≤N ), P )
= R(h•≤N ◦ g•≤N )∗(WnAX
•≤N,
◦
t
(E•≤N ), P ).
(3)
(2.3.22.8) id∗X
•≤N,
◦
t
= id: (WnAX
•≤N,
◦
t
(E•≤N ), P ) −→ (WnAX
•≤N,
◦
t
(E•≤N ), P ).
(4) Let the notations be as in (2) without assuming the nondivisibility condition,
where S = s, S′ = s′, T =W(t) and T =W(t′). Let E•≤N and F •≤N be flat quasi-
coherent crystals of O ◦
X•≤N/W(
◦
t)
-modules and O ◦
Y •≤N/W(
◦
t′)
-modules, respectively. Let
◦
g∗•≤N,crys(F
•≤N ) −→ E•≤N
be a morphism of O ◦
X•≤N,t/W(
◦
t)
-modules. Set
(ǫ∗
X
•≤N,
◦
t
/W(◦t)
(E•≤N ))W(X
•≤N,
◦
t
) ⊗W(OX
•≤N,
◦
t
)
WΩ˜jX
•≤N,
◦
t
:= lim←−
n
((ǫ∗
X
•≤N,
◦
t
/Wn(
◦
t)
(E•≤N ))Wn(X
•≤N,
◦
t
) ⊗Wn(OX
•≤N,
◦
t
)
WnΩ˜
j
X
•≤N,
◦
t
)
= lim
←−
n
((ǫ∗
X
•≤N,
◦
t
/Wn(
◦
t)
(E•≤N ))Wn(X
•≤N,
◦
t
))⊗W(OX
•≤N,
◦
t
)
WΩ˜jX
•≤N,
◦
t
and
(ǫ∗
Y
•≤N,
◦
t′
/W(◦t′)
(F •≤N ))W(Y
•≤N,
◦
t′
) ⊗W(OY
•≤N,
◦
t′
)
WΩ˜jY
•≤N,
◦
t′
:= lim
←−
n
((ǫ∗
Y•≤N,t′/Wn(
◦
t′)
(F •≤N ))Wn(Y
•≤N,
◦
t′
) ⊗Wn(OY
•≤N,
◦
t′
)
WnΩ˜
j
Y
•≤N,
◦
t′
)
= lim
←−
n
((ǫ∗
Y
•≤N,
◦
t′
/Wn(
◦
t′)
(F •≤N ))Wn(Y
•≤N,
◦
t′
))⊗W(OY
•≤N,
◦
t′
)
WΩ˜jY
•≤N,
◦
t′
.
If the morphism
g∗•≤N : (ǫ
∗
Y
•≤N,
◦
t′
/W(◦t′)
(F •≤N ))W(Y
•≤N,
◦
t′
) ⊗W(OY
•≤N,
◦
t′
)
WΩ˜i+j+1Y
•≤N,
◦
t′
/Pj(2.3.22.9)
−→ g•≤N∗((ǫ∗
X
•≤N,
◦
t
/W(◦t)
(E•≤N ))W(X
•≤N,
◦
t
) ⊗W(OX
•≤N,
◦
t
)
WΩ˜i+j+1X
•≤N,
◦
t
)/Pj
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is divisible by pep(j+1) for any i, j ∈ N, (Because the sheaf WΩ˜i+j+1X
•≤N,
◦
t
/Pj is a sheaf of
flat W(
◦
t)-modules, the divisibility above is well-defined.), then the conclusion of (1)
holds. Moreover, the conclusion of (1) without the subscript n also holds. The similar
relation to (2.3.22.7) holds.
Proof. The proof of this theorem is easier than the proofs of (1.5.2) and (1.5.6). We
leave the detail of the proof to the reader.
Proposition 2.3.23. Assume that the two conditions (1.5.6.4) and (1.5.6.5) hold in
the case S = s, S′ = s′, where S = W(s), S′ = W(s′), T = W(t) and T = W(t′).
Assume also that ep ≤ 1. Then the morphism (2.3.22.9) is divisible by pj+1.
Proof. The proof is the same as that of (1.5.8).
Let the assumptions be as in (2.3.23). Consider the morphism
grPk (g
∗
•≤N ) : gr
P
kW⋆AY
•≤N,
◦
t′
(F •≤N ) −→ Rg•≤N∗grPkW⋆AX
•≤N,
◦
t
(E•≤N ).
(2.3.23.1)
Fix an integer 0 ≤ m ≤ N . Let the notations be before (1.5.8.4). Consider the
following direct factor of the cosimplicial degree m-part of the morphism (2.3.23.1):
g∗ : bφ(λ),t′∗Ru ◦
Y φ(λ),t′/W⋆(
◦
t′)∗
(F
φ(λ),W⋆(
◦
t′)
⊗Z ̟φ(λ)crys(
◦
Y t′/W⋆(
◦
t′))){−2j − k}
(2.3.23.2)
−→ bφ(λ),t′∗Rgλ,W⋆(t′)W⋆(t)∗Ru ◦Xλ,t/W⋆(
◦
t)∗
(Eλ ⊗Z ̟λcrys(
◦
Xt/W⋆(
◦
t))){−2j − k}.
Proposition 2.3.24. Let the notations and the assumptions be as above. Then the
morphism g∗ in (2.3.23.1) is equal to
⊕
j≥max{−k,0} deg(u)
j+kbφ(λ),t′∗
◦
g∗λ.
Proof. The proof is only a suitable modification of the proof of (1.5.9). We leave the
detail of the proof to the reader.
Corollary 2.3.25. There exists the following isomorphism:
grPkW⋆AX
m,
◦
t
(Em)
(2.3.25.1)
∼
−→
⊕
j≥max{−k,0}
(a
(2j+k)
m∗ (E ◦
X
(2j+k)
m,t
)
Wn(
◦
X
(2j+k)
m,t )
⊗O ◦
X
(2j+k)
m,t
WnΩ
•
◦
X
(2j+k)
m,t
⊗Z
̟(2j+k)zar (
◦
Xm,t/Wn(
◦
t)))(−j − k, u){−2j − k}, (−1)m+j+1d).
The following is a main result in this section:
Theorem 2.3.26 (Comparison theorem I). Let N be a nonnegative integer and
let n be a positive integer. Let E•≤N be a flat coherent log crystal of O ◦
X•≤N,t/Wn(
◦
t)
-
modules. Assume that X•≤N,◦t has an affine N -truncated simplicial open covering.
Then the following hold:
226CHAPTER 2. WEIGHT FILTRATIONS AND SLOPE FILTRATIONS ON LOGCRYSTALLINE COHOMOLOGIES VIA LOGDE RHAM-WITT COMPLEXES
(1) In D+F(f−1(Wn(κt))) there exists the following canonical isomorphism:
(2.3.26.1) (Azar(X•≤N,◦t/Wn(s◦t), E
•≤N ), P ) ∼−→ (WnAX
•≤N,
◦
t
(E•≤N ), P ).
The isomorphisms (2.3.26.1) for n’s are compatible with two projections of both hands
of (2.3.26.1).
(2) Let the notations be as in (2.3.22) (1) or (4). Then the isomorphism (2.3.26.1)
is contravariantly functorial for the commutative diagrams (2.3.22.1) and (2.3.22.2).
(3) The isomorphism (2.3.26.1) forgetting the filtrations fits into the following com-
mutative diagram:
(2.3.26.2)
Azar(X•≤N,◦t/W⋆(s◦t), E
•≤N )
(2.3.26.1), ∼
−−−−−−−−−→
θ⋆∧
x≃
RuX•≤N,t/W⋆(t)∗(ǫ
∗
X
•≤N,
◦
t
/W⋆(s◦
t
)(E
•≤N ))
(2.1.11.1),∼
−−−−−−−−−→
W⋆AX
•≤N,
◦
t
(E•≤N )
θ⋆∧
x≃
(ǫ∗X
•≤N,
◦
t/W⋆(s◦
t
)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)
W⋆Ω•X
•≤N,
◦
t
,
where the upper vertical morphism θ⋆∧ is the morphism (1.4.4.1) for the case S =
W⋆(s) and T =W⋆(t).
(4) The commutative diagram (2.3.26.2) is contravariantly functorial.
Proof. Let the notations be as in §1.4.
(1): First we construct the morphism (2.3.26.1). Let X ′
•≤N,◦t
be the disjoint union
of an affine N -truncated simplicial open covering of X•≤N,◦t. Let X
′
N,
◦
t
⊂
−→ P ′N
be an immersion into a log smooth scheme over Wn(s◦
t
). Since X ′
N,
◦
t
is affine, there
exists a morphismWn(X ′
N,
◦
t
) −→ P ′N overWn(s◦t) such that the composite morphism
X ′
N,
◦
t
⊂
−→ Wn(X ′
N,
◦
t
) −→ P ′N is the closed immersion above. As in the proof of
(2.1.11), we have a natural morphism
(2.3.26.3) Wn(X
′
•≤N,◦t
) −→ Γ
Wn(s◦
t
)
N (P
′
N )•≤N
of N -truncated simplicial log schemes. Let Wn(X•≤N,•,◦t) be the Cˇech diagram of
Wn(X ′•≤N,◦t
) overWn(X•≤N,◦t). It is easy to check thatWn(X•≤N,•,◦t) is the canonical
lift of X•≤N,•,◦t. Set Pmn := cosk
Wn(s◦
t
)
0 (Γ
Wn(s◦
t
)
N (P
′
N )m)n. By (1.2.7.4) we have the
following morphism
(2.3.26.4) Wn(X•≤N,•,◦t) −→ P•≤N,•
of (N,∞)-truncated bisimplicial log schemes such that the composite morphism
X•≤N,•,◦t
⊂
−→Wn(X•≤N,•,◦t) −→ P•≤N,•
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is the exact immersion in (1.2.8.1) (in the case S(T ) = Wn(s◦
t
)). Set P•≤N,• :=
P•≤N,•×Wn(s◦
t
)Wn(s◦t
). Let Pex•≤N,• be the exactification of the immersionX•≤N,•,◦t
⊂
−→
P•≤N,•. Let D•≤N,• be the log PD-envelope of the immersion X•≤N,•,◦t
⊂
−→ P•≤N,•
over (Wn(
◦
t), pWn, [ ]). Set D•≤N,• := D•≤N,• ×D(Wn(s◦
t
)) Wn(s◦t
). Let E•≤N,• be a
crystal of O ◦
X•≤N,•,t/Wn(
◦
t)
-modules obtained by E•≤N . Let (E•≤N,•,∇) be the coher-
ent OD•≤N,•-module with integrable connection obtained by ǫ
∗
X
•≤N,•,
◦
t
/Wn(
◦
t)
(E•≤N,•).
Set (E•≤N,•,∇) := (E•≤N,•,∇)⊗O
D(Wn(s◦
t
))
Wn(κt). By using the morphism (2.3.19.2)
and (2.3.18) (2), we have the following commutative diagrams:
(2.3.26.5)
(E•≤N,•⊗OPex
•≤N,•
Ωi+j+2
Pex•≤N,•/Wn(
◦
t)
/Pj+1, P ) −−−−→
d
x
(E•≤N,•⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/Wn(
◦
t)
/Pj+1, P ) −−−−→
(E•≤N,•n ⊗Wn(OX
•≤N,•,
◦
t
)WnΩ˜
i+j+2
X
•≤N,•,
◦
t
/Pj+1, P )xd
(E•≤N,•n ⊗Wn(OX
•≤N,•,
◦
t
)WnΩ˜
i+j+1
X
•≤N,•,
◦
t
/Pj+1, P ),
(2.3.26.6)
(E•≤N,•⊗OPex
•≤N,•
Ωi+j+2
Pex•≤N,•/Wn(
◦
t)
/Pj+2, P ) −−−−→ (E•≤N,•n ⊗Wn(OX
•≤N,•,
◦
t
)WnΩ˜
i+j+2
X
•≤N,•,
◦
t
/Pj+2, P )
θPex
•≤N,•
∧
x xθn∧
(E•≤N,•⊗OPex
•≤N,•
Ωi+j+1
Pex
•≤N,•
/Wn(
◦
t)
/Pj+1, P ) −−−−→ (E•≤N,•n ⊗Wn(OX
•≤N,•,
◦
t
)WnΩ˜
i+j+1
X
•≤N,•,
◦
t
/Pj+1, P ).
Hence we have the following filtered morphism in C+F(f−1•≤N,•(Wn(κt))):
(2.3.26.7) (Azar(P
ex
•≤N,•,◦t
/Wn(s◦
t
), E•≤N ), P ) −→ (WnAX
•≤N,•,
◦
t
(E•≤N ), P ).
Applying Rπzar∗ to (2.3.26.7), we have the filtered morphism (2.3.26.1).
To prove that (2.3.26.1) is a filtered isomorphism in D+F(f−1•≤N (Wn(κt))), we have
only to prove that the following morphism
(2.3.26.8) (Azar(X
m,
◦
t
/Wn(s◦
t
), Em), P ) −→ (WnAX
m,
◦
t
(Em), P ) (0 ≤ m ≤ N)
is a filtered isomorphism. Because grPk ((2.3.26.8)) is the following canonical isomor-
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phism
⊕
j≥max{−k,0}
(a
(2j+k)
m∗ Ru ◦
X
(2j+k)
m,t /Wn(
◦
t)∗
(E ◦
X
(2j+k)
m,t /Wn(
◦
t)
⊗Z
̟(2j+k)crys (
◦
Xm,t/Wn(
◦
t))){−2j − k}, (−1)m+j+1d)
∼
−→
⊕
j≥max{−k,0}
(a
(2j+k)
m∗ (E ◦
X
(2j+k)
m,t
)
Wn(
◦
X
(2j+k)
m,t )
⊗O ◦
X
(2j+k)
m,t
WnΩ
•
◦
X
(2j+k)
m,t
⊗Z
̟(2j+k)zar (
◦
Xm,t/Wn(
◦
t))){−2j − k}, (−1)m+j+1d),
(2.3.26.9)
the morphism (2.3.26.8) is a filtered isomorphism by the comparison theorem in [Et,
II (2.1)].
Next we note that the isomorphism (2.3.26.1) is independent of the choices of an
open covering of X
N,
◦
t
and a closed immersion X ′
N,
◦
t
⊂
−→ P ′N . Indeed, assume that we
are given another such closed immersion X ′′
N,
◦
t
⊂
−→ P ′′N over Wn(s◦t), where X
′′
N,
◦
t
is
the disjoint union of an affine open covering of X
N,
◦
t
and P ′′N is a log smooth scheme
over Wn(s◦
t
),. Then there exists another disjoint union X ′′′
N,
◦
t
a closed immersion
X ′′′
N,
◦
t
⊂
−→ P ′′′N into a log smooth scheme over s −→ Wn(s) fitting into the following
commutative diagram
(2.3.26.10)
X ′
N,
◦
t
⊂
−−−−→ P ′Nx x
X ′′′
N,
◦
t
⊂
−−−−→ P ′′′Ny y
X ′′
N,
◦
t
⊂
−−−−→ P ′′N .
Now, by using the argument for the construction of the morphism (2.3.26.1), it is a
routine work to prove that the filtered isomorphism (2.3.26.1) is independent of the
choices of an open covering of X
N,
◦
t
and the closed immersion X ′
N,
◦
t
⊂
−→ P ′N .
By a well-known argument (e. g., [Nakk2, (7.1), (7.19)]), the isomorphism (2.3.26.1)
is compatible with the projections.
(2): The proof of (2) is only a modification of the proof of (2.1.11) (2) by using the
commutative diagrams (2.3.26.5) and (2.3.26.6) and by the definitions of the pull-back
g∗•≤N on both hands of (2.3.26.1). We leave the proof of the contravariant functoriality
of (2.3.21.1) to the reader.
(3): Using the commutative diagrams (2.3.26.5) and (2.3.26.6), we immediately
obtain the commutative diagram (2.3.26.2).
(4): As in (2), we leave the proof to the reader.
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Corollary 2.3.27. For each 0 ≤ m ≤ N , the following diagram is commutaive:
(2.3.27.1)
grPk Azar(Xm,t/Wn(s◦t
), E•≤N ))
(2.3.26.1), ∼
−−−−−−−−−→ grPkWnAX
m,
◦
t
(E•≤N ))y y
⊕
j≥max{−k,0}
(a
(2j+k)
m∗ Ru ◦
X
(2j+k)
m,t /Wn(
◦
t)∗
(E ◦
X
(2j+k)
m,t /Wn(
◦
t)
⊗Z
̟(2j+k)crys (
◦
Xm,t/Wn(
◦
t)))(−j − k, u){−2j − k}, (−1)m+j+1d)
(2.3.26.9),∼
−→
⊕
j≥max{−k,0}
(a
(2j+k)
m∗ (E ◦
X
(2j+k)
m,t /Wn(
◦
t)
)
Wn(
◦
X
(2j+k)
m,t )
⊗O ◦
X
(2j+k)
m,t
WnΩ
•
◦
X
(2j+k)
m,t
⊗Z
̟(2j+k)crys (
◦
Xm,t/Wn(
◦
t)))(−j − k, u){−2j − k}, (−1)m+j+1d).
Proof. This follows from (2.3.26.9) and (2.3.25.1).
Let ⋆ be a positive integer n or nothing. Let E•≤N be a flat quasi-coherent crystal
of O ◦
X•≤N,t/W⋆(
◦
t)
-modules. Let f•≤N : X•≤N,◦t −→W⋆(s◦t) and fm : Xm,◦t −→W⋆(s◦t)
(0 ≤ m ≤ N) be the structural morphism. Let f•≤N : X•≤N,◦t −→ W⋆(
◦
t)•≤N be the
induced morphisms. Let L be the stupid filtration on Rf•≤N∗(W⋆AX
•≤N,
◦
t
(E•≤N ))
with respect to the cosimplicial degree:
(2.3.27.2)
Lm(Rf•≤N∗(W⋆AX
•≤N,
◦
t
(E•≤N ))) =
⊕
m′≥m
Rfm′∗W⋆AX
m′,
◦
t
(Em
′
) (m ∈ N).
Let δ(L, P ) be the diagonal filtration of L and P on Rf∗(W⋆AX
•≤N,
◦
t
(E•≤N ))
(cf. [D4, (7.1.6.1), (8.1.22)]):
δ(L, P )k(Rf∗W⋆AX
•≤N,
◦
t
(E•≤N )) =
N⊕
m=0
Pk+mRfm∗W⋆AX
m,
◦
t
(Em).(2.3.27.3)
Then we have the following:
gr
δ(L,P )
k Rf∗(W⋆AX
•≤N,
◦
t
(E•≤N )) =
(2.3.27.4)
N⊕
m=0
⊕
j≥max{−(k+m),0}
(Rf ◦
X
(2j+k+m)
m∗
((Em◦
X
(2j+k+m)
m,t /W⋆(
◦
t)
)
W⋆(
◦
X
(2j+k+m)
m,t )
⊗W⋆(O ◦
X
(2j+k+m)
m,t
)
W⋆Ω
•
◦
X
(2j+k+m)
m,t
⊗Z ̟
(2j+k+m)
zar (
◦
Xm,t/
◦
t), (−1)j+1d)(−j − k −m,u){−2j − k −m}[−m].
By (2.3.27.4), (2.3.21.1) and (2.1.11.1), we have the following spectral sequence (cf. [Mo,
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3.23], [Nakk2, (9.9.4)]):
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−2j−k−2m(
◦
X
(2j+k+m)
m,t , (E
m
◦
X
(2j+k+m)
m,t /W⋆(
◦
t)
)
W⋆(
◦
X
(2j+k+m)
m,t )
(2.3.27.5)
⊗W⋆(O ◦
X
(2j+k+m)
m,t
)W⋆Ω
•
◦
X
(2j+k+m)
m,t
⊗Z ̟
(2j+k+m)
zar (
◦
Xm,t/
◦
t), (−1)m+j+1d))
(−j − k −m,u) =⇒ Hq((X•≤N,◦t/W⋆(
◦
t))crys, ǫ
∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N )).
Using the following natural identification
H∗(
◦
X
(e)
m,t, (E
m
◦
X
(e)
m,t/W⋆(
◦
t)
)
W⋆(
◦
X
(e)
m,t)
⊗W⋆(O ◦
X
(e)
m
)W⋆Ω
•
◦
X
(e)
m
,−d))(2.3.27.6)
= H∗(
◦
X
(e)
m,t, (E
m
◦
X
(e)
m,t/W⋆(
◦
t)
)
W⋆(
◦
X
(e)
m,t)
⊗W⋆(O ◦
X
(e)
m,t
)W⋆Ω
•
◦
X
(e)
m,t
)
= H∗((
◦
X
(e)
m,t/W⋆(
◦
t))crys, E
m
◦
X
(e)
m,t/W⋆(
◦
t)
) (e ∈ N),
we obtain the following spectral sequence:
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−2j−k−2m((
◦
X
(2j+k+m)
m,t /W⋆(
◦
t))crys, E
m
◦
X
(2j+k+m)
m,t /W⋆(
◦
t)
(2.3.27.7)
⊗Z ̟
(2j+k+m)
crys (Xm,t/W⋆(
◦
t)))(−j − k −m,u)
=⇒ Hq((X•≤N,◦t/W⋆(t))crys, ǫ
∗
X
•≤N,
◦
t
/W⋆(t)(E
•≤N )),
where ̟
(2j+k+m)
crys (
◦
Xm,t/W⋆(
◦
t)) is the pull-back of ̟
(2j+k+m)
crys (
◦
Xm,t/W⋆(
◦
t)).
Definition 2.3.28 (Abrelative Frobenius morphism). (1) Let FW(s) : W(s) −→
W(s) (resp. Fs : s −→ s) be the Frobenius endomorphism of W(s) (resp. s). Set
s[p] := s×◦
s,
◦
F s
◦
s. Then we have natural morphisms
F
s/
◦
s
: s −→ s[p] and W
s/
◦
s
: s[p] −→ s.
(The underlying morphism of the latter morphism is id◦
s
.) Let
(2.3.28.1)
t −−−−→ t′y y
s −−−−→ s[p]
be a commutative diagram of fine log schemes whose underlying schemes are the
spectrums of perfect fields of characteristic p > 0. Then we have natural morphisms
s◦
t
−→ s
[p]
◦
t′
and W(s◦
t
) −→W(s
[p]
◦
t′
).
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We call the morphisms s◦
t
−→ s
[p]
◦
t′
and W(s◦
t
) −→ W(s
[p]
◦
t′
) the abrelative Frobenius
morphism of base log schemes and the abrelative Frobenius morphism of base log PD-
schemes, respectively. In particular, when t′ = t, we have natural morphisms
s◦
t
−→ s
[p]
◦
t
and W(s◦
t
) −→ s[p](W(t))
by using a composite morphism t −→ s
W
s/
◦
s
−→ s[p].
(2) Let the notations be as in (1). Set X
[p]
•≤N := X•≤N ×s s
[p] = X•≤N ×◦
s,
◦
F s
◦
s and
X
[p]
•≤N,◦t′
:= X
[p]
•≤N ×s[p] s
[p]
◦
t′
= X
[p]
•≤N × ◦
s[p]
◦
t′.
Then X
[p]
•≤N,◦t′
/s
[p]
◦
t′
is an SNCL scheme. Let
F arX
•≤N,
◦
t/s◦
t
,s
[p]
◦
t′
: X•≤N,◦t −→ X
[p]
•≤N,◦t′
and
F arX
•≤N,
◦
t/W(s◦
t
),W(s
[p]
◦
t′
)
: X•≤N,◦t −→ X
[p]
•≤N,◦t′
be the abrelative Frobenius morphism over s◦
t
−→ s
[p]
◦
t′
and W(s◦
t
) −→ W(s
[p]
◦
t′
). Let
E•≤N and E′•≤N be a quasi-coherent flat crystal of O ◦
X•≤N,t/W(
◦
t)
-modules and a
quasi-coherent flat crystal of O ◦
X•≤N,t′/W(
◦
t′)
-modules, respectively. Let
Φar :
◦
F ar∗X
•≤N,
◦
t/W(s◦
t
),W(s
[p]
◦
t′
),crys
(E′•≤N ) −→ E•≤N(2.3.28.2)
be a morphism of crystals in (
◦
X•≤N,t/W(
◦
t))crys. Since deg(Fs/◦s) = p, the divisibility
of the morphism (2.3.22.9) holds by (2.3.23). We call the following induced morphism
by Φar
Φar : (W⋆AX[p]
•≤N,
◦
t′
(E′•≤N ), P ) −→ RF arX
•≤N,
◦
t/W(s◦
t
),W(s
[p]
◦
t′
),crys
∗((W⋆AX
•≤N,
◦
t
(E•≤N ), P ))
(2.3.28.3)
the abrelative Frobenius morphism of
(W⋆AX
•≤N,
◦
t
(E•≤N ), P ) and (W⋆AX[p]
•≤N,
◦
t′
(E′•≤N ), P ).
When E′•≤N = O ◦
X′
•≤N,t′
/W(◦t′)
, we set
(W⋆AX[p]
•≤N,
◦
t′
, P ) := (W⋆AX[p]
•≤N,
◦
t′
(E′•≤N ), P ).
Then we have the following abrelative Frobenius morphism
(2.3.28.4) Φar : (W⋆AX[p]
•≤N,
◦
t′
, P ) −→ RF arX
•≤N,
◦
t/W(s◦
t
),W(s
[p]
◦
t′
),crys
∗((W⋆AX
•≤N,
◦
t
, P ))
of (W⋆AX
•≤N,
◦
t
, P ) and (W⋆AX[p]
•≤N,
◦
t′
, P ).
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Proposition 2.3.29 (Frobenius compatibility I). The following diagram is commutative:
(2.3.29.1)
W⋆AX[p]
•≤N,
◦
t′
(E′•≤N ) Φ
ar
−−−−→
θ⋆∧
x≃
Ru
X
[p]
•≤N,
◦
t′
/s[p](W⋆(t′))∗(ǫ
∗
X
[p]
•≤N,
◦
t′
/s[p](W⋆(t′))
(E′•≤N )) Φ
ar
−−−−→
RF arX
•≤N,
◦
t/W⋆(t)
∗(W⋆AX
•≤N,
◦
t
(E•≤N ))
RF arX
•≤N,
◦
t/W⋆(s◦
t
)
∗(θ⋆)
x≃
RF arX
•≤N,
◦
t/W⋆(s◦
t
)
∗RuX
•≤N,
◦
t
/W⋆(s◦
t
)∗(E•≤N ).
The commutative diagram (2.3.29.1) is contravariantly functorial for the morphism
(2.3.22.1) satisfying (2.3.22.2) and for the morphism of F -crystals
◦
F ar∗X
•≤N,
◦
t/s[p](W⋆(t′)),W⋆(s◦
t
),crys
(E′•≤N ) Φ
ar
−−−−→ E•≤Nx x
◦
g∗•≤N
◦
F ar∗Y
•≤N,
◦
t/s[p](W⋆(t′)),W⋆(s◦
t
),crys
(F ′•≤N )
◦
g∗•≤N (Φ
ar)
−−−−−−−→
◦
g∗•≤N (F
•≤N ),
where F •≤N is a similar quasi-coherent O ◦
Y •≤N,t/Wn(
◦
t)
-module to E•≤N .
Proof. This is a special case of (2.3.22).
Proposition 2.3.30 (Frobenius compatibility II). Assume that the morphism
t′ −→ s[p] factors through the morphism F
s/
◦
s
: s −→ s[p]. Set X
{p}
•≤N := X•≤N ×s,Fs s
and X
{p}
•≤N,◦t′
:= X
{p}
•≤N ×s,Fs s×s s◦t′ . Let
F relX
•≤N,
◦
t/s◦
t
,s◦
t′
: X•≤N,◦t −→ X
{p}
•≤N,◦t′
and
F relX
•≤N,
◦
t/s(T ′),S(T )
: X•≤N,◦t −→ X
{p}
•≤N,◦t′
be the relative Frobenius morphism over s◦
t
−→ s◦
t′
and (W⋆(s◦
t
),J , δ) −→ (s(W⋆(t′)),J , δ).
Let E′′•≤N be the pull-back of E′•≤N to (
◦
X
{p}
•≤N,t/
◦
t)crys. Let
Φrel :
◦
F rel∗X
•≤N,
◦
t/s(W⋆(t)),s(W⋆(t′)),crys
(E′′•≤N ) −→ E•≤N(2.3.30.1)
be the induced morphism by (2.3.28.2). Then the following diagram
(2.3.30.2)
W⋆AX[p]
•≤N,
◦
t′
(E′•≤N ) Φ
rel
−−−−→
θ⋆∧
x≃
Ru
X
{p}
•≤N,t′
/s(W⋆(t′))∗(ǫ
∗
X
{p}
•≤N,t′
/s(W⋆(t′))
(E′′•≤N )) Φ
rel
−−−−→
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RF relX
•≤N,
◦
t/s(W⋆(t′)),W⋆(s◦
t
)
∗(W⋆AX
•≤N,
◦
t′
(E′•≤N ))
≃
xRF relX•≤N,◦t/s(W⋆(t′)),W⋆(s◦
t
)
∗(θ⋆)∧
RF relX
•≤N,
◦
t/s(W⋆(t′)),W⋆(s◦
t
)
∗RuX•≤N,t/W⋆(s◦
t
)∗(ǫ∗X•≤N,t/W⋆(s◦
t
)(E
•≤N ))
is commutative. The commutative diagram (1.5.16.2) is contravariantly functorial for
the morphism (1.5.0.2) satisfying (1.5.0.3) and for the morphism of F -crystals
◦
F rel∗X
•≤N,
◦
t/s(W⋆(t′)),W⋆(s◦
t
),crys
(E′′•≤N ) Φ
rel
−−−−→ E•≤Nx x
◦
g∗•≤N
◦
F rel∗Y
•≤N,
◦
t/s(W⋆(t′)),W⋆(s◦
t
),crys
(F ′•≤N )
◦
g∗•≤N (Φ
rel)
−−−−−−−→
◦
g∗•≤N (F
•≤N ),
where F •≤N is a similar quasi-coherent O ◦
Y •≤N,t/
◦
T
-module to E•≤N .
Proof. Because the morphism t −→ s[p] is the composite morphism t −→ s◦
t
−→ s
[p]
◦
t
,
X
[p]
•≤N,t = X
{p}
•≤N,t. Consequently
Ru
X
[p]
•≤N,t/W⋆(t)∗
(ǫ∗
X
[p]
•≤N,t/W⋆(t)
(E′•≤N )) = Ru
X
{p}
•≤N,t/W⋆(t)∗
(ǫ∗
X
{p}
•≤N,t/W⋆(t)
(E′′•≤N)).
Hence we obtain the commutative diagram (2.3.30.2) by (2.3.29.1) and (1.4.10).
We leave the proof of the functoriality to the reader.
Definition 2.3.31 (Absolute Frobenius endomorphism). Let the notations and
the assumptions be as in (1.5.14). Let Fs◦
t
: s◦
t
−→ s◦
t
be the Frobenius endomorphism
of s◦
t
. Note that there exists a natural Frobenius endomorphism
FW⋆(s◦
t
) : W⋆(s◦
t
) −→W⋆(s◦
t
),
which is a lift of Fs◦
t
. This gives a PD-morphism
FW⋆(s◦
t
) : (W⋆(s◦
t
), pW(κt), [ ]) −→ (W⋆(s◦
t
), pW⋆(κt), [ ])
of p-adic formal family of log points. Let
F absX
•≤N,
◦
t0
/W⋆(s◦
t
) : X•≤N,◦t −→ X•≤N,◦t
be the absolute Frobenius endomorphism over FW⋆(s◦
t
). Let
Φabs :
◦
F abs∗X
•≤N,
◦
t/W⋆(s◦
t
)
,crys(E
•≤N ) −→ E•≤N
be a morphism of crystals in (
◦
X•≤N,t/W⋆(
◦
t))crys. Then the divisibility of the mor-
phism (2.3.22.9) holds in this situation with ep = 1. Then we call the induced mor-
phism by Φabs and FW⋆(s◦
t
)
(2.3.31.1)
Φabs : (W⋆AX
•≤N,
◦
t
(E•≤N ), P ) −→ RF absX
•≤N,
◦
t/W(s◦
t
)
∗((W⋆AX
•≤N,
◦
t
(E•≤N ), P ))
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the absolute Frobenius endomorphism of (WAX
•≤N,
◦
t
(E•≤N ), P ). When E•≤N =
O ◦
X•≤N,t/W(
◦
t)
, we have the following absolute Frobenius endomorphism
(2.3.31.2)
Φabs∗ : (WAX
•≤N,
◦
t
(E•≤N ), P ) −→ RF absX•≤N,T0/T ∗((WAX•≤N,◦t
(E•≤N ), P ))
of (WAX
•≤N,
◦
t
(E•≤N ), P ).
Remark 2.3.32. We leave the formulation of the analogue of (2.3.30) for the absolute
Frobenius endomorphism.
Let the notations be as in (2.3.31). Then the morphism Φabs in (2.3.31.1) is the
singlization of the following morphism of filtered double complexes:
Φabs(•∗) : (WAX
•≤N,
◦
t
(E•≤N )•∗, P ) −→ WAX
•≤N,
◦
t
(E•≤N )•∗.(2.3.32.1)
This morphism induces the following morphism
Φabs(•∗) : (WnAX
•≤N,
◦
t
(E•≤N )•∗, P ) −→ (WnAX
•≤N,
◦
t
(E•≤N )•∗, P ).(2.3.32.2)
On the other hand, we have the following composite morphism
F : (E•≤N )Wn+1(X
•≤N,
◦
t
)
F
E•≤N−→ (E•≤N )Wn+1(X
•≤N,
◦
t
)
proj
−→ (E•≤N )Wn(X
•≤N,
◦
t
).
Consequently we have the following morphism
F := F ⊗ F : (Wn+1AX
•≤N,
◦
t
(E•≤N )•∗, P ) −→ (WnAX
•≤N,
◦
t
(E•≤N )•∗, P ).
(2.3.32.3)
By [Nakk2, (9.9)] the morphisms Φabs(•∗) and F fit into the following commutative
diagram:
(2.3.32.4)
WnAX
•≤N,
◦
t
(E•≤N )•∗ R−−−−→ WnAX
•≤N,
◦
t
(E•≤N )•∗
p•F
y yΦabs(•∗)Wn(t)
WnAX
•≤N,
◦
t
(E•≤N )•∗ WnAX
•≤N,
◦
t
(E•≤N )•∗.
Let i be a fixed nonnegative integer. Let N be a nonnegative integer. We con-
clude this section by constructing the Poincare´ spectral sequence of W⋆Ωi
X•≤N ,
◦
t
and
describing the boundary morphisms between the E1-terms of the spectral sequences.
The following is the N -truncated cosimplicial and sheafied version of the preweight
spectral sequence of log Hodge-Witt cohomologies in [Nakk2, (4.1)]:
Theorem 2.3.33. (1) Let E•≤N be a flat quasi-coherent crystal of O ◦
X•≤N,t/W⋆(
◦
t)
-
modules. Then there exists the following spectral sequences for q ∈ Z :
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−i−j−m(
◦
X
(2j+k+m)
m,t , (E
m
◦
X
(2j+k+m)
m,t /W⋆(
◦
t)
)
W⋆(
◦
X
(2j+k+m)
m,t )
(2.3.33.1)
⊗W⋆(O ◦
X
(2j+k+m)
m,t
)W⋆Ω
i−j−k−m
◦
X
(2j+k+m)
m,t
⊗Z ̟
(2j+k+m)
zar (
◦
Xm,t/
◦
t))(−j − k −m,u)
=⇒ Hq−i(X•≤N,t, (ǫ∗X•≤N,t/W⋆(t)(E
•≤N ))W⋆(X•≤N,t) ⊗W⋆(OX•≤N,t)W⋆Ω
i
X•≤N,t
).
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(2) Let E•≤N be a flat quasi-coherent crystal of O ◦
X•≤N,t/W⋆(
◦
t)
-modules. Then
there exists the following spectral sequence:
E−k,q+k1 =
N⊕
m≥0
⊕
j≥max{−(k+m),0}
Hq−i−j−m(
◦
X
(2j+k+m)
m,t , (E
m
◦
X
(2j+k+m)
m,t /W(
◦
t)
)
W⋆(
◦
X
(2j+k+m)
m,t )
(2.3.33.2)
⊗W⋆(O ◦
X
(2j+k+m)
m,t
)WΩ
i−j−k−m
◦
X
(2j+k+m)
m,t
⊗Z ̟
(2j+k+m)
zar (
◦
Xm,t/
◦
t))(−j − k −m,u)
=⇒ Hq−i(X•≤N,t, (ǫ∗X•≤N,t/W(t)(E))W(X•≤N,t) ⊗W(OX•≤N,t)WΩ
i
X•≤N,t
) (q ∈ Z).
Proof. By (2.1.1), WnΩiYt = WnΩ
i
Ys◦
t
. Hence we may assume that t = s◦
t
. By [Mo,
3.15] and [Nakk2, (6.28) (9), (6.29) (1)], the following sequence
(2.3.33.3)
0 −→W⋆Ω
i
X
•≤N,
◦
t
θ⋆∧−→W⋆Ai0X
•≤N,
◦
t
(−1)iθ⋆∧
−→ W⋆A
i1
X
•≤N,
◦
t
(−1)iθ⋆∧
−→ W⋆A
i2
X
•≤N,
◦
t
(−1)iθ⋆∧
−→ · · ·
is exact. Hence the following sequence
0 −→ (ǫ∗X
•≤N,
◦
t
/W⋆(t)(E
•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω
i
X
•≤N,
◦
t
θ⋆∧−→
(2.3.33.4)
W⋆A
i0
X
•≤N,
◦
t
(E•≤N )
(−1)iθ⋆∧
−→ W⋆A
i1
X
•≤N,
◦
t
(E•≤N )
(−1)iθ⋆∧
−→ W⋆A
i2
X
•≤N,
◦
t
(E•≤N )
(−1)iθ⋆∧
−→ · · ·
is exact. Let us consider the following single complex
W⋆A
i•
X
•≤N,
◦
t
(E•≤N ) := (· · ·
(−1)iθ⋆∧
−→
(2.3.33.5)
(ǫ∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))W(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω˜
i+j+1
X
•≤N,
◦
t
/PjW⋆Ω˜
i+j+1
X
•≤N,
◦
t
(−1)iθ⋆∧
−→ · · · )j≥0,
and let us define a Poincare´ filtration P = {Pk}k∈Z on W⋆Ai•X
•≤N,
◦
t
(E•≤N ) as follows:
PkW⋆A
i•
X
•≤N,
◦
t
(E•≤N ) = (· · ·
(−1)iθ⋆∧
−→
(2.3.33.6)
(P2j+k+1 + Pj)((ǫ
∗
X
•≤N,
◦
t
/W⋆(t)(E
•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)
W⋆Ω˜
i+j+1
X
•≤N,
◦
t
)/Pj
(−1)iθ⋆∧
−→ · · · )j≥0.
By (2.3.13.2) we have the following equalities:
gr
δ(L,P )
k Rf∗W⋆A
i•
X
•≤N,
◦
t
(E•≤N ) =
N⊕
m=0
⊕
j≥max{−(k+m),0}
(2.3.33.7)
grP2j+k+m+1Rf∗((ǫ
∗
X
m,
◦
t
/W⋆(t)(E
m))W⋆(X
m,
◦
t
) ⊗W⋆(OX
m,
◦
t
)
W⋆Ω˜
i+j+1
X
m,
◦
t
{−j}
=
⊕
m≥0
⊕
j≥max{−(k+m),0}
Rf∗(ǫ∗
Xm,t/W⋆(
◦
t)
(E•≤N ))W⋆(Xm,t) ⊗W⋆(OXm,t )W⋆Ω
i−j−k−m
◦
X
(2j+k+m)
m,t
{−j}.
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The compatibility of (2.3.33.7) with u can be proved as in [Nakk2, (9.9)]. Thus we
obtain (2.3.33.1).
By a sheafied version of [Nakk2, (8.6)] (2), we obtain the complexWAi•X
•≤N,
◦
t
(E•≤N )
by taking the projective limit with respect to the projectionR : Wn+1Ai•X
•≤N,
◦
t
(E•≤N ) −→
W⋆Ai•X
•≤N,
◦
t
(E•≤N ) (n ∈ Z>0). By [Nakk2, (8.6) (5)] and by the proof of [loc. cit.,
(9.9)] (cf. [loc. cit., (9.11)]), we obtain (2.3.33.2).
Definition 2.3.34. We call (2.3.33.1) the Poincare´ spectral sequence of
(ǫ∗X
•≤N,
◦
t
/W⋆(t)(E
•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)
W⋆Ω
i
X
•≤N,
◦
t
.
When E•≤N = O ◦
X•≤N,t/W⋆(
◦
t)
, we call (2.3.33.1) the preweight spectral sequence of
X•≤N,◦t/W⋆(t). We call (2.3.33.2) the Poincare´ spectral sequence of
(ǫ∗X
•≤N,
◦
t
/W(t)(E
•≤N ))W(X
•≤N,
◦
t
) ⊗W(OX
•≤N,
◦
t
)WΩ
i
X
•≤N,
◦
t
.
When E•≤N = O ◦
X•≤N,t/W(
◦
t)
, we call (2.3.33.2) the weight spectral sequence ofWΩiX
•≤N,
◦
t
.
Let ⋆ be a positive integer n or nothing. Let E•≤N be a flat quasi-coherent crystal of
O ◦
X•≤N/W⋆(◦s)
-modules. We define the filtration P on
Hq−i(X•≤N,◦t, (ǫ
∗
X
•≤N,
◦
t
/W⋆(t)(E
•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω
i
X
•≤N,
◦
t
)
as follows:
grPk H
q−i(X•≤N,◦t, (ǫ
∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω
i
X
•≤N,
◦
t
)
= Eh−k,k∞ ((ǫ
∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω
i
X
•≤N,
◦
t
).
As in (1.5.21), we have the following:
Proposition 2.3.35. Let ⋆ be a positive integer n or nothing. Then the boundary
morphism between the E1-terms of the spectral sequences (2.3.33.1) and (2.3.33.2) are
given by the following diagram:
⊕
m≥0
⊕
j≥max{−(k+m),0}
Hq−i−j−m(
◦
X
(2j+k+m)
m+1,t , (E
m
◦
X
(2j+k+m)
m+1,t /W⋆(
◦
t)
(2.3.35.1)
⊗W⋆(O ◦
X
(2j+k+m)
m+1,t
)W⋆Ω
i−j−k−m
◦
X
(2j+k+m)
m+1,t
⊗Z ̟
(2j+k+m)
zar (
◦
Xm+1,t/
◦
t))(−j − k −m,u)
tj+1∑
i=0
(−1)iδij ↑ (1 ≤ j ≤ r)
⊕
m≥0
⊕
j≥max{−(k+m),0}
Hq−i−j−m(
◦
X
(2j+k+m)
m,t , (E
m
◦
X
(2j+k+m)
m,t /W⋆
⊗W⋆(O ◦
X
(2j+k+m)
m,t
)W⋆Ω
i−j−k−m
◦
X
(2j+k+m)
m,t
⊗Z ̟
(2j+k+m)
zar (
◦
Xm,t/
◦
t))(−j − k −m,u)
2.4. P -ADICMONODROMYOPERATORSVIA LOGDE RHAM-WITT COMPLEXES237
(−1)m
∑
j≥max{−(k+m),0}
[(−1)jGm{−2j − k + 1} + (−1)j+k+mρm{−2j − k}] ↓
⊕
m≥0
⊕
j≥max{−(k+m),0}
Hq−i−j−m+1(
◦
X
(2j+k+m)
m,t , (E
m
◦
X
(2j+k+m)
m,t /W⋆
⊗W⋆(O ◦
X
(2j+k+m)
m,t
)W⋆Ω
i−j−k−m+1
◦
X
(2j+k+m)
m,t
⊗Z ̟
(2j+k+m)
zar (
◦
Xm,t/
◦
t))(−j − k −m+ 1, u).
Here Gm is the Cˇech-Gysin morphism in Hodge-Witt cohomologies (cf. [Nakk2, (4.4.2)])
which is defined as in (1.5.20.4) and ρm is the morphism obtained by the pull-back of
the closed immersions in Hodge-Witt cohomologies which is defined as in (1.5.20.6).
2.4 p-adic monodromy operators via log de Rham-
Witt complexes
In this section we give generalizations of results in [Hy2], [HK], [Mo] and [Nakk2]
about p-adic monodromy operators for flat coherent log crystals. The results in this
section are easy corollaries of results in previous sections.
Let κ, Wn, s, t, Wn(s) and W(s), Wn(
◦
t) and W(
◦
t) be as in the previous section.
Let Y•≤N/s be a log smooth N -truncated simplicial log scheme over s with structural
morphism g : Y•≤N −→ s. Let us also denote by g the structural morphism Y•≤N −→
s −→ Wn(s). Assume that Y•≤N has the disjoint union Y ′•≤N of the member of an
affine N -truncated simplicial open covering of Y•≤N . Let Y•≤N,• be the Cˇech diagram
of Y ′•≤N over Y•≤N . Let F
•≤N be a flat coherent log crystal ofO
Y
•≤N,
◦
t
/Wn(
◦
t)
-modules.
Set
F •≤N := ǫ∗
Y•≤N,t/Wn(t)/Wn(
◦
t)
(F •≤N ).(2.4.0.1)
Set
F •≤Nn := (F
•≤N)Wn(Y
•≤N,
◦
t
).(2.4.0.2)
and
F •≤Nn := (F
•≤N )Wn(Y
•≤N,
◦
t
).(2.4.0.3)
Then F •≤Nn = F •≤Nn . Let
∇
•≤N,•
: F •≤Nn −→ F
•≤N
n ⊗Wn(OY
•≤N,
◦
t
)WnΩ˜
1
Y
•≤N,
◦
t
(2.4.0.4)
and
∇•≤N,• : F •≤Nn −→ F
•≤N
n ⊗Wn(OY•≤N,t)WnΩ
1
Y•≤N,t
(2.4.0.5)
be the natural connections obtained by the log crystals F •≤N and F •≤N , respectively
(§2.1).
238CHAPTER 2. WEIGHT FILTRATIONS AND SLOPE FILTRATIONS ON LOGCRYSTALLINE COHOMOLOGIES VIA LOGDE RHAM-WITT COMPLEXES
Let i be a nonnegative integer. By (2.2.12.11;n) we have the following exact
sequences:
0 −→ F •≤Nn ⊗Wn(OY•≤N,t)′ (WnΩ
•≥i−1
Y•≤N,t
)′{−(i− 1)}(−1, u)[−1](2.4.0.6)
(1⊗θ′n)∧−→ F •≤Nn ⊗Wn(OY
•≤N,
◦
t
)′ (WnΩ˜
•≥i
Y
•≤N,
◦
t
)′{−i}
−→ F •≤Nn ⊗Wn(OY•≤N,t)′ (WnΩ
•≥i
Y•≤N,t
)′{−i} −→ 0,
0 −→ F •≤Nn ⊗Wn(OY•≤N,t)WnΩ
•≥i−1
Y•≤N,t
{−(i− 1)}(−1, u)[−1](2.4.0.7)
(1⊗θn)∧
−→ F •≤Nn ⊗Wn(OY
•≤N,
◦
t
)WnΩ˜
•≥i
Y
•≤N,
◦
t
{−i}
−→ F •≤Nn ⊗Wn(OY•≤N,t)WnΩ
•≥i
Y•≤N,t
{−i} −→ 0.
By (2.4.0.6) we have the following boundary morphism
(N≥idRW,n)
′ : F •≤Nn ⊗Wn(OY•≤N,t)′ (WnΩ
•≥i
Y•≤N,t
)′{−i}(2.4.0.8)
−→ F •≤Nn ⊗Wn(OY
•≤N,
◦
t
)′ (WnΩ
•≥i−1
Y•≤N,t
)′{−(i− 1)}(−1, u).
By (2.4.0.7) we have the following boundary morphism
N≥idRW,n : F
•≤N
n ⊗Wn(OY•≤N,t)WnΩ
•≥i
Y•≤N,t
{−i}(2.4.0.9)
−→ F •≤Nn ⊗Wn(OY•≤N,t)WnΩ
•≥i−1
Y•≤N,t
{−(i− 1)}(−1, u).
Set F •≤N∞ := lim←−n(F
•≤N
n ). By (2.2.12.12) we have the following boundary morphisms:
(N≥idRW)
′ : F •≤N∞ ⊗W(OY•≤N,t) (WΩ
•≥i
Y•≤N,t
)′{−i} −→ F •≤N∞ ⊗W(OY•≤N,t) (WΩ
•≥i−1
Y•≤N,t
)′{−(i− 1)}.
(2.4.0.10)
By (2.4.0.7) we have the following boundary morphism
N≥idRW : F
•≤N
∞ ⊗W(OY•≤N,t)WΩ
•≥i
Y•≤N,t
{−i} −→ F •≤N∞ ⊗W(OY•≤N,t)WΩ
•≥i−1
Y•≤N,t
{−(i− 1)}(−1, u).
(2.4.0.11)
For a flat coherent crystal F •≤N of O
Y
•≤N,
◦
t
/W⋆(
◦
t)
-modules, via the identifications
F •≤Nn ⊗Wn(OY•≤N,t)′ (WnΩ
•≥i
Y•≤N,t
)′ ∼−→ F •≤Nn ⊗Wn(OY•≤N,t)WnΩ
•≥i
Y•≤N,t
{−i},
F •≤N∞ ⊗W(OY•≤N,t)′ (WΩ
•≥i
Y•≤N,t
)′{−i} ∼−→ F •≤N∞ ⊗W(OY•≤N,t)WΩ
•≥i
Y•≤N,t
{−i},
(N≥idRW,⋆)
′ = N≥idRW,⋆ (⋆ = n or nothing).
Definition 2.4.1. We call (N≥idRW,n)
′ and N≥idRW,n the obverse log de Rham-Witt
monodromy operator of F •≤Nn and the reverse log de Rham-Witt monodromy operator
of F •≤Nn , respectively. We call (N
≥i
dRW)
′ and N≥idRW the obverse log de Rham-Witt
monodromy operator of F •≤N∞ and the reverse log de Rham-Witt monodromy operator
of F •≤N∞ , respectively. When i = 0, we denote (N
≥i
dRW,⋆)
′ and (N≥idRW,⋆) (⋆ = n or
nothing) simply by (NdRW,⋆)
′ and (NdRW,⋆), respectively.
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Proposition 2.4.2. Assume that F •≤N is a unit root log F -crystal. In this proposi-
tion, let s′, t′, Y ′•≤N and F
′•≤N be similar objects to s, t, Y •≤N and F •≤N , respec-
tively. Let
(2.4.2.1)
Y•≤N,◦t
g
−−−−→ Y ′
•≤N,◦t′y y
s◦
t
us−−−−→ s′◦
t′
⋂y y⋂
W(s◦
t
)
u
−−−−→ W(s′◦
t′
)
be a commutative diagram. Let ⋆ be ′ or nothing. Then the monodromy operator
(N≥idRW)
⋆ : Hq−i(Y•≤N,t, F •≤N∞ ⊗W(OY•≤N,t)⋆ (WΩ
•≥i
Y•≤N,t
)⋆) −→(2.4.2.2)
Hq−i+1(Y•≤N,t, F •≤N∞ ⊗W(OY•≤N,t)⋆ (WΩ
•≥i−1
Y•≤N,t
)⋆)(−1, u)
induces the following morphism
(N q−i,idRW )
⋆ : Hq−i(Y•≤N,t, F •≤N∞ ⊗W(OY•≤N,t)⋆ (WΩ
i
Y•≤N,t
)⋆)⊗W K0 −→
(2.4.2.3)
Hq−i+1(Y•≤N,t, F •≤N∞ ⊗W(OY•≤N,t)⋆ (WΩ
i−1
Y•≤N,t
)⋆)(−1, u)⊗W K0.
Proof. The following commutative diagram
(2.4.2.4)
Hq−i−1(Y•≤N,t, F •≤N∞ ⊗W(OY•≤N,t)⋆ (WΩ
•≥i+1
Y•≤N,t
)⋆)
(N≥i+1dRW )
⋆
−−−−−−→y
Hq−i(Y•≤N,t, F •≤N∞ ⊗W(OY•≤N,t)⋆ (WΩ
•≥i
Y•≤N,t
)⋆)
(N≥idRW)
⋆
−−−−−−→
Hq−i(Y•≤N,t, F •≤N∞ ⊗W(OY•≤N,t)⋆ (WΩ
•≥i
Y•≤N,t
)⋆)(−1, u)y
Hq−i+1(Y•≤N,t, F •≤N∞ ⊗W(OY•≤N,t)⋆ (WΩ
•≥i−1
Y•≤N,t
)⋆)(−1, u)
and (2.1.24) show (2.4.2).
Let F •≤N be a flat coherent crystal ofO
Y
•≤N,
◦
t
/Wn(
◦
t)
-modules. By (2.1.11.1) (cf. [Nakk2,
(7.19)](=a correction of [HK, (4.19)])), we have the following canonical isomorphism
RuY•≤N,t/Wn(t)∗(F
•≤N ) ∼−→ F •≤Nn ⊗Wn(OY•≤N,t)⋆ (WnΩ
•
Y•≤N ,t
)⋆.(2.4.2.5)
By (2.2.14.2) we obtain the following:
Proposition 2.4.3. The following diagram is commutative:
(2.4.3.1)
RuY•≤N,t/Wn(t)∗(F
•≤N ) Nzar−−−−→ RuY•≤N,t/Wn(t)∗(F
•≤N )
≃
y y≃
F •≤Nn ⊗Wn(OY•≤N,t)⋆ (WnΩ
•
Y•≤N,t
)⋆
(NdRW,n)
⋆
−−−−−−−→ F •≤Nn ⊗Wn(OY•≤N,t)⋆ (WnΩ
•
Y•≤N,t
)⋆.
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The commutative diagram (2.4.3.1) is compatible with the two projections of both
hands of (2.4.3.1).
Let the notation be as in the beginning of this section. Let e be a positive integer.
Let F •≤N be a flat coherent crystal of O
Y
•≤N,
◦
t
/W⋆(
◦
t)
-modules. By (2.2.12.12) we have
the following exact sequences:
0 −→ F •≤N∞ ⊗W(OY•≤N,t)′ (WΩ
•≥i−1
Y•≤N,t
)′(−1, u){−(i− 1)}[−1]⊗Z Q
(1⊗eθ)∧
−→(2.4.3.2)
F •≤N∞ ⊗W(OY
•≤N,
◦
t
)′ (WΩ˜
•≥i
Y
•≤N,
◦
t
)′{−i} ⊗Z Q
−→ F •≤N∞ ⊗W(OY•≤N,t)′ (WΩ
•≥i
Y•≤N,t
)′{−i} ⊗Z Q −→ 0,
0 −→ F •≤N∞ ⊗W(OY•≤N,t)WΩ
•≥i−1
Y•≤N,t
(−1, u){−(i− 1)}[−1]⊗Z Q
(1⊗eθ)∧
−→(2.4.3.3)
F •≤N∞ ⊗W(OY
•≤N,
◦
t
)WΩ˜
•≥i
Y
•≤N,
◦
t
{−i} ⊗Z Q
−→ F •≤N∞ ⊗W(OY•≤N,t)WΩ
•≥i
Y•≤N,t
{−i} ⊗Z Q −→ 0.
Let
e−1(NdRW)′ : F •≤N∞ ⊗W(OY•≤N,t) (WΩ
•≥i
Y•≤N,t
)′{−i} ⊗Z Q(2.4.3.4)
−→ F •≤N∞ ⊗W(OY
•≤N,
◦
t
)′ (WΩ
•≥i−1
Y•≤N,t
)′{−(i− 1)} ⊗Z Q
be the boundary morphism of (2.4.3.2). Let
e−1NdRW : F •≤N⋆ ⊗W(OY•≤N,t)WΩ
•≥i
Y•≤N,t
{−i} ⊗Z Q(2.4.3.5)
−→ F •≤N⋆ ⊗W(OY
•≤N,
◦
t
)WΩ
•≥i−1
Y•≤N,t
{−(i− 1)}(−1, u)⊗Z Q
be the boundary morphism of (2.4.3.3). Via the identification
F •≤N∞ ⊗W(OY•≤N,t)′ (WΩ
•≥i
Y•≤N,t
)′ ∼−→ F •≤N∞ ⊗W(OY•≤N,t)WΩ
•≥i
Y•≤N,t
,
we obtain an equality e−1(NdRW)′ = e−1NdRW.
Proposition 2.4.4 (Contravariant functoriality of the p-adic monodromy
operator). Let the notations be as in (1.7.26) and (1.7.36). Assume that S = s,
S′ = s′, T = W(t) and T = W(t′). Let g•≤N : Y•≤N,◦t −→ Z•≤N,◦t′ be a morphism
over the morphism s◦
t
−→ s′◦
t′
. Let ⋆ be nothing or ′ and let ♯ = n ∈ Z≥1 or ∞. Then
the following diagrams are commutative:
(2.4.4.1)
g∗(F
•≤N
♯ ⊗W♯(OY•≤N,t)⋆ (W♯Ω
•≥i
Y•≤N,t
)⋆{−i})
N≥idRW−−−−→
g∗•≤N
x
G•≤N♯ ⊗W♯(OZ•≤N,t)⋆ (W♯Ω
•≥i
Z•≤N,t
)⋆{−i}
N≥i
dRW−−−−→
g∗(F
•≤N
♯ ⊗W♯(OY•≤N,t)⋆ (W♯Ω
•≥i−1
Y•≤N,t
)⋆){−(i− 1)}(−1, u)xg∗•≤N
G•≤N♯ ⊗W♯(OZ•≤N,t)⋆ (W♯Ω
•≥i−1
Z•≤N,t
)⋆{−(i− 1)}(−1, u),
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(2.4.4.2)
g∗(F
•≤N
♯ ⊗W♯(OY•≤N,t)⋆ (W♯Ω
•≥i
Y•≤N,t
)⋆{−i})⊗Z Q
e−1N
≥i
dRW−−−−−−→
g∗•≤N
x
G•≤N♯ ⊗W♯(OZ•≤N,t)⋆ (W♯Ω
•≥i
Z•≤N,t
)⋆{−i} ⊗Z Q
e−1N≥idRW−−−−−−→
g∗(F
•≤N
♯ ⊗W♯(OY•≤N,t)⋆ (W♯Ω
•≥i−1
Y•≤N,t
)⋆){−(i− 1)}(−1, u)⊗Z Qxg∗•≤N
G•≤N♯ ⊗W♯(OZ•≤N,t)⋆ (W♯Ω
•≥i−1
Z•≤N,t
)⋆{−(i− 1)}(−1, u)⊗Z Q.
Proof. This immediately follows from (2.2.13.3).
2.5 p-adic monodromy-weight conjecture and filtered
p-adic log hard Lefschetz conjecture via log de
Rham-Witt complexes
In this section we show the variational p-adic monodromy-weight conjecture (1.8.14.1)
in a special case is a generalization of Mokrane p-adic monodromy-weight conjecture
in [Mo]. We also formulate the variational filtered p-adic log hard Lefschetz conjecture
via log de Rham-Witt complexes. This is equivalent to (1.8.16.2) in a special case.
We also define a filtered complex (WnBzar, P ) fitting into the following triangle of
filtered complexes
(WnAzar, P )[−1] −→ (WnBzar, P ) −→ (WnAzar, P )
+1
−→
and we prove the contravariant functoriality of (WnBzar, P ). (Though Mokrane has
essentially defined the complex WnBzar in [loc. cit.], we have had to correct it about
the signs of the boundary morphisms of WnBzar in [Mo]. See [Nakk2, (11.9)] for
details.) As a corollary of the functoriality, we prove the contravariant functoriality
of the p-adic quasi-monodromy operator.
Let the notations be as in §2.3.
Let N be a nonnegative integer or ∞. Let X•≤N be an N -truncated simplicial
SNCL scheme over s. Let E•≤N be a flat coherent log crystal of O ◦
X•≤N,t/W⋆(
◦
t)
-
modules.
Let
(2.5.0.1) νdRW,⋆ : W⋆AX
•≤N,
◦
t
(E•≤N ) −→W⋆AX
•≤N,
◦
t
(E•≤N )
be the induced morphism by the following morphism
(−1)i+j+1proj. : W⋆AX
•≤N,
◦
t
(E•≤N )ij −→W⋆AX
•≤N,
◦
t
(E•≤N )i−1,j+1 (i, j ∈ Z).
It is easy to check that νdRW is actually a morphism of complexes.
Definition 2.5.1. We call νdRW the reverse log de Rham-Witt quasi-monodromy
operator of E•≤N . When E•≤N = O ◦
X•≤N,t/W⋆(
◦
t)
, we call νdRW,⋆ the reverse log de
Rham-Witt quasi-monodromy operator of X•≤N,◦t/W⋆(s◦t).
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Assume that N <∞. Let g•≤N be the morphism (1.5.0.2) for the case Y•≤N,
◦
T ′0
=
X•≤N,◦t, (T
′,J ′, δ′) = (T,J , δ) = (W(t), pW(κt), [ ]) and S′ = S = s satisfying the
condition (1.5.0.3):
(2.5.1.1)
X ′
•≤N,◦t
g′•≤N
−−−−→ X ′′
•≤N,◦ty y
X•≤N,◦t
g•≤N
−−−−→ X•≤N,◦t,
where X ′′
•≤N,◦t
is another disjoint union of the member of an affine N -truncated sim-
plicial open covering of X•≤N,◦t. Assume that deg(u) is not divisible by p or that
⋆ is nothing and that the morphism (2.3.22.9) is divisible by pep(j+1). By a similar
diagram forW⋆AX
•≤N,
◦
t
(E•≤N )•• to (1.8.0.6), the morphism (2.5.0.1) is the following
morphism
(2.5.1.2) νdRW,⋆ : (W⋆AX
•≤N,
◦
t
(E•≤N ), P ) −→ (W⋆AX
•≤N,
◦
t
(E•≤N ), P 〈−2〉)(−1, u).
The following follows from the proof of the comparison theorem (2.3.26) and from
the definition of νzar and νdRW:
Proposition 2.5.2. The following diagram is commutative:
(2.5.2.1)
Azar(X•≤N,◦t/W⋆(
◦
t), E•≤N ) νzar−−−−→ Azar(X•≤N,◦t/W⋆(
◦
t), E•≤N )(−1, u)
≃
y y≃
W⋆AX
•≤N,
◦
t
(E•≤N )
νdRW,⋆
−−−−→ W⋆AX
•≤N,
◦
t
(E•≤N )(−1, u).
Let us give an obvious generalization the double complexW⋆B
••
X defined in [Nakk2,
§11] (cf. [St1, p. 246], [Mo, p. 318]). The (i, j)-componentW⋆BX
•≤N,
◦
t
(E•≤N )ij (i, j ∈
Z≥0) is defined by the following formula:
W⋆BX
•≤N,
◦
t
(E•≤N )ij :=W⋆AX
•≤N,
◦
t
(E•≤N )i−1,j(−1, u)⊕W⋆AX
•≤N,
◦
t
(E•≤N )ij .
(2.5.2.2)
The horizontal boundary morphism d′ : W⋆BX
•≤N,
◦
t
(E•≤N )ij −→W⋆BX
•≤N,
◦
t
(E•≤N )i+1,j
is, by definition,
d′(ω1, ω2) = ((−1)jdω1, (−1)j+1dω2)
and the vertical one d′′ : W⋆BX
•≤N,
◦
t
(E•≤N )ij −→W⋆BX
•≤N,
◦
t
(E•≤N )i,j+1 is
d′′(ω1, ω2) = ((−1)iθ⋆ ∧ ω1 + νdRW(ω2), (−1)iθ⋆ ∧ ω2).
Here we have omitted a notation mod Pj+1 in the definition of d
′′ for simplic-
ity. It is easy to check that W⋆BX
•≤N,
◦
t
(E•≤N )•• is indeed a double complex. Let
W⋆BX
•≤N,
◦
t
(E•≤N ) be the single complex of W⋆BX
•≤N,
◦
t
(E•≤N )••.
Let
µ⋆ : E
•≤N
⋆ ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω˜
•
X
•≤N,
◦
t
−→W⋆BX
•≤N,
◦
t
(E•≤N )
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be a morphism of complexes defined by
µ⋆(ω) := (ω mod P0, θ⋆ ∧ ω mod P0) (ω ∈ E
•≤N
⋆ ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω˜
•
X
•≤N,
◦
t
).
Then we have the following commutative diagram of exact sequences:
(2.5.2.3)
0 −−−−→ W⋆AX
•≤N,
◦
t
(E•≤N )(−1, u)[−1]
(θ⋆∧∗)[−1]
x
0 −−−−→ (ǫ∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω
•
X
•≤N,
◦
t
(−1, u)[−1]
−−−−→ W⋆BX
•≤N,
◦
t
(E•≤N ) −−−−→
µ⋆
x
θ⋆∧−−−−→ E•≤N⋆ ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω˜
•
X
•≤N,
◦
t
−−−−→
W⋆AX
•≤N,
◦
t
(E•≤N ) −−−−→ 0
θ⋆∧
x
(ǫ∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω
•
X
•≤N,
◦
t
−−−−→ 0.
(By (2.4.0.6), the lower sequence is exact.)
As in [Nakk2, (11.10)] we can easily prove the following by (2.5.2.3):
Proposition 2.5.3. Let ⋆ be a positive integer n or nothing. Then the following
diagram is commutative:
(2.5.3.1)
W⋆AX
•≤N,
◦
t
(E•≤N )
νdRW,⋆
−−−−→
θ⋆∧, ≃
x
(ǫ∗X•≤N,t/W⋆(t)(E
•≤N ))W⋆(OX•≤N,t) ⊗W⋆(OX•≤N,t)W⋆Ω
•
X•≤N,t
NdRW,⋆
−−−−−→
W⋆AX
•≤N,
◦
t
(E•≤N )(−1, u)xθ⋆∧, ≃
(ǫ∗X•≤N,t/W⋆(t)(E
•≤N ))W⋆(X•≤N,t) ⊗W⋆(OX•≤N,t)W⋆Ω
•
X•≤N,t
(−1, u).
In the following we only state analogous results for (W⋆AX
•≤N,
◦
t
(E•≤N ), P ) to
results (Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N )), P ) in §1.8. We omit the proofs of them because
we have only to make suitable modifications of proofs in in §1.8.
Proposition 2.5.4. Let k be a positive integer and let q be a nonnegative integer.
Then
νkdRW,⋆ : R
qf∗(grPkW⋆AX
•≤N,
◦
t
(E•≤N )) −→ Rqf∗(grP−kW⋆AX
•≤N,
◦
t
(E•≤N ))(−k, u)
(2.5.4.1)
is the identity if k is even and (−1)q+1 if k is odd.
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Proposition 2.5.5. The quasi-monodromy operator
νdRW,⋆ : W⋆AX
•≤N,
◦
t
(E•≤N ) −→W⋆AX
•≤N,
◦
t
(E•≤N )(−1, u)
underlies the following morphism of filtered morphism
νdRW,⋆ : (W⋆AX
•≤N,
◦
t
(E•≤N ), P ) −→ (W⋆AX
•≤N,
◦
t
(E•≤N ), P 〈−2〉)(−1, u),
where P 〈−2〉 is a filtration defined by (P 〈−2〉)k = Pk−2.
Corollary 2.5.6. The quasi-monodromy operator (2.5.1) induces the following mor-
phism
νdRW : PkRfX
•≤N,
◦
t
/W(s◦
t
)∗(ǫ∗X
•≤N,
◦
t
/W(s◦
t
)(E
•≤N )) −→(2.5.6.1)
Pk−2RfX
•≤N,
◦
t
/W(s◦
t
)∗(ǫ∗X
•≤N,
◦
t
/W(s◦
t
)(E
•≤N ))(−1, u)
Proposition 2.5.7. Let the notations be as in (1.5.22). Assume that S = s, S = s′,
T =W⋆(t) and T ′ =W⋆(t′). Then the following hold:
(1) The following diagram is commutative:
(2.5.7.1)
Rg•≤N∗((W⋆AX
•≤N,
◦
t
(E•≤N ), P ))
νdRW,⋆
−−−−→ Rg•≤N∗((W⋆AX
•≤N,
◦
t
(E•≤N ), P 〈−2〉))(−1, u)
g∗•≤N
x xg∗•≤N
(W⋆AY
•≤N,
◦
t′
(F •≤N ), P )
νdRW,⋆
−−−−→ (W⋆AY
•≤N,
◦
t′
(F •≤N ), P 〈−2〉)(−1, u′).
(2) Let the notations be as in (1.5.22). Then the following diagram is commutative:
(2.5.7.2)
Rg•≤N∗((W⋆AX
•≤N,
◦
t
(E•≤N ), P ))⊗LZ Q
νdRW,⋆
−−−−→
g∗•≤N
x
(W⋆AY
•≤N,
◦
t′
(F •≤N ), P )⊗LZ Q
νdRW,⋆
−−−−→
Rg•≤N∗((W⋆AX
•≤N,
◦
t
(E•≤N ), P 〈−2〉)(−1, u))⊗LZ Qxg∗•≤N
(W⋆AY
•≤N,
◦
t′
(F •≤N ), P 〈−2〉)(−1, u′)⊗LZ Q.
Set
PkW⋆BX
•≤N,
◦
t
(E•≤N )ij :=PkW⋆AX
•≤N,
◦
t
(E•≤N )i−1,j(−1, u)⊕ PkW⋆AX
•≤N,
◦
t
(E•≤N )ij
(2.5.7.3)
(i, j ∈ N).
Proposition 2.5.8. (1) There exists the following sequence of the triangles in C+F(f−1•≤N (OT )) :
−→ (W⋆AX
•≤N,
◦
t
(E•≤N ), P )[−1] −→ (W⋆BX
•≤N,
◦
t
(E•≤N ), P )(2.5.8.1)
−→ (W⋆AX
•≤N,
◦
t
(E•≤N ), P ) +1−→ .
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Definition 2.5.9. We call (W⋆BX
•≤N,
◦
t
(E•≤N ), P ) the extended zariskian p-adic fil-
tered Steenbrink complexes of E•≤N for X•≤N,◦t/W(s◦t). When E
•≤N = O ◦
X•≤N,t/
◦
t
,
we denote it by (W⋆BX
•≤N,
◦
t
, P ) and call this the extended zariskian p-adic filtered
Steenbrink complex of X•≤N,◦t/W(s◦t).
Theorem 2.5.10 (Contravariant funcotriality I of W⋆Bzar). Let the notations
and the assumptions be as in (2.3.22). Then the following hold:
(1) The morphism g•≤N : X•≤N,◦t −→ Y•≤N,◦t′ induces the following well-defined
pull-back morphism
(2.5.10.1) g∗•≤N : (W⋆BY
•≤N,
◦
t′
(F •≤N ), P ) −→ Rg•≤N∗((W⋆BX
•≤N,
◦
t
(E•≤N ), P ))
fitting into the following commutative diagram:
(2.5.10.2)
W⋆BY
•≤N,
◦
t′
(F •≤N )
g∗•≤N
−−−−→ Rg•≤N∗(W⋆BX
•≤N,
◦
t
(E•≤N ))
µ⋆∧
x≃ Rg•≤N∗(µ⋆)x≃
F •≤N⋆ ⊗W⋆(OY
•≤N,
◦
t′
)W⋆Ω˜
•
Y
•≤N,
◦
t′
g∗•≤N
−−−−→ Rg•≤N∗(E
•≤N
⋆ ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω˜
•
X
•≤N,
◦
t
).
(2) Let h•≤N : Y•≤N,◦t′ −→ Z•≤N,◦t′′ be an analogous morphism to g•≤N : X•≤N,◦t −→
Y•≤N,◦t′ .
(h•≤N ◦ g•≤N )∗ =Rh•≤N∗(g∗•≤N ) ◦ h
∗
•≤N : (W⋆BY
•≤N,
◦
t′
(G•≤N ), P )(2.5.10.3)
−→ Rh•≤N∗Rg•≤N∗(W⋆BX
•≤N,
◦
t
(E•≤N ), P )
= R(h•≤N ◦ g•≤N )∗(W⋆BX
•≤N,
◦
t
(E•≤N ), P ).
(3)
(2.5.10.4) id∗X
•≤N,
◦
T0
= id: (W⋆BX
•≤N,
◦
t
(E•≤N ), P ) −→ (W⋆BX
•≤N,
◦
t
(E•≤N ), P ).
Theorem 2.5.11 (Contravariant funcotriality II of WBzar). Let the notations
be as in (1.5.22). Assume that S = s, S = s′, T =W(t) and T ′ =W(t′). Then there
exists a morphism
g∗•≤N : (WBY
•≤N,
◦
t′
(F •≤N ), P )⊗LZ Q −→ Rg•≤N∗((WBX
•≤N,
◦
t
(E•≤N ), P )⊗LZ Q)
(2.5.11.1)
of filtered complexes in D+F(f−1•≤N (W(κt′)⊗ZQ) fitting into the following commutative
diagram
(2.5.11.2)
WBY
•≤N,
◦
t′
(F •≤N )⊗LZ Q
g∗•≤N
−−−−→ Rg•≤N∗(WBX
•≤N,
◦
t
(E•≤N ))⊗LZ Q)
µ∧
x≃ Rg•≤N∗(µ)x≃
F •≤N∞ ⊗W(OY
•≤N,
◦
t′
)WΩ˜
•
Y
•≤N,
◦
t′
⊗LZ Q
g∗•≤N
−−−−→ Rg•≤N∗(E•≤N∞ ⊗W(OX
•≤N,
◦
t
)WΩ˜
•
X
•≤N,
◦
t
)⊗LZ Q.
This morphism satisfies the similar relation to (2.5.10.3).
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Corollary 2.5.12. (1) Let the notations be as in (2.5.10) (1). The isomorphisms
(2.3.21.1) for X•≤N,◦t/W(s◦t), E
•≤N and Y•≤N,◦t′/W(s
′
◦
t′
), F •≤N induce a morphism
g∗•≤N from (1.7.36.3) for the case S = s, S
′ = s′, T = W(t) and T ′ = W(t′) to
(2.5.7.1) forgetting the filtrations P ’s. This morphism satisfies the transitive relation
and id∗X
•≤N,
◦
t
/W(s◦
t
) = id.
(2) Let the notations be as in (1.5.22). The isomorphisms (1.4.4.1) for X
•≤N,
◦
T0
/S(T )♮,
E•≤N and Y
•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N induce a morphism from (1.7.36.3)⊗LZQ to (2.5.7.2).
This morphism satisfies the transitive relation and id∗X
•≤N,
◦
T0
/S(T )♮ = id.
Theorem 2.5.13 (Comparion theorem). Let the notations be as in (2.3.26). Then
the following hold:
(1) In D+F(f−1(Wn(κt))) there exists the following canonical isomorphism:
(2.5.13.1) (Bzar(X•≤N,◦t/Wn(s◦t), E
•≤N ), P ) ∼−→ (WnBX
•≤N,
◦
t
(E•≤N ), P ).
The isomorphisms (2.5.13.1) for n’s are compatible with two projections of both hands
of (2.5.13.1). The isomorphism (2.5.13.1) is contravariantly functorial.
(2) The isomorphism (2.5.13.1) forgetting the filtrations fits into the following com-
mutative diagram:
(2.5.13.2)
Bzar(X•≤N,◦t/W⋆(s◦t), E
•≤N )
(2.5.13.1), ∼
−−−−−−−−−→
µ⋆∧
x≃
R˜uX•≤N,t/W⋆(t)∗(ǫ
∗
X
•≤N,
◦
t
/W⋆(
◦
t)
(E•≤N ))
(2.2.14.1),∼
−−−−−−−−−→
W⋆BX
•≤N,
◦
t
(E•≤N )
µ⋆
x≃
(ǫ∗X
•≤N,
◦
t/W⋆(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)
W⋆Ω˜•X
•≤N,
◦
t
.
Proof. (1): By the definitions of (Bzar(X•≤N,◦t/W⋆(s◦t), E
•≤N ), P ) ((1.8.0.9), (1.8.8.4))
and (WnBX
•≤N,
◦
t
(E•≤N ), P ) ((2.5.2.2), (2.5.7.3)), we have the canonical morphism
(2.5.13.1). By (1.8.9.1), (2.5.8.1) and (2.3.26.1), this morphism is an isomorphism.
The desired contravariant functoriality follows from (2.3.26) (2).
(2): The problem is local. Then (2) follows from the constructions of (2.2.14.1)
and (2.5.13.1).
Assume that
◦
S is a p-adic formal scheme. Now we consider the case N = 0. Set
X := X0. In [Mo, (3.24)] Mokrane has already conjectured the p-adic monodromy-
weight conjecture for a projecitve strict semistable family over a complete discrete
valuaiton ring of mixed characteristics. As in (1.8.14) we formulate the conjecture for
a projecitve SNCL scheme over the log point of a perfect field of characteristic p > 0
as follows (cf. [Mo, (3.28) (4)]):
Conjecture 2.5.14 (p-adic monodromy-weight conjecture via log de Rham-Witt
complexes). Assume that
◦
Xt0 −→
◦
t0 is projective. Let q be nonnegative integer.
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Then the induced morphism
νkdRW : gr
P
q+kH
q
crys(X◦t0
/W(t))⊗Z Q −→ gr
P
q−kH
q
crys(X◦t0
/W(t))(−k, u)⊗Z Q
(2.5.14.1)
by the de Rham-Witt quasi-monodromy operator is an isomorphism.
Proposition 2.5.15. (2.5.14) is equivalent to (1.8.14) in the case S = s and T =
W(t).
Proof. This follows from (1.4.4), (2.3.21.1) and (2.5.2.1).
Assume that the structural morphism
◦
f :
◦
Xt −→
◦
t is projective and the relative
dimension of
◦
f is of pure dimension d. Let L be a relatively ample line bundle on
◦
Xt/
◦
t. By the same argument as that of [I2, I (3.27)], we obtain the log cohomology
class λdRW = c1,dRW(L) of L in H
2(Xt,WΩ•Xt)(1). It is well-known and easy to see
that the following diagram is commutative:
(2.5.15.1)
Pic(
◦
Xt)
c1,dRW
−−−−→ H2(Xt,WΩ
•
Xt
)(1)∥∥∥ x≃
Pic(
◦
Xt)
c1,crys
−−−−→ H2crys(Xt/W(t))(1).
Conjecture 2.5.16 (Filtered p-adic log hard Lefschetz conjecture via log de
Rham-Witt complexes). The following cup product
(2.5.16.1) λidRW : H
d−i
crys(Xt/W(t))⊗Z Q −→ H
d+i
crys(Xt/W(t))(i)⊗Z Q (i ∈ N)
is an isomorphism. In fact, λidRW is the following isomorphism of filtered sheaves:
(2.5.16.2) λidRW : (H
d−i
crys(Xt/W(t))⊗Z Q, P )
∼
−→ (Hd+i(Xt/W(t))(i)⊗Z Q, P ).
Proposition 2.5.17. The conjecture (2.5.16) is equivalent to (1.8.16) in the case
S = s and T =W(t).
Proof. This follows from the commutative diagram (2.5.15.1).
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Chapter 3
Weight filtrations on log
isocrystalline cohomology
sheaves
In this chapter we give the definition of a truncated simplicial base change of SNCL
schemes and the definition of the admissible immersion. These notions give us an
essentially important framework in this book. By assuming the existence of an ad-
missible immersion, we construct a filtered complex which is a generalization of the
zariskian p-adic filtered Steenbrink complex (modulo torsion) defined in the Chapter
I. To construct this filtered complex, we need to calculate the graded complex of the
filtered complex of the base change above. We also give the definitions of a family of
successive split truncated simplicial SNCL schemes and a log smooth split truncated
simplicial log scheme associated to this family. This log smooth split truncated sim-
plicial log scheme gives us a typical example of a truncated simplicial base change of
SNCL schemes and an admissible immersion.
3.1 Truncated simplicial base changes of SNCL schemes
In this section we give the definition of the truncated simplicial base change of SNCL
schemes and the definition of the admissible immersion. These definitions have come
to me by my effort to find a framework to treat a truncated simplicial SNCL scheme
defined in §1.2 and families of successive split truncated simplicial SNCL scheme
defined in the next section at the same time.
Let {Yi}li=1 be a set of finitely many formal SNC schemes over a formal scheme
T . (Note that a (log) scheme can be considered as a formal (log) scheme by a trivial
ideal sheaf.) Set
(3.1.0.1) X :=
l∐
i=1
Yi (l ∈ Z≥1).
In this case, we have the following equality:
X(k) =
l∐
i=1
Y
(k)
i (k ∈ N).(3.1.0.2)
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Let {Yλ(i)}λ(i) be a decomposition of Yi by smooth components of Yi/T (0 ≤ i ≤
l). The set {Yλ(i)}i,λ(i) defines an orientation sheaf ̟
(k)
zar(X/T ) (k ∈ N) in X
(k)
zar
(cf. [D2, (3.1.4)] and [NS1, (2.2.18)]). If T is a closed subscheme of T ′ defined by a
quasi-coherent nil-ideal sheaf J which has a (p-adic) PD-structure δ, then ̟
(k)
zar(X/T )
extends to an abelian sheaf ̟
(k)
crys(X/T ′) in (X(k)/(T ′,J , δ))crys.
Definition 3.1.1. (1) Let X be a fine log formal scheme over a formal family S of
log points. We say that X/S is a base change of formal (proper or projective) SNCL
schemes if there exist finitely many morphisms S −→ Si (1 ≤ i ≤ l) to formal families
of log points and finitely many formal (proper or projective) SNCL schemes Yi/Si’s
such that there exists an isomorphism
X
∼
−→
l∐
i=1
(Yi ×Si S).(3.1.1.1)
Moreover, if there exists a morphism Si −→ S0 to a formal family of log points for
1 ≤ ∀i ≤ l, then we say that X/S is a base change of formal (proper or projective)
SNCL schemes augmented to S0.
(2) Let N be a nonnegative integer or∞. Let X•≤N be an N -truncated simplicial
fine log formal scheme over a formal family S of log points. We say that X•≤N/S is
an N -truncated simplicial base change of formal (proper or projective) SNCL schemes
if Xm/S is a base change of formal SNCL schemes for 0 ≤ ∀m ≤ N . Moreover,
if Xm/S (0 ≤ ∀m ≤ N) is a base change of formal (proper or projective) SNCL
schemes augmented to a formal family S0 of log points, then we say that X•≤N/S is
an N -truncated simplicial base change of formal (proper or projective) SNCL schemes
augmented to S0.
Remark 3.1.2. (1) Let the notations be as in (3.1.1) (1). Since the morphism
Yi −→ Si is integral by [Kk2, (4.4)], we have an isomorphism
◦
X ≃
∐l
i=1(
◦
Y i ×◦
Si
◦
S).
Consequently
◦
X satisfies the condition (3.1.0.1).
(2) Let the notations be as in (3.1.1) (2). For a morphism S′ −→ S of formal
families of log points, the fiber product X•≤N ×S S′ is an N -truncated simplicial base
change of formal SNCL schemes.
(3) Let the notations be as in (3.1.1) (1). Let X
∼
−→
∐k
i=1Xi be the disjoint union
of the connected components of
◦
X. Then each Xi is a base change of SNCL schemes.
Definition 3.1.3. (1) Let S be a formal family of log points (over a formal family S0
of log points). Let X/S be a base change of SNCL schemes (augmented to a formal
family S0 of log points). Let (T,J , δ) be a formal log PD-enlargement of S. Let X ′◦
T 0
be the disjoint union of the member of an affine open covering of X ◦
T 0
. Let X ◦
T0,•
be the Cˇech diagram of X ′◦
T 0
over X ◦
T 0
. Let ι : X ◦
T 0,•
⊂
−→ P• be an immersion into a
formally log smooth simplicial log formal scheme over S(T )♮ (augmented to S0(T )
♮).
We say that ι is admissible if the following conditions are satisfied:
(a) There exist finitely many morphisms S −→ Si (1 ≤ i ≤ l) to families of log
points and finitely many SNCL schemes Yi/S
i,
◦
T 0
such that there exists an isomor-
phism X ◦
T 0
∼
−→
∐l
i=1(Yi ×S
i,
◦
T0
S◦
T 0
). Here S
i,
◦
T 0
:= Si ×◦
Si
◦
T 0.
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(b) There exists the disjoint union Y ′i of the member of an affine open covering of
Yi such that X ◦
T 0,•
∼
−→
∐l
i=1(Yi• ×S
i,
◦
T0
S◦
T 0
) over the isomorphism in (a). Here Yi•
is the Cˇech diagram of Y ′i over Yi.
(c) There exist finitely many formally log smooth simplicial log formal schemesQi•
over Si(T )
♮ such that there exists an isomorphism P•
∼
−→
∐l
i=1(Qi• ×Si(T )♮ S(T )
♮)
fitting into the following commutative diagrams
(3.1.3.1)
Yi•
⊂
−−−−→ Qi•y y
S
i,
◦
T 0
⊂
−−−−→ Si(T )♮,
(3.1.3.2)
X
•,
◦
T 0
⊂
−−−−→ P•
≃
y y≃∐l
i=1(Yi• ×S
i,
◦
T0
S◦
T 0
)
⊂
−−−−→
∐l
i=1(Qi• ×Si(T )♮ S(T )
♮).
(2) Let S, S0 and (T,J , δ) be as in (1). Let X/S be a base change of SNCL
schemes. Let X ′◦
T 0
and X ◦
T 0,•
be as in (1). Let ι : X ◦
T 0,•
⊂
−→ P• be an immersion
into a formally log smooth simplicial log formal scheme over S(T )♮ (augmented to
S0(T )♮). We say that ι is admissible if the conditions (a) and (b) hold in (1) and if
the following condition instead of (c) is satisfied:
(c) There exist finitely many formally log smooth simplicial log formal schemesQi•
over Si(T )♮ such that there exists an isomorphism P•
∼
−→
∐l
i=1(Qi• ×Si(T )♮ S(T )
♮)
fitting into the following commutative diagrams
Yi•
⊂
−−−−→ Qi•y y
S
i,
◦
T 0
⊂
−−−−→ Si(T )♮,
X ◦
T 0,•
⊂
−−−−→ P•
≃
y y≃∐l
i=1(Yi• ×S
i,
◦
T0
S◦
T 0
)
⊂
−−−−→
∐l
i=1(Qi• ×Si(T )♮ S(T )
♮).
(3) Let S, S0 and (T,J , δ) be as in (1). Let N be a nonnegative integer or
∞. Let X•≤N be an N -truncated simplicial base change of formal SNCL schemes
over S (augmented to S0). Assume that X•≤N,
◦
T0
has the disjoint union X ′
•≤N,
◦
T0
of the member of an affine N -truncated simplicial open covering of X
•≤N,
◦
T0
. Let
X
•≤N,•,
◦
T0
be the Cˇech diagram of X ′
•≤N,
◦
T0
. Let ι : X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• be an
immersion into a formally log smooth (N,∞)-truncated bisimplicial log formal scheme
over S(T )♮. Then we say that ι is admissible if the immersion X
m•,
◦
T0
⊂
−→ Pm• over
S(T )♮ (0 ≤ ∀m ≤ N) is admissible.
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(4) Let S and S0 be as in (2). Let N be a nonnegative integer or∞. Let X•≤N be
an N -truncated simplicial base change of formal SNCL schemes over S (augmented
to S0). Assume that X•≤N,
◦
T0
has the disjoint union X ′
•≤N,
◦
T0
of the member of an
affine N -truncated simplicial open covering of X
•≤N,
◦
T0
. Let X
•≤N,•,
◦
T0
be the Cˇech
diagram of X ′
•≤N,
◦
T0
. Let ι : X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• be an immersion into a formally
log smooth (N,∞)-truncated bisimplicial log formal scheme over S(T )♮. Then we say
that ι is admissible if the immersion Xm•
⊂
−→ Pm• over S(T )♮ (0 ≤ ∀m ≤ N) is
admissible.
Example 3.1.4. (1) Let the notations be as in the Chapter I. Let X•≤N/S be
an N -truncated simplicial formal SNCL scheme which has the disjoint union of an
affine N -truncated simplicial open covering of X•≤N . Then, by (1.2.8), we have an
admissible immersion ι : X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over S(T )♮.
(2) Let the notations be as in (3.1.3) (3). Let S′ −→ S be a morphism of formal
families of log points. Let (T ′,J ′, δ′) −→ (T,J , δ) be a morphism of log formal
PD-enlargements over S′ −→ S. Then the base change morphism X•≤N,•,S′◦
T′
0
:=
X
•≤N,•,
◦
T0
×S◦
T0
S′◦
T ′0
⊂
−→ P•≤N,•,S′(T ′)♮ is an admissible immersion.
(3) Let the notations be as in (2) and (3.1.3) (4). Then the base change morphism
X•≤N,•,S′◦
T′0
⊂
−→ P•≤N,•,S′(T ′)♮ is an admissible immersion.
(4) In (3.2.7) below we give an important example of an admissible immersion.
Let the notations be as in (3.1.3) (4). We need the following notations for later
sections. Consider the immersion Xm•
⊂
−→ Pm• over S(T )♮. By the definition of
the admissibility, there exist a positive integer l(m) and finitely many fine log formal
schemes Si(m) (1 ≤ i(m) ≤ l(m)), there exist finitely many morphisms S −→ Si (1 ≤
i(m) ≤ l(m)) to families of log points and finitely many SNCL schemes Yi(m)/Si(m)
such that there exists an isomorphism
Xm
∼
−→
l(m)∐
i(m)=1
(Yi(m) ×S
i(m),
◦
T0
S◦
T 0
)(3.1.4.1)
and there exists the disjoint union Y ′i(m) of the member of an affine truncated simplicial
open covering of Yi(m) such that
X
m•,
◦
T 0
∼
−→
l(m)∐
i=1
(Yi(m)• ×S
i(m),
◦
T0
S◦
T 0
)(3.1.4.2)
over the isomorphism in (3.1.4.1) (Yi(m)• is the Cˇech diagram of Y ′i(m) over Yi(m)) and
we have the following commutative diagram
(3.1.4.3)
X
m•,
◦
T 0
⊂
−−−−→ Pm•
≃
y y≃∐l(m)
i(m)=1(Yi(m)• ×S
i(m),
◦
T0
S◦
T 0
)
⊂
−−−−→
∐l(m)
i(m)=1(Qi(m)• ×Si(m)(T )♮ S(T )
♮),
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where Qi(m)• is a formally log smooth simplicial formal log scheme over Si(m)(T )♮.
Hence, by (1.1.26), we have the following commutative diagram
(3.1.4.4)
Xm•
⊂
−−−−→ Pexm•∥∥∥ ∥∥∥∐l(m)
i(m)=1(Yi(m)• ×S
i(m),
◦
T0
S◦
T 0
)
⊂
−−−−→
∐l(m)
i(m)=1(Q
ex
i(m)• ×Si(m)(T )♮ S(T )
♮).
Set Pm• := Pm•×S(T )♮ S(T )
♮ and Qi(m)• := Qi(m)•×Si(m)(T )♮ Si(m)(T )
♮. By (1.1.40)
(2), Qexi(m)• is a formal strict semistable log scheme over Si(m)(T )♮. Hence we have
the following:
Proposition 3.1.5. (1) For any 0 ≤ m ≤ N , Pexm• is a simplicial base change of
formal SNCL schemes over S(T )♮.
(2) For any 0 ≤ m ≤ N , Pexm• a simplicial base changes of formal strict semistable
log schemes over S(T )♮.
We have an equality
◦
P
ex,(k)
mn =
∐l(m)
i(m)=1
◦
Q
ex,(k)
i(m)n for nonnegative integers k and n. In
fact, by (1.4.2) (1), we have the simplicial formal scheme
◦
P
ex,(k)
m• =
∐l(m)
i(m)=1
◦
Q
ex,(k)
i(m)• .
Proposition 3.1.6. Two admissible immersions of X
•≤N,
◦
T0
/S◦
T 0
over S(T )♮ (resp. S(T )♮)
are covered by an admissible immersions over S(T )♮ (resp. S(T )♮).
Proof. We prove (3.1.6) only in the case of admissible immersions over S(T )♮.
Let the notations be before (3.1.6). Let X ′′
•≤N,
◦
T0
be another disjoint union of the
member of an affine N -truncated simplicial open covering of X
•≤N,
◦
T0
. Let X ′
•≤N,•,
◦
T0
be the Cˇech diagram of X ′′
•≤N,
◦
T0
over S◦
T 0
. Let ι′ : X ′
•≤N,•,
◦
T0
⊂
−→ P ′•≤N,• be another
admissible immersion over S(T )♮. Fix 0 ≤ m ≤ N . Then we have l(m)′, Zi(m),
Z ′i(m), Zi(m)•, S
′
i(m),
◦
T 0
R
ex
i(m)• and S′i(m)(T )
♮ for P ′m• which are similar to l(m), Yi(m),
Y ′i(m), Yi(m)•, Si(m),
◦
T 0
Qexi(m)• and Si(m)(T )
♮, respectively and we have the following
commutative diagram
(3.1.6.1)
X ′
m•,
◦
T0
⊂
−−−−→ P ′m•
≃
y y≃∐l(m)′
i(m)=1(Zi(m)• ×S′
i(m),
◦
T0
S◦
T 0
)
⊂
−−−−→
∐l(m)′
i(m)=1(Ri(m)• ×S′
i(m)
(T )♮
S(T )♮),
By decomposing X ′
m,
◦
T 0
and X ′′
m,
◦
T 0
into connected components and taking large l(m)
and l(m)′, we may assume that l(m) = l′(m) and Yi(m)×S
i(m),
◦
T0
S◦
T 0
= Zi(m)×S′
i(m),
◦
T0
S◦
T 0
. Since the underling schemes of Yi(m) ×S
i(m),
◦
T0
S◦
T 0
and Zi(m) ×S′
i(m),
◦
T0
S◦
T 0
are
the same and Yi(m) and Zi(m) are SNCL schemes over S
i(m),
◦
T 0
and S′
i(m),
◦
T 0
, we have
an equality S
i(m),
◦
T 0
= S′
i(m),
◦
T 0
. Set X ′′′
m,
◦
T 0
:= X ′
m,
◦
T 0
×X
m,
◦
T0
X ′′
m,
◦
T 0
(0 ≤ m ≤ N) and
refining X ′′′
m,
◦
T 0
(and hence refining the open coverings of Yi(m) and Zi(m)), we may
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assume that Y ′i(m) = Z
′
i(m). In this way, we have another Cˇech diagram X
′′
•≤N,•,
◦
T0
with morphisms X ′′
•≤N,•,
◦
T0
−→ X
•≤N,•,
◦
T0
and X ′′
•≤N,•,
◦
T0
−→ X ′
•≤N,•,
◦
T0
. Consider
the following composite immerison
X ′′
•≤N,•,
◦
T0
⊂
−→ X
•≤N,•,
◦
T0
×S◦
T0
X ′
•≤N,•,
◦
T0
⊂
−→ P•≤N,• ×S(T )♮ P
′
•≤N,•.
Then we have the following commutative diagram
(3.1.6.2)
X
m,•,
◦
T 0
⊂
−−−−→ Pm•x x
X ′′
m,•,
◦
T 0
⊂
−−−−→ (Pm• ×S(T ) P
′
m•)exy y
X ′
m,•,
◦
T 0
⊂
−−−−→ P ′m•.
By the argument above, we have the following commutative diagram
(3.1.6.3)
X ′′
m•,
◦
T0
⊂
−−−−→ (Pm• ×S(T )♮ P
′
m•)ex
≃
y y≃∐l(m)
i(m)=1(Yi(m)• ×S
i(m),
◦
T0
S◦
T 0
)
⊂
−−−−→
∐l(m)
i(m)=1((Qi(m)• ×Si(m)(T )♮ Ri(m)•)
ex ×
Si(m)(T )♮
S(T )♮),
Hence the middle immersion in (3.1.6.2) is an admissible immersion.
3.2 Families of successive split truncated simplicial
SNCL schemes and bisimplicial (exact) immer-
sions II
In this section we give the definition of a family of successive split truncated simplicial
SNCL schemes (see (3.2.2) below). We obtain a log smooth split truncated simplicial
log scheme by this family. This is a typical example of a truncated simplicial base
change of SNCL schemes in the previous section. Though our constructions in this
section are not the imitation of du Bois’ construction in [dB], we are influenced by
this du Bois’ article. The main result in this section is to show that there exists an
admissible immersion for the truncated simplicial log scheme above.
Let N be a nonnegative integer. Let p be a prime number. Let S0 be a ((p-adic)
formal) family of log points.
Definition 3.2.1. Let
(3.2.1.1) SN −→ SN−1 −→ · · · −→ S0
be a sequence of ((p-adic) formal) families of log points. Let sN be a point of
◦
SN
and let s0 be the image of sN in S0. If the natural morphism MS0,s0/O
∗
S0,s0
−→
MSN ,sN/O
∗
SN ,sN
is an isomorphism for any point sN ∈
◦
SN , we call (3.2.1.1) a
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of nonramified families of log points and, otherwise, we call (3.2.1.1) a sequence of
ramified families of log points. For simplicity of notation, we denote the sequence
(3.2.1.1) by {Sm}
N
m=0. We define a morphism
{S′m′}
N ′
m=0 −→ {Sm}
N
m=0(3.2.1.2)
of sequences of ((p-adic) formal) families of log points as follows.
If N ′ 6= N , then the set of the morphisms is empty and if N ′ = N , then the
morphism is, by definition, the following commutative diagrams:
S′N −−−−→ S
′
N−1 −−−−→ · · · −−−−→ S
′
0y y y
SN −−−−→ SN−1 −−−−→ · · · −−−−→ S0.
(3.2.1.3)
For simplicity of notation, denote the sequence (3.2.1.1) by {Sm}
N
m=0. For a fine
m-truncated simplicial log scheme Y•≤m over Sm, let sm−1i : Ym−1 −→ Ym (0 ≤ m ≤
N, 0 ≤ i ≤ m−1) be the degeneracy morphism before (1.2.1). Let {X(m)•≤m/Sm}Nm=0
be a family of log smooth split truncated simplicial log schemes such that the inter-
section of the complements of sm−1i (X(m)m−1) (0 ≤ i ≤ m − 1) in X(m)m is an
SNCL scheme Nm over Sm (0 ≤ m ≤ N).
Definition 3.2.2. (1) We say that {X(m)•≤m/Sm}Nm=0 is a family of successive split
truncated simplicial SNCL schemes with respect to the sequence (3.2.1.1) if
(3.2.2.1) X(m)•≤m−1 = X(m− 1)•≤m−1 ×Sm−1 Sm
and
(3.2.2.2) X(m)m =
∐
0≤l≤m
∐
[m]։[l]
(Nl ×Sl Sm)
for all 0 ≤ m ≤ N , where the subscripts [m] ։ [l]’s run through the surjective
nondecreasing morphisms [m] −→ [l]’s.
(2) Set X•≤N := X(N)•≤N and S := SN . We call X•≤N/S the associated (log
smooth) split N -truncated simplicial log scheme to the family {X(m)•≤m/Sm}Nm=0.
Proposition 3.2.3. The log scheme X(m)•≤m (0 ≤ m ≤ N) is an m-truncated
simplicial base change of SNCL schemes augmented to S0.
Proof. By the formulas (3.2.2.1) and (3.2.2.2), we see that
(3.2.3.1) X(m)k =
∐
0≤l≤k
∐
[k]։[l]
(Nl ×Sl Sm) (0 ≤ k ≤ m).
This implies (3.2.3).
Remark 3.2.4. (1) Let the notations be as in (3.2.2). When Sm = S0 for all
0 ≤ m ≤ N , the log scheme X•≤N/S associated to {X(m)•≤m/Sm}Nm=0 is nothing
but a split N -truncated simplicial SNCL scheme X•≤N/S.
(2) Set SmN := Sm ×◦Sm
◦
SN . Then we have a sequence
(3.2.4.1) S = SN −→ S
N−1
N −→ · · · −→ S
0
N
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of ((p-adic) formal) families of log points and Nm ×Sm S
m
N is an SNCL scheme over
SmN . Set
(3.2.4.2) XN(m)m =
∐
0≤l≤m
∐
[m]։[l]
(Nl ×Sl S
m
N )
for all 0 ≤ m ≤ N . Then we have a new family {XN(m)•≤m}Nm=0 of successive split
truncated simplicial SNCL schemes with respect to the sequence (3.2.4.1). Moreover
XN (N)•≤N = X(N)•≤N . Because we are only interested inX(N)•≤N , we can assume
that
◦
Sm =
◦
SN for 0 ≤ ∀m ≤ N without loss of generality.
(3) The sequence (3.2.4.1) is equivalent to the following two data:
(a) the ((p-adic) formal) log scheme SN ,
(b) the finite increasing filtration of log structures of submonoids of MSN each of
which is generated by one element modulo O∗SN
M0 ⊂M1 ⊂M2 ⊂ · · · ⊂MN−1 ⊂MSN .
Let the notations be as in (3.2.2). Then, for k ∈ N and 0 ≤ m ≤ N ,
(3.2.4.3)
◦
X(k)m =
∐
0≤l≤m
∐
[m]։[l]
(
◦
N
(k)
l ×◦Sl
◦
S).
Let the notations be as in (3.2.1.1). Let T0 be a fine log scheme over S. Then we
have the following sequence of fine log schemes:
S◦
T 0
−→ S
N−1,
◦
T 0
−→ · · · −→ S
0,
◦
T 0
.(3.2.4.4)
Set X(m)
•≤m,
◦
T0
:= X(m)•≤m×Sm S
m,
◦
T 0
. Then we have a family {X(m)
•≤m,
◦
T0
}Nm=0
of successive split truncated simplicial SNCL schemes with respect to the sequence
(3.2.4.4).
Definition 3.2.5. Let
SN (= S) −→ SN−1 −→ · · · −→ S0
be as in (3.2.1.1). Let (T,J , δ) be a fine log ((p-adic) formal) PD-enlargement of S.
Set T0 := Spec
log
T
(OT /J ). Then we have the sequence (3.2.4.4) and the following
sequence of fine log ((p-adic) formal) families of log points:
(3.2.5.1)
(S(T )♮,J , δ) := (SN (T )
♮,J , δ) −→ (SN−1(T )♮,J , δ) −→ · · · −→ (S0(T )♮,J , δ).
If the sequence
SN −→ SN−1 −→ · · · −→ S0
is nonramified (resp. ramified), then we call (3.2.5.1) a nonramified (resp. ramified)
sequence of ((p-adic) formal) PD-families of log points.
In the following, we assume that the transitive morphism
◦
Sm −→
◦
Sm−1 (0 ≤
m ≤ N) is affine. Let {X(m)•≤m/Sm}Nm=0 be a family of successive split truncated
simplicial SNCL schemes with respect to the sequence (3.2.1.1). Let us construct
admissible immersions of X
•≤N,
◦
T0
/S(T )♮ and X
•≤N,
◦
T0
/S(T )♮. For this purpose, we
reexamine the construction of G•≤N,• after (1.2.6).
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First we reconstruct the disjoint union X(m)′•≤m of the member of an affine m-
truncated simplicial open covering of X(m)•≤m (0 ≤ m ≤ N) (cf. [Nakk4, (6.1)]).
Let N ′0 be the disjoint union of log affine open (formal) subschemes which cover
N0 and whose images in S0 are contained in log affine open (formal) subschemes of
S0. Then N
′
0×S0 Sl (0 ≤ l ≤ N) is the disjoint union of the member of an affine open
covering of N0 ×S0 Sl because the morphism
◦
Sl −→
◦
S0 is affine. Let m be a positive
integer. Assume that we are given X(m − 1)′
•≤m−1,
◦
T0
. We construct X(m)′
•≤m,
◦
T 0
.
First we set X(m)′
•≤m−1,
◦
T0
:= X(m− 1)′
•≤m−1,
◦
T0
×Sm−1 Sm. Hence
(3.2.5.2) X(m)′
k,
◦
T 0
= X(k)′
k,
◦
T 0
×Sk Sm (0 ≤ k ≤ m− 1).
For a nonnegative integer r, let ∆[r] (r ∈ N) be the category of objects of ∆ augmented
to [r]. For a nonnegative integer l, let ∆l[r] be a full subcategory of ∆[r] whose objects
are [q] −→ [r]’s such that q ≤ l. The inverse limit of a finite inverse system exists in
the category of fine log (formal) schemes (over a fine log (formal) scheme) ([Kk2, (1.6),
(2.8)]). Recall the following explicit description of the coskelton (e. g., [SGA 4-2, Vbis
(3.0.1.2)]):
(3.2.5.3)
cosk
S
m−1,
◦
T0
m−1 (X(m− 1)•≤m−1,
◦
T0
)r = lim←−[q]∈∆(m−1)[r]X(m− 1)q,
◦
T 0
(l, r ∈ N),
where the projective limits are taken in the category of log (formal) schemes over
S
m−1,
◦
T0
. The log scheme cosk
S
m−1,
◦
T0
m−1 (X(m−1)
′
•≤m−1,
◦
T0
)m is the disjoint union of the
members of a log open covering of cosk
S
m−1,
◦
T0
m−1 (X(m− 1)•≤m−1,
◦
T0
)m. Set N
m,
◦
T 0
:=
Nm×Sm S
m,
◦
T 0
. Consider the natural composite morphism N
m,
◦
T0
⊂
−→ X(m)
m,
◦
T0
−→
cosk
S
m,
◦
T0
m−1 (X(m)•≤m−1,
◦
T 0
)m = cosk
S
m−1,
◦
T0
m−1 (X(m−1)•≤m−1,
◦
T0
)m×S
m−1,
◦
T0
S
m,
◦
T0
and
a log affine open covering ofN
m,
◦
T0
which refines the inverse image of the open covering
of cosk
S
m−1,
◦
T0
m−1 (X(m−1)•≤m−1,
◦
T0
)m×S
m−1,
◦
T0
S
m,
◦
T 0
. Then the image of each member
of the log affine open (formal) subschemes of N
m,
◦
T 0
in S
m,
◦
T0
is contained in a log
affine open (formal) subscheme of S
m,
◦
T0
. Let N ′
m,
◦
T0
be the disjoint union of the
members of this open covering. Then we have the following commutative diagram:
(3.2.5.4)
N ′
m,
◦
T0
−−−−→ cosk
S
m,
◦
T0
m−1 (X(m)
′
•≤m−1,
◦
T 0
)my y
N
m,
◦
T0
−−−−→ cosk
S
m,
◦
T0
m−1 (X(m)•≤m−1,
◦
T 0
)m.
Set
X(m)′
m,
◦
T 0
=
∐
0≤l≤m
∐
[m]։[l]
(N ′
l,
◦
T 0
×S
l,
◦
T0
S
m,
◦
T 0
).(3.2.5.5)
Since X(m)
•≤m,
◦
T0
is split, X(m)′
•≤m,
◦
T0
is a desired log scheme over S
m,
◦
T 0
, and we
have a natural morphism X(m)′
•≤m,
◦
T0
−→ X(m)
•≤m,
◦
T 0
of simplicial log (formal)
schemes over S
m,
◦
T 0
by (3.2.5.4) and [SGA 4-2, Vbis (5.1.3)].
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Next we reexamine the construction of Γ′• in (1.2.6).
SetX ′
•≤N,
◦
T0
:= X(N)′
•≤N,
◦
T0
. By (3.2.5.5), X ′
N,
◦
T0
=
∐
0≤m≤N
∐
[N ]։[m](N
′
m,
◦
T 0
×S
m,
◦
T0
S◦
T 0
). Let N ′
m,
◦
T0
⊂
−→ N ′m (0 ≤ m ≤ N) be an immersion into a log smooth ((p-
adic) formal) scheme over Sm(T )♮. In fact, by (1.1.39.2), we can assume the ex-
istence of a (formal) SNCL lift N ′m of N ′m over Sm(T )♮ if each of the log affine
scheme of N ′m (0 ≤ m ≤ N) is small. Set N
′
m := N
′
m ×Sm(T )♮ Sm(T )
♮. Set ‘XN :=∐
0≤m≤N
∐
[N ]։[m](N
′
m×Sm(T )♮ S(T )
♮) and ‘XN :=
∐
0≤m≤N
∐
[N ]։[m](N
′
m×Sm(T )♮
S(T )♮). Set P ′m :=
∏
Hom∆([N ],[m])
‘XN and P ′m :=
∏
Hom∆([N ],[m])
‘XN (m ∈ N).
Then we have the following natural composite immersion
X ′
m,
◦
T 0
diag.,⊂
−→
∏
Hom∆([N ],[m])
X ′
m,
◦
T 0
⊂
−→
∏
Hom∆([N ],[m])
X ′
N,
◦
T0
(3.2.5.6)
⊂
−→
∏
Hom∆([N ],[m])
‘XN = P
′
m
⊂
−→ P ′m.
SetX
mn,
◦
T0
:= cosk
X
m,
◦
T0
0 (X
′
m,
◦
T 0
)n, Pmn := cosk
S(T )♮
0 (P
′
m)n and Pmn := cosk
S(T )♮
0 (P
′
m)n.
Then we have the following natural immersions
(3.2.5.7) X
mn,
◦
T 0
⊂
−→ Pmn
⊂
−→ Pmn.
In conclusion, we obtain the desired immersions
X
•≤N,•,
◦
T0
⊂
−→ P•≤N,•
⊂
−→ P•≤N,•(3.2.5.8)
over S◦
T 0
⊂
−→ S(T )♮ and over S◦
T 0
⊂
−→ S(T )♮. Because
X ′
m,
◦
T 0
=
∐
0≤l≤m
∐
[m]։[l]
(N ′
l,
◦
T 0
×S
l,
◦
T0
S◦
T 0
),
(N ′
l,
◦
T 0
×X
l,
◦
T0
· · · ×X
l,
◦
T0
N ′
l,
◦
T 0︸ ︷︷ ︸
n pieces
)×S
l,
◦
T0
S◦
T 0
= (N ′
l,
◦
T 0
×N
l,
◦
T0
· · · ×N
l,
◦
T0
N ′
l,
◦
T 0︸ ︷︷ ︸
n pieces
)×S
l,
◦
T0
S◦
T 0
([m]։ [l])
is a component of X
mn,
◦
T 0
, that is, there exists an open and closed log subscheme V
of X
mn,
◦
T 0
such that ((N ′
l,
◦
T 0
×N
l,
◦
T0
· · · ×N
l,
◦
T0
N ′
l,
◦
T 0
)×S
l,
◦
T0
S◦
T 0
)
∐
V = X
mn,
◦
T 0
.
Proposition 3.2.6. Extract N ′l ×S
l,
◦
T0
S◦
T 0
in the source of the immersion (3.2.5.6).
Then there exists the following commutative diagram:
(3.2.6.1)
X ′
m,
◦
T 0
⊂
−−−−→ P ′m
⊂
−−−−→ P ′m
⋃x x⋃ x⋃
N ′
l,
◦
T 0
×S
l,
◦
T0
S◦
T 0
⊂
−−−−→ L′l ×Sl(T )♮ S(T )
♮ ⊂−−−−→ L′l ×Sl(T )♮ S(T )
♮,
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where L′l and L
′
l are ((p-adically) formally) log smooth schemes over Sl(T )
♮ and
Sl(T )♮, respectively. Consequently there exists the following commutative diagram:
(3.2.6.2)
X
mn,
◦
T 0
⊂
−−−−→ Pmn
⋃x x⋃
(N ′
l,
◦
T 0
×X
l,
◦
T0
· · · ×X
l,
◦
T0
N ′
l,
◦
T 0
)×S
l,
◦
T0
S◦
T 0
⊂
−−−−→ (L′l ×Sl(T )♮ · · · ×Sl(T )♮ L
′
l)×Sl(T )♮ S(T )
♮
⊂
−−−−→ P ′mnx⋃
⊂
−−−−→ (L′l ×Sl(T )♮ · · · ×Sl(T )♮ L
′
l)×Sl(T )♮ S(T )
♮.
Proof. Let 0 ≤ l ≤ m ≤ N be nonnegaitve integers. Consider a surjection [m] −→ [l]
in ∆. For an element γ ∈ Hom∆([N ], [m]), we claim that the composite morphism
N ′
l,
◦
T0
⊂
−→ X ′
m,
◦
T0
X′(γ)
−→ X ′
N,
◦
T0
(γ ∈ Hom∆([N ], [m])) factors through an open and
closed log subscheme of X ′
N,
◦
T0
which is the base change to S
l,
◦
T 0
of the disjoint union
of finitely many SNCL schemes over S
l′,
◦
T 0
for various l′ ≤ l. To prove this, let us
investigate the morphism X ′(γ) : X ′
m,,
◦
T 0
−→ X ′
N,
◦
T0
. Note that γ is the composite of
standard degeneracy maps and face maps ([W, (8.1.2)]). First consider the degeneracy
morphism sl−1i : X
′
l−1,
◦
T 0
−→ X ′
l,
◦
T 0
(l ∈ Z>0, 0 ≤ i ≤ l − 1) corresponding to the
standard degeneracy map ∂il : [l] −→ [l − 1] before (1.2.1). Then, by the proof of
[SGA 4-2, Vbis (5.1.3)],
sl−1i : X
′
l−1,
◦
T 0
=
∐
0≤k≤l−1
∐
[l−1]։[k]
(N ′
k,
◦
T 0
×S
k,
◦
T0
S◦
T 0
) −→ X ′
l,
◦
T 0
=
∐
0≤k≤l
∐
[l]։[k]
(N ′
k,
◦
T 0
×S
k,
◦
T0
S◦
T 0
)
is induced by the identity id : N ′
k,
◦
T 0
−→ N ′
k,
◦
T 0
corresponding to the components with
indexes [l−1]։ [k] and [l]
∂il−→ [l−1]։ [k]. Hence sl−1i |N ′
k,
◦
T0
×S
k,
◦
T0
S◦
T0
([l−1]։ [k])
is nothing but the inclusion morphism
(3.2.6.3) N ′
k,
◦
T 0
×S
k,
◦
T0
S◦
T 0
⊂
−→
∐
0≤k≤l
∐
[l]։[k]
(N ′
k,
◦
T 0
×S
k,
◦
T0
S◦
T 0
) = X ′
l,
◦
T 0
corresponding to the index [l]։ [k]. We have checked that our claim holds for sl−1i .
Next consider the standard face morphism δ′li : X
′
l,
◦
T 0
−→ X ′
l−1,
◦
T 0
(0 ≤ i ≤ l)
corresponding to the morphism σli : [l − 1] −→ [l] defined by the formulas σ
l
i(j) = j
(0 ≤ j < i) and σli(j) = j + 1 (i ≤ j ≤ l). Let δ
′′l
i : cosk
S◦
T0
l−1 (X
′
•≤l−1,
◦
T 0
)l −→
cosk
S◦
T0
l−1 (X
′
•≤l−1,
◦
T 0
)l−1 = X ′
l−1,
◦
T 0
be also the standard face morphism. Then, by the
proof of [SGA 4-2, Vbis (5.1.3)], the face morphism
δ′li : X
′
l,
◦
T0
=
∐
0≤k≤l
∐
[l]։[k]
(N ′
k,
◦
T 0
×S
k,
◦
T0
S◦
T 0
) −→ X ′
l−1,
◦
T 0
(=
∐
0≤k≤l−1
∐
[l−1]։[k]
(N ′
k,
◦
T 0
×S
k,
◦
T0
S◦
T 0
))
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is induced by the following composite morphisms for a surjective non-decreasing mor-
phism [l]։ [k]:
N ′
k,
◦
T 0
×S
k,
◦
T0
S◦
T 0
⊂
−→ X ′
k,
◦
T 0
= cosk
S◦
T0
l−1 (X
′
•≤l−1,
◦
T 0
)k(3.2.6.4)
−→ cosk
S◦
T0
l−1 (X
′
•≤l−1,
◦
T 0
)l
δ′′li−→ X ′
l−1,
◦
T 0
(0 ≤ k < l)
and
(3.2.6.5) N ′
l,
◦
T 0
×S
l,
◦
T0
S◦
T 0
−→ cosk
S◦
T0
l−1 (X
′
•≤l−1,
◦
T 0
)l
δ′′li−→ X ′
l−1,
◦
T0
.
Because the claim holds for the morphism (3.2.6.5), we have only to consider the
morphism (3.2.6.4) to prove that the claim holds. First consider the case where
the composite map [l − 1] −→ [l] ։ [k] is surjective. Then the morphism X ′
k,
◦
T 0
−→
X ′
l−1,
◦
T 0
obtained by (3.2.6.4) is the composite map of degeneracy maps ([W, (8.1.2)]).
By the argument in the previous paragraph, we see that the morphism (3.2.6.4) is
the composite of inclusion morphisms. Next consider the case where the composite
map is not surjective. Then this map is the composite map of a surjective map
[l − 1] −→ [k − 1] and the map σkj : [k − 1] −→ [k] for some j (0 ≤ j ≤ k). Hence the
morphism (3.2.6.4) is the following composite morphism
(3.2.6.6) N ′
k,
◦
T 0
×S
k,
◦
T0
S◦
T 0
−→ cosk
S◦
T0
k−1(X
′
•≤k−1,
◦
T 0
)k
δ′′kj
−→ X ′
k−1,,
◦
T 0
⊂
−→ X ′
l−1,
◦
T 0
,
where the morphism X ′
k−1,
◦
T 0
⊂
−→ X ′
l−1,
◦
T0
is the already mentioned inculsion mor-
phism. Now we have proved that the claim holds.
Set ∆′m :=
∏
Hom∆([N ],[m])
X ′
N,
◦
T0
(m ∈ N) and Hmn := cosk
S
m,
◦
T0
0 (∆
′
m)n. Then
we have the natural immersions X ′
m,
◦
T 0
⊂
−→ ∆′m and X
mn,
◦
T 0
⊂
−→ Hmn. By the
argument in the previous paragraph, we see that the restriction of the immersion
X ′
m,
◦
T0
⊂
−→ ∆′m to N
′
l ×S
l,
◦
T0
S◦
T 0
corresponding to the index [m] ։ [l] is mapped
into L
l,
◦
T 0
×S
l,
◦
T0
S◦
T 0
, where L
l,
◦
T 0
is a log smooth scheme over S
l,
◦
T 0
. Now we have
only to notice that the immersions (3.2.5.6) and (3.2.5.7) are the following composite
immersions, respectively:
(3.2.6.7) X ′
m,
◦
T0
⊂
−→ ∆′m
⊂
−→ P ′m,
(3.2.6.8) X
mn,
◦
T 0
⊂
−→ Hmn
⊂
−→ Pmn.
We complete the proof.
Let Pexmn and P
ex
mn be the exactifications of the immersions Xmn
⊂
−→ Pmn and
Xmn
⊂
−→ Pmn, respectively. Then we have the following (N,∞)-truncated bisim-
plicial immersions:
(3.2.6.9) X
•≤N,•,
◦
T0
⊂
−→ Pex•≤N,•
⊂
−→ Pex•≤N,•.
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Theorem 3.2.7 (Existence of admissible immersions). The immersions X
•≤N,•,
◦
T0
⊂
−→
Pex•≤N,• and X•≤N,•,
◦
T0
⊂
−→ Pex•≤N,• are admissible over S◦T 0
and S(T )♮ augmented to
S
0,
◦
T0
and S0(T )♮, respectively.
Proof. Because the proof of the admissibility of the immersion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,•
is the same as that of the immersion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,•, we prove only the
admissibility of the immersionX
•≤N,•,
◦
T0
⊂
−→ P•≤N,•. Extract (N ′
l,
◦
T 0
×N
l,,
◦
T0
· · ·×N
l,
◦
T0
N ′
l,
◦
T0
)×S
l,
◦
T0
S◦
T 0
in the source of the immersion (3.2.5.7). By (3.2.6) this is mapped
into (L′l ×Sl(T )♮ · · · ×Sl(T )♮ L
′
l) ×Sl(T )♮ S(T )
♮, where L′l is a log smooth scheme over
Sl(T )♮. By (1.1.26) we have ((L′l×Sl(T )♮ · · ·×Sl(T )♮ L
′
l)×Sl(T )♮ S(T )
♮)ex = (L′l×Sl(T )♮
· · · ×
Sl(T )♮
L′l)
ex×
Sl(T )♮
S(T )♮. By (1.1.40) we see that (L′l ×Sl(T )♮ · · · ×Sl(T )♮ L
′
l)
ex is
a (formal) strict semistable log scheme over Sl(T )♮.
Fix 0 ≤ m ≤ N . Then we have the following decompositions according to the
decomposition X ′m =
∐m
l=0
∐
[m]։[l](N
′
l,
◦
T 0
×S
l,
◦
T0
S◦
T 0
):
(3.2.7.1) P ′exm =
m∐
l=0
∐
[m]։[l]
(N (m, l)×Sl(T )♮ S(T )
♮)
and
(3.2.7.2) P ′exm =
m∐
l=0
∐
[m]։[l]
(N (m, l)×
Sl(T )♮
S(T )♮),
where N (m, l) and N (m, l) are a (formal) SNCL scheme over S
l,
◦
T 0
and a (formal)
strict semistable log scheme over Sl(T )♮, respectively. They fit into the following
commutative diagram, respectivley:
(3.2.7.3)
X ′
m,
◦
T 0
⊂
−−−−→ P ′exm
⊂
−−−−→ P ′exm
⋃x ⋃x x⋃
N ′
l,
◦
T 0
×S
l,
◦
T0
S◦
T 0
⊂
−−−−→ N (m, l)×Sl(T )♮ S(T )
♮ ⊂−−−−→ N (m, l)×
Sl(T )♮
S(T )♮.
Consequently we have the simplicial log scheme N (m, l)• over S(T )♮ and N (m, l)•
over S(T )♮ and the following commutative diagram:
(3.2.7.4)
X
m•,
◦
T 0
⊂
−−−−→ Pexm•
⊂
−−−−→ Pexm•
⋃x ⋃x x⋃
N
l•,
◦
T 0
×S
l,
◦
T0
S◦
T 0
⊂
−−−−→ N (m, l)• ×Sl(T )♮ S(T )
♮ ⊂−−−−→ N (m, l)• ×Sl(T )♮ S(T )
♮.
This commutative diagram shows the admissiblity of the immersions X•≤N,•
⊂
−→
Pex•≤N,• and X•≤N,•
⊂
−→ Pex•≤N,•.
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Let {Sm1}Nm=0 −→ {Sm}
N
m=0 be a morphism of sequences of families of log points.
Then we have a morphism {Sm1}Nm=0 −→ {S
m,
◦
Sm1
}Nm=0. Assume that the morphism
T0 −→ SN factors through a morphism T0 −→ SN1. Then we have the following two
morphisms
{Sm1(T )}
N
m=0 −→ {S
m,
◦
Sm1
(T )}Nm=0
and
{Sm1(T )♮}
N
m=0 −→ {S
m,
◦
Sm1
(T )♮}Nm=0.
Since Nm is an SNCL scheme over Sm0, Nm,S
m,
◦
Sm1,
◦
T0
:= Nm ×Sm S
m,
◦
Sm1,
◦
T 0
is an
SNCL scheme over S
m,
◦
Sm1,
◦
T0
. Using {Nm,S
m,
◦
Sm1,
◦
T0
}Nm=0, we have a family
{X(m)•≤m,S
m,
◦
Sm1,
◦
T0
/S
m,
◦
Sm1,
◦
T 0
}Nm=0
of successive split truncated simplicial SNCL schemes with respect to the sequence
(3.2.1.1). By the argument in this section, we obtain an admissible immersion
ιS◦
S1
: X
•≤N,•,
◦
T0
⊂
−→ Q•≤N,•(3.2.7.5)
over S◦
S1
(T )♮. Consider the fiber product R•≤N,• := P•≤N,•×S(T )♮ (Q•≤N,•×S◦
S1
(T )♮
S(T )♮). Then we have the following commutative diagram
X
•≤N,•,
◦
T0
−−−−→ R•≤N,•y y
X
•≤N,•,S◦
S1
,
◦
T0
−−−−→ Q•≤N,•
over S(T )♮ −→ S◦
S1
(T )♮.
3.3 Iso-zariskian p-adic filtered Steenbrink complexes
Let S −→ S0 be a morphism of p-adic formal PD-families of log points. Let X•≤N/S
be an N -truncated simplicial base change of SNCL schemes augmened to S0. Let
(T,J , δ) be a fine log p-adic formal PD-enlargements of S. Set T0 := Spec
log
T
(OT /J ).
Let the notations be as in (3.1.3) (4). Let E•≤N be a flat quasi-coherent O ◦
X•≤N,T0/
◦
T
-
module (without any other assumptions!). In this section, we generalize results in §1.4
modulo torsion for an admissible immersion of the augmented truncated simplicial
base change of SNCL schemes over a p-adic formal PD-family of log points. That is,
we construct a filtered complex
(Azar,Q(X•≤N,
◦
T0
/S(T ), E•≤N), P ),
which is a generalization of (Azar(X•≤N,
◦
T0
/S(T ), E•≤N), P )⊗LZ Q defined in (1.4.7),
and we calculate grPk Azar,Q(X•≤N,
◦
T0
/S(T ), E•≤N).
As already mentioned, assume that there exists an admissible immersion
ι : X
•≤N,•,
◦
T0
⊂
−→ P•≤N,•(3.3.0.1)
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into a formally log smooth (N,∞)-truncated bisimplicial log formal scheme over
S(T )♮. (By (3.2.7) we have the admissible immersion for a family of successive split
truncated simplicial SNCL schemes.) By the definition of the admissible immersion,
we have the commutative diagram (3.1.4.3).
For an exact closed point s of S, let s0 be the image (with the exact log structure)
of s in S0 by the structural morphism t : S −→ S0. The morphism t induces a
map es : N ≃ (MS0/O
∗
S0
)s0 −→ (MS/O
∗
S)s ≃ N and a locally constant morphism
e : t−1(MS0/O∗S0) −→ MS/O
∗
S . We can regard e as a locally constant function on
◦
S and then regard it as a locally constant function on a formal scheme over
◦
S. Let
τ be a local section of MS which gives a local basis of MS/O∗S. Let θPex•≤N,• be
the pull-back of τ by the composite morphism
◦
Pex•≤N,• −→
◦
T −→
◦
S. As in §1.4,
we define f•≤N : X•≤N,
◦
T0
−→ S(T )♮, fm : X
m,
◦
T0
−→ S(T )♮ (0 ≤ m ≤ N), and
am•,T0 :
◦
X
(k)
m•,T0 −→
◦
Xm•,T0 (0 ≤ m ≤ N, k ∈ N). As in §1.4 again, we define D•≤N,•,
D•≤N,•, D•≤N,•,T (when T is restrictively hollow), E•≤N,• by using the admissible
immersion (3.3.0.1). Because Ω•
Pex•≤N,•/
◦
T
has the filtration P ((1.3.0.1)), we have the
induced filtration P on E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
⊗Z Q. Set
Azar,Q(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij := (E•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex
•≤N,•
/
◦
T
⊗Z Q)/Pj (i, j ∈ N)
(3.3.0.2)
as in (1.4.1.7). We consider the following boundary morphisms of the double complex:
(3.3.0.3)
Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•)i,j+1
(−1)ieθPex
•≤N,•,T
∧
x
Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•)ij
(−1)j+1d
−−−−−−→ Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•)i+1,j
as in (1.4.1.8). Set
Azar,Q(P
ex
•≤N,•/S(T )
♮, E•≤N,•) := s(Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•)••).
As in (1.4.1.9), we have the filtrations P ’s on
Azar,Q(P
ex
•≤N,•/S(T )
♮, E•≤N,•)••
and
Azar,Q(P
ex
•≤N,•/S(T )
♮, E•≤N,•).
Let
(3.3.0.4) π : X
•≤N,•,
◦
T0
−→ X
•≤N,
◦
T0
and
(3.3.0.5) πm : X
m•,
◦
T0
−→ X
m,
◦
T0
(0 ≤ m ≤ N)
be the natural morphisms of ((N, )∞)-truncated (bi)simplicial log schemes over T0.
Then we have the following morphism of ringed topoi:
(3.3.0.6)
πzar : ((X•≤N,•,
◦
T0
)zar, f
−1
•≤N,•(OT )⊗Z Q) −→ ((X•≤N,
◦
T0
)zar, f
−1
•≤N,S(T )♮(OT )⊗Z Q),
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(3.3.0.7) πm,zar : ((X
m•,
◦
T 0
)zar, f
−1
m•(OT )⊗Z Q) −→ ((X
m,
◦
T 0
)zar, f
−1
m (OT )⊗Z Q).
Definition 3.3.1. Let v : T ′ −→ T be a morphism of fine log formal schemes. We
say that v preserves the essential ranks of log structures if, for any point x of T ′, the
pull-back morphism
(MgpT /O
∗
T )v(x) ⊗Z Q −→ (M
gp
T ′ /O
∗
T ′)x ⊗Z Q
is an isomorphism.
Proposition 3.3.2. Let the notations be as in (3.3.1). Then the natural morphism
OT ′ ⊗OT Ω
1
T/
◦
T
⊗Z Q −→ Ω
1
T ′/
◦
T ′
⊗Z Q(3.3.2.1)
is an isomorphism.
Proof. Since
1⊗ u = u−1(u⊗ u) = 0 (u ∈ O∗T )
in Ω1
T/
◦
T
= (OT ⊗ZM
gp
T )/(α(m)⊗m | m ∈MT ), we have the following equalities:
v−1(Ω1
T/
◦
T
)⊗Z Q = OT ⊗ZM
gp
T ⊗Z Q/(α(m)⊗m | m ∈MT )
= v−1(OT )⊗Z v−1(M
gp
T /O
∗
T )⊗Z Q/(α(m)⊗m | m ∈ v
−1(MT ))
= v−1(OT )⊗Z (M
gp
T ′ /O
∗
T ′)⊗Z Q/(α(m)⊗m | m ∈MT ′)
= v−1(OT )⊗ZM
gp
T ′ ⊗Z Q/(α(m)⊗m | m ∈MT ′).
Hence we obtain the following equalities:
OT ′ ⊗OT Ω
1
T/
◦
T
⊗Z Q = OT ′ ⊗v−1(OT ) v
−1(Ω1
T/
◦
T
)⊗Z Q
= OT ′ ⊗ZM
gp
T ′ ⊗Z Q/(α(m)⊗m | m ∈MT ′)
= Ω1
T ′/
◦
T ′
⊗Z Q.
Example 3.3.3. Let S′ −→ S be a morphism of (p-adic formal) family of log points.
Then it is clear that the morphism preserves the ranks of essential ranks of log struc-
tures.
Though the proof of the following lemma is easy, this is one of key lemmas for the
calculation of grPk Azar,Q(P
ex
•≤N,•/S(T )
♮, E•≤N,•).
Lemma 3.3.4. Let Y and T ′ be fine log formal schemes over a fine log formal scheme
T . Set Y ′ := Y ×T T ′. Let q : Y ′ −→ Y be the first projection. Let i be a nonnegative
integer. Assume that Y is formally log smooth over T . Assume also that the natural
morphism
OT ′ ⊗OT Ω
1
T/
◦
T
⊗Z Q −→ Ω
1
T ′/
◦
T ′
⊗Z Q(3.3.4.1)
is an isomorphism. Then the following hold:
(1) The natural morphism
OT ′ ⊗OT Ω
i
Y/
◦
T
⊗Z Q −→ Ω
i
Y ′/
◦
T ′
⊗Z Q(3.3.4.2)
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is an isomorphism.
(2) Let E be a quasi-coherent OY -module. Assume that grPk (E ⊗OY Ω
i
Y/
◦
T
) is a flat
OT -module for any k ∈ Z. Then there exists the following commutative diagram of
exact rows:
(3.3.4.3)
0 −−−−→ OT ′ ⊗OT Pk−1(E ⊗OY Ωi
Y/
◦
T
)⊗Z Q −−−−→ OT ′ ⊗OT Pk(E ⊗OY Ωi
Y/
◦
T
)⊗Z Q
≃
y ≃y
0 −−−−→ Pk−1(q∗(E)⊗OY ′ Ω
i
Y ′/
◦
T ′
)⊗Z Q −−−−→ Pk(q∗(E)⊗OY ′ Ω
i
Y ′/
◦
T ′
)⊗Z Q
−−−−→ OT ′ ⊗OT grPk (E ⊗OY Ω
i
Y/
◦
T
)⊗Z Q −−−−→ 0
≃
y
−−−−→ grPk (q
∗(E)⊗OY ′ Ω
i
Y ′/
◦
T ′
)⊗Z Q −−−−→ 0.
Proof. (1): Let g : Y −→ T and g′ : Y ′ −→ T ′ be the structural morphisms. Consider
the following commutative diagram
0 −−−−→ OT ′ ⊗OT g∗(Ω1
T/
◦
T
)⊗Z Q −−−−→ OT ′ ⊗OT Ω1
Y/
◦
T
⊗Z Q
≃
y y
0 −−−−→ g′∗(Ω1
T ′/
◦
T ′
)⊗Z Q −−−−→ Ω1
Y ′/
◦
T ′
⊗Z Q
−−−−→ OT ′ ⊗OT Ω1Y/T ⊗Z Q −−−−→ 0y
−−−−→ Ω1Y ′/T ′ ⊗Z Q −−−−→ 0.
Because Y (resp. Y ′) is formally log smooth over T (resp. T ′), the upper horizontal
sequence (resp. the lower horizontal sequence) is exact by [Kk2, (3.12)]. Because the
right vertical arrow is an isomorphism by [loc. cit., (1.7)], so is the middle vertical
arrow. Taking the i-times wedge product of the middle vertical arrow, we obtain the
isomorphism (3.3.4.2).
(2): We have the following natural commutative diagram
(3.3.4.4)
OT ′ ⊗OT Pk(E ⊗OY Ωi
Y/
◦
T
)⊗Z Q −−−−→ Pk(q∗(E) ⊗OY ′ Ω
i
Y ′/
◦
T ′
)⊗Z Qy y⋂
OT ′ ⊗OT E ⊗OY Ωi
Y/
◦
T
⊗Z Q −−−−→ q∗(E)⊗OY ′ Ω
i
Y ′/
◦
T ′
⊗Z Q.
By (1) the lower horizontal morphism OT ′⊗OT Ωi
Y/
◦
T
⊗ZQ −→ Ωi
Y ′/
◦
T ′
⊗ZQ in (3.3.4.4)
for the case E = OY is an isomorphism and hence so is the lower horizontal morphism
for any E . It is easy to check that the upper horizontal morphism in (3.3.4.4) is
surjective. By the assumption and the descending induction on k, the left vertical
morphism is injective. Hence the upper horizontal morphism is an isomorphism.
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Let Em• be the flat quasi-coherentO ◦
Xm•,T0/
◦
T
-modules obtained by Em. Let E•i(m)
be the restriction of Em• to (
◦
Y i(m)•/
◦
T )crys through the isomorphism (3.1.4.2):
X
m•,
◦
T 0
∼
−→
l(m)∐
i(m)=1
(Yi(m)• ×S
i(m),
◦
T0
S◦
T 0
).
Set Yi(m)•,S◦
T0
:= Yi(m)• ×S
i(m),
◦
T0
S◦
T 0
and Q
i(m)•,S(T )♮ := Qi(m)• ×Si(m)(T )♮ S(T )
♮
in (3.1.4.3). Let Di(m)• be the log PD-envelope of the immersion Yi(m)•,S◦
T0
⊂
−→
Q
i(m)•,S(T )♮ over (
◦
T ,J , δ) defined in (3.1.4.3). Set Di(m)• := Di(m)•×D(S(T )♮) S(T )
♮.
Let (E•i(m),∇) be the quasi-coherent ODi(m)• -module with integrable connection cor-
responding to ǫ∗
Yi(m)•,S◦
T0
/
◦
T
(E•i(m)). Set (E
•
i(m),∇) := (E
•
i(m),∇)⊗ODi(m)• ODi(m)• . Let
ui(m) : Si(m) −→ S0 be the structural morphism. Set di(m) := deg(ui(m)).
By the functoriality of the Poincare´ residue isomorphism ((1.3.20)), we obtain the
following isomorphism:
Res⊗ idQ : gr
P
k (E
•
i(m) ⊗OQex
i(m)•
Ω•
Qex
i(m)•
/
◦
T
⊗Z Q)
∼
−→ E•i(m) ⊗OQex
i(m)•
Ω•−k
Qex,(k−1)
i(m)•
/
◦
T
⊗Z Q.
(3.3.4.5)
Hence, by (3.3.4) we have the following composite isomorphism
ResQ : gr
P
k (E
•
i(m) ⊗OQex
i(m)•,S(T )♮
Ω•
Qex
i(m)•,S(T )♮
/
◦
T
⊗Z Q)(3.3.4.6)
= grPk (E
•
i(m) ⊗OQex
i(m)•
,S(T )♮
OS(T )♮ ⊗OSi(m)(T )♮
Ω•
Qex
i(m)•
/
◦
T
⊗Z Q)
= E•i(m) ⊗OQex
i(m)•
grPk (Ω
•
Qex
i(m)•
/
◦
T
⊗Z Q)
∼
−→ E•i(m) ⊗OQex
i(m)•
Ω•−k
Qex,(k−1)
i(m)•
/
◦
T
⊗Z Q.
Corollary 3.3.5. Set KT := OT ⊗ZQ. Then the complexes ODmn⊗OPexmn Ω
•
Pexmn/
◦
T
⊗Z
Q, grPk (ODmn ⊗OPexmn Ω
•
Pexmn/
◦
T
) ⊗Z Q (k ∈ N) and Pk(ODmn ⊗OPexmn Ω
•
Pexmn/
◦
T
) ⊗Z Q
consist of locally free KT -modules.
Proof. This immediately follows from (3.3.4.6) and (1.3.15).
Theorem 3.3.6. There exists the following isomorphism
θ := θX
•≤N,
◦
T0
/S(T )♮/S0(T )♮ := eRπzar∗(θPex•≤N,•)∧ :
(3.3.6.1)
RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X•≤N,T0/T
(E•≤N ))⊗Z Q
∼
−→ Rπzar∗(Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•)).
This isomorphism is independent of the choice of an affine N -truncated simplicial
open covering of X
•≤N,
◦
T0
and the choice of an admissible immersion X
•≤N,•,
◦
T0
⊂
−→
P•≤N,• over S(T )♮. In particular, the complex Rπzar∗(Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•))
is independent of the choices above.
3.3. ISO-ZARISKIAN P -ADIC FILTERED STEENBRINK COMPLEXES 267
Proof. Because ι : Xm•
⊂
−→ Pm• is admissble, there exists the diagram (3.1.4.3). By
considering each component of the lower immersion in (3.1.4.3) and by using (3.3.4.6),
the same argument in the proof as that of (1.4.4) shows that (3.3.6.1) is an isomor-
phism. By using (3.1.6), the same argument above also shows the independence.
Lemma 3.3.7. Let Em◦
X
(2j+k)
m,T0
/
◦
T
be the O ◦
X
(2j+k)
m,T0
/
◦
T
-module obtained by Em (0 ≤ m ≤
N). Then there exists the following isomorphism:
grPk Rπm,zar∗(Azar,Q(P
ex
m•/S(T )
♮, Em•) ∼−→(3.3.7.1) ⊕
j≥max{−k,0}
(a
(2j+k)
m∗ Ru ◦
X
(2j+k)
m,T0
/
◦
T∗
(E ◦
X
(2j+k)
m,T0
/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
Xm,T0/
◦
T ))⊗Z Q,
(−1)j+1d){−2j − k}.
Proof. Let a
(k)
• :
◦
X
(k)
m•,T0 −→
◦
Xm•,T0 be the natural morphism of schemes. Set
Di(m)• := Di(m)• ×D(Si(m)(T )♮) ∗Si(m)(T )
♮ and (E•i(m),∇) := (E
•
i(m),∇) ⊗ODi(m)•
ODi(m)• . Let gi(m) : Yi(m),
◦
T 0
−→ Si(m)(T )
♮ and gi(m)• : Y
i(m)•,
◦
T 0
−→ Si(m)(T )
♮ be
the structural morphisms. Let
(3.3.7.2)
πi(m),zar : ((Y
i(m)•,
◦
T 0
)zar, g
−1
i(m)•(OT )⊗Z Q) −→ ((Yi(m),
◦
T 0
)zar, g
−1
i(m)(OT )⊗Z Q)
be the natural morphisms of ringed topoi. By (3.3.4.6) we obtain the following iso-
morphism:
grPk Rπm,zar∗Azar,Q(P
ex
m•/S(T )
♮, Em•)
(3.3.7.3)
∼
−→ Rπm,zar∗grPk Azar,Q(P
ex
m•/S(T )
♮, Em•)
∼
−→
⊕
j≥max{−k,0}
(Rπm,zar∗(· · · −→ grP2j+k+1(E
m• ⊗OPexm• Ω
•+j+1
Pexm•/
◦
T
⊗Z Q){−j},
(−1)j+1d) −→ · · · )
∼
−→
l(m)⊕
i(m)=1
⊕
j≥max{−k,0}
(Rπi(m),zar∗(· · · −→ grP2j+k+1(E
•
i(m) ⊗OQex
i(m)•,S(T )♮
Ω•+j+1
Qex
i(m)•,S(T )♮
/
◦
T
⊗Z Q){−j}, (−1)
j+1d) −→ · · · )
(3.3.4.6),≃
−→
l(m)⊕
i(m)=1
⊕
j≥max{−k,0}
(Rπi(m),zar∗(· · · −→ (E•i(m) ⊗OQex
i(m)•
Ω•−2j−k
Qex,(2j+k)
i(m)•
/
◦
T
⊗Z Q, (−1)
j+1d) −→ · · · ).
∼
−→
⊕
j≥max{−k,0}
Rπm,zar∗a
(2j+k)
m•∗ (Ru ◦
X
(2j+k)
m•,
◦
T0/
◦
T
∗
(E ◦
X
(2j+k)
m•,
◦
T0/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
X
m•,
◦
T
/
◦
T ))⊗Z Q){−2j − k}
=
⊕
j≥max{−k,0}
a
(2j+k)
m∗ (Ru ◦
X
(2j+k)
m,T0
/
◦
T∗
(E ◦
X
(2j+k)
m,T0
/
◦
T
⊗Z ̟
(2j+k)
crys (
◦
Xm,T0/
◦
T ))⊗Z Q){−2j − k}.
Here we have used [NS1, (1.3.4)] to obtain the first isomorphism.
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Theorem 3.3.8. The filtered complex Rπzar∗((Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•), P )) is
independent of the choice of the disjoint union X ′
•≤N,
◦
T0
and the choice of an immer-
sion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over S(T )♮.
Proof. Assume that we are given two admissible immersions
(3.3.8.1) X
•≤N,•,
◦
T0
⊂
−→ P•≤N,•, X ′•≤N,•,
◦
T0
⊂
−→ Q•≤N,•
into (N,∞)-truncated bisimplical log schemes over S(T )♮. By (3.1.6) we may assume
that there exists the following commutative diagram over S(T )♮:
(3.3.8.2)
X
•≤N,•,
◦
T0
⊂
−−−−→ P•≤N,•y y
X ′
•≤N,•,
◦
T0
⊂
−−−−→ Q•≤N,•.
The commutative diagram (3.3.8.2) gives us the following natural morphism
(3.3.8.3)
Rπzar∗(Azar,Q(Qex•≤N,•/S(T )
♮, E•≤N,•), P ) −→ Rπzar∗((Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•), P )).
To prove that the morphism (3.3.8.3) is a filtered isomorphism, it suffices to prove
that the following morphism
(3.3.8.4)
Rπm,zar∗((Azar,Q(Qexm•/S(T )
♮, Em•)), P )) −→ Rπm,zar∗((Azar,Q(Pexm•/S(T )
♮, Em•), P ))
is a filtered isomorphism. By the isomorphism (3.3.7.1), this morphism is a filtered
isomorphism because we have the following formula for 0 ≤ m ≤ N :
grPk Rπm,T,zar∗(Azar,Q(Q
ex
m•/S(T )
♮, Em•)) = grPk Rπm,T,zar∗(Azar,Q(P
ex
m•/S(T )
♮, Em•)).
We finish the proof of (3.3.8).
Definition 3.3.9. We call the filtered direct image
Rπzar∗((Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•), P ))
the iso-zariskian p-adic filtered Steenbrink complex of E•≤N with respect to the mor-
phism (T,J , δ) −→ (S, I, γ). We denote it by
(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ).(3.3.9.1)
When we have to emphasize the morphism T0 −→ S, we denote it by
(Azar,Q((X•≤N/S(T )♮)T0−→S , E
•≤N ), P ).(3.3.9.2)
When E•≤N = O ◦
X•≤N,T0/
◦
T•≤N
, we call (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) the iso-
zariskian p-adic filtered Steenbrink complex of X
•≤N,
◦
T0
/(S(T )♮,J , δ). We denote it
by (Azar,Q(X•≤N,
◦
T0
/S(T )♮), P ).
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Corollary 3.3.10. Assume that T is restrictively hollow with respective to the mor-
phism T0 −→ S. Then there exists the following isomorphism
θ := θX•≤N,T0/T : RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N )) ∼−→ Azar,Q(X•≤N,
◦
T0
/S(T ), E•≤N)
(3.3.10.1)
in D+(f−1•≤N (OT )).
Proof. The proof is the same as that of (1.4.11).
The following is nothing but (3.3.7.1).
Proposition 3.3.11.
grPk Azar,Q(X
m,
◦
T 0
/S(T )♮, E•≤N ) =
⊕
j≥max{−k,0}
(a
(2j+k)
m,T0∗ Ru ◦X(2j+k)m,T0 /
◦
T∗
(E ◦
X
(2j+k)
m,T0
/
◦
T
⊗Z
(3.3.11.1)
̟(2j+k)crys (
◦
Xm,T0/
◦
T ))⊗Z Q, (−1)
j+1d){−2j − k}.
Remark 3.3.12. By using the arguments in this section, we can simplify the proof of
du Bois’ result in ([dB]). Especially we do not need the semistable reduction theorem
and resolution of singularities; de Jong’s semistable reduction theorem is enough. (We
leave the detail to the reader.)
Lemma 3.3.13. Let Y•≤N be an SNCL scheme over S0. Set X•≤N := Y•≤N ×S0 S.
Then there exists a canonical isomorphism
RuY
•≤N,
◦
T0
/S0(T )♮∗(ǫ
∗
Y
•≤N,
◦
T0
/S0(T )♮
(E•≤N ))⊗LZ Q
∼
−→ RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))⊗LZ Q.
(3.3.13.1)
Proof. We may assume that • ≤ N is equal to m for some 0 ≤ m ≤ N . In this case
(3.3.13) immediately follows from the log Poincare´ lemma [Kk2, (6.4)].
Theorem 3.3.14 (Comparison theorem). Let S, S0 and T Let Y•≤N be an SNCL
scheme over S0. Let S −→ S0 be a morphism of family of log points and set X•≤N :=
Y•≤N ×S0 S. Assume that Y•≤N,
◦
T0
has the disjoint union of an affine simplicial open
covering of Y
•≤N,
◦
T0
. Then there exists a canonical filtered isomorphism
(Azar(Y•≤N,
◦
T 0
/S0(T )
♮, E•≤N), P )⊗LZ Q
∼
−→ (Azar,Q(X•≤N,
◦
T 0
/S(T )♮, E•≤N ), P )
(3.3.14.1)
fitting into the following commutative diagram
(3.3.14.2)
Azar(Y•≤N,
◦
T0
/S0(T )
♮, E•≤N )⊗LZ Q
∼
−−−−→
θ
Y
•≤N,
◦
T0
/S0(T )
♮
x≃
RuY
•≤N,
◦
T0
/S0(T )♮∗(ǫ
∗
Y
•≤N,
◦
T0
/S0(T )♮
(E•≤N ))⊗LZ Q
Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N)
θ
X
•≤N,
◦
T0
/S(T )♮/S0(T )
♮
x≃
RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))⊗LZ Q.
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Proof. Let Y
•≤N,•,
◦
T0
be as in §1.2 and let Y
•≤N,•,
◦
T0
⊂
−→ P•≤N,• be an immersion into
a formally log smooth (N,∞)-truncated bisimplicial log formal scheme over S0(T )♮.
Then the immersion Y
•≤N,•,
◦
T0
×S
0,
◦
T0
S◦
T 0
⊂
−→ P•≤N,•×S0(T )♮S(T )
♮ is admissible. Let
D•≤N,• be the log PD-envelope of the immersion Y•≤N,•,
◦
T0
×S
0,
◦
T0
S◦
T 0
⊂
−→ P•≤N,• over
(
◦
T ,J , δ). Then D•≤N,•×D(S0(T )♮)D(S(T )
♮) is the log PD-envelope of this admissible
immersion above over (
◦
T ,J , δ). (Note that the underlying morphism of schemes of the
morphism D(S0(T )♮) −→ D(S(T )♮) is the identity.) Set D•≤N,• := D•≤N,•×D(S0(T )♮)
S0(T )
♮. Then
D•≤N,• ×D(S0(T )♮) D(S(T )
♮)×
D(S(T )♮)
S(T )♮ = D•≤N,• ×D(S0(T )♮) S(T )
♮
= D•≤N,• ×S0(T )♮ S(T )
♮.
Hence the underlying formal scheme of D•≤N,• ×D(S0(T )♮) D(S(T )
♮)×
D(S(T )♮)
S(T )♮
is equal to the underlying formal scheme of D•≤N,•. In particular,
O
D•≤N,•×
D(S0(T )
♮)
D(S(T )♮)×
D(S(T )♮)
S(T )♮
= OD•≤N,•.
Let (E•≤N,•,∇) be theOD•≤N,•-module with integrable connection obtained by E
•≤N .
This is equal to the O
D•≤N,•×
D(S0(T )
♮)
D(S(T )♮)×
D(S(T )♮)
S(T )♮
-module with integrable
connection obtained by E•≤N . Then, by (3.3.3) and (3.3.4), we have the following
equalities:
PkAzar,Q(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij = P2j+k+1(E•≤N,• ⊗OPex
•≤N,•,S(T)♮
Ωi+j+1
Pex
•≤N,•,S(T)♮
/
◦
T
⊗Z Q) + Pj/Pj
(3.3.14.3)
= P2j+k+1(E
•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
T
⊗Z Q) + Pj/Pj
= PkAzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij ⊗Z Q
for k ∈ Z or k =∞. We also have the following commutative diagram:
(3.3.14.4)
Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•)i,j+1 Azar(Pex•≤N,•/S0(T )
♮, E•≤N,•)i,j+1 ⊗Z Q
eθPex
•≤N,•
∧
x≃ ≃xeθPex•≤N,•∧
Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•)ij Azar(Pex•≤N,•/S0(T )
♮, E•≤N,•)ij ⊗Z Q.
Hence the equality (3.3.14.3) induces the isomorphism (3.3.14.1). We also have the
following commutative diagram:
(3.3.14.5)
Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•)ij Azar(Pex•≤N,•/S0(T )
♮, E•≤N,•)ij ⊗Z Q
eθPex
•≤N,•
∧
x≃ ≃xeθPex•≤N,•∧
E•≤N,• ⊗OPex
•≤N,•
Ωi+j+1Pex
•≤N,•
/S(T )♮
⊗Z Q E•≤N,• ⊗OPex
•≤N,•
Ωi+j+1Pex
•≤N,•
/S0(T )♮
⊗Z Q.
This gives the commutative diagram (3.3.14.2).
We leave the reader to the proof that the isomorphism (3.3.14.1) is independent of
the open covering of Y
•≤N,
◦
T0
and the choice of the admissible immersion of Y
•≤N,
◦
T0
because the proof of this is the same as that of (1.4.4).
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3.4 Contravariant functoriality of iso-zariskian p-adic
filtered Steenbrink complexes
Let the notations be as in the previous section. Let S′ be a p-adic formal PD-
family of log points. Let S −→ S′ be a morphism of p-adic formal families of log
points over a morphism u0 : S0 −→ S′0 of p-adic formal families of log points. Let
(T,J , δ) −→ (T ′,J ′, δ′) be a morphism of log p-adic enlargements over the morphism
S −→ S′. Let u : (S(T )♮,J , δ) −→ (S(T )♮,J , δ) be the induced morphism by this
morphism. Let
(3.4.0.1)
X
•≤N,
◦
T0
g•≤N
−−−−→ Y
•≤N,
◦
T ′0y y
S◦
T 0
−−−−→ S′◦
T ′0
⋂y y⋂
S(T )♮
u
−−−−→ S′(T ′)♮
be a commutative diagram of N -truncated simplicial base changes of SNCL schemes
over S◦
T 0
and S′◦
T ′0
augmented to S
0,
◦
T 0
and S′
0,
◦
T ′0
, respectively, such that X
•≤N,
◦
T0
and Y
•≤N,
◦
T ′0
have the disjoint unions X ′
•≤N,
◦
T0
and Y ′
•≤N,
◦
T ′0
of the members of affine
N -truncated simplicial open coverings of X
•≤N,
◦
T0
and Y
•≤N,
◦
T ′0
, respectively, fitting
into the following commutative diagram
(3.4.0.2)
X ′
•≤N,
◦
T0
g′•≤N
−−−−→ Y ′
•≤N,
◦
T ′0y y
X
•≤N,
◦
T0
g•≤N
−−−−→ Y
•≤N,
◦
T ′0
.
As in the previous section, we assume that there exist admissible immersions
X
•≤N,•,
◦
T0
⊂
−→ P ′•≤N,•(3.4.0.3)
and
Y
•≤N,•,
◦
T ′0
⊂
−→ Q•≤N,•(3.4.0.4)
into (N,∞)-truncated bisimplicial formally log smooth schemes over S(T )♮ augmented
to S0(T )♮ and over S′(T ′)♮ augmented to S0(T ′)♮, respectively. Set
P•≤N,• := P ′•≤N,• ×S(T )♮ (Q•≤N,• ×S′(T ′)♮ S(T )
♮).
Then we have the following commutative diagram
(3.4.0.5)
X
•≤N,•,
◦
T0
⊂
−−−−→ P•≤N,•
g•≤N,•
y y
Y
•≤N,•,
◦
T ′0
⊂
−−−−→ Q•≤N,•
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over the morphism S(T )♮ −→ S′(T ′)♮. Consequently we have the following commu-
tative diagram
(3.4.0.6)
X
•≤N,•,
◦
T0
⊂
−−−−→ Pex•≤N,•
g•≤N,•
y y
Y
•≤N,•,
◦
T ′0
⊂
−−−−→ Qex•≤N,•
over the morphism S(T )♮ −→ S′(T ′)♮. Let D•≤N,• and E•≤N,• be the log PD-
envelopes of X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over (
◦
T ,J , δ) and Y
•≤N,•,
◦
T ′0
⊂
−→ Q•≤N,• over
(
◦
T ′,J ′, δ′), respectively. Set E•≤N,• := E•≤N,•×D(S′(T ′)♮) S
′(T ′)♮. Then we have the
natural morphism
(3.4.0.7) gPD•≤N,• : D•≤N,• −→ E•≤N,•.
Hence we have the natural morphism
(3.4.0.8) gPD•≤N,• : D•≤N,• −→ E•≤N,•.
Let E•≤N and F •≤N be flat quasi-coherent crystals of O ◦
X•≤N,T0/
◦
T
-modules and
O ◦
Y •≤N,T ′0
/
◦
T ′
-modules, respectively. Let
◦
g∗•≤N,crys(F
•≤N ) −→ E•≤N(3.4.0.9)
be a morphism of O ◦
X•≤N,T0/
◦
T
-modules. Let T ′0, Y•≤N,
◦
T ′0
and E•≤N,• be the similar
objects to T0, X•≤N,
◦
T0
, D•≤N,•, in §3.3, respectively.
Theorem 3.4.1 (Contravariant functoriality). (1) The morphism g•≤N induces
the following well-defined pull-back morphism
g∗•≤N : (Azar,Q(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P ) −→ Rg•≤N∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
(3.4.1.1)
fitting into the following commutative diagram:
(3.4.1.2)
Azar,Q(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N )
g∗•≤N
−−−−→
θ
Y
•≤N,
◦
T ′
0
/S′(T ′)♮/S′0(T
′)♮
∧x≃
RuY
•≤N,
◦
T′
0
/S′(T ′)♮∗(ǫ∗Y
•≤N,
◦
T′0
/S′(T ′)♮(F
•≤N ))Q
g∗•≤N,
−−−−→
Rg•≤N∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ))
Rg•≤N∗(θX
•≤N,
◦
T0
/S(T)♮/S0(T )
♮∧)
x≃
Rg•≤N∗RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))Q.
(2) Let v : S′ −→ S′′, v0 : S′0 −→ S
′′
0 and h•≤N : Y•≤N −→ Z•≤N be similar
morphisms to u, u0 and g•≤N , respectively. Let (T ′,J ′, δ′) −→ (T ′′,J ′′, δ′′) be a
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morphism of log p-adic PD-enlargements over v. Assume that there exists the disjoint
union Z ′
•≤N,
◦
T ′′0
of the member of an affine simplicial covering Z
•≤N,
◦
T ′′0
and that there
exists an admissible immersion Z
•≤N,•,
◦
T ′′0
⊂
−→ R•≤N,• into a formally log smooth
(N,∞)-truncated bisimplicial log formal scheme over S′′(T ′′)♮. Let G•≤N be a flat
quasi-coherent crystal of O◦
Z•≤N,T ′′0
/
◦
T ′′
-modules. Let
◦
h∗•≤N,crys(G
•≤N ) −→ F •≤N(3.4.1.3)
be a morphism of O ◦
Y •≤N,T′0
/
◦
T ′
-modules. Then
(h•≤N ◦ g•≤N )∗ =Rh•≤N∗(g∗•≤N ) ◦ h
∗
•≤N : (Azar,Q(Z•≤N,
◦
T ′′0
/S′′(T ′′)♮, G•≤N ), P )
(3.4.1.4)
−→ Rh•≤N∗Rg•≤N∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
= R(h•≤N ◦ g•≤N )∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )).
(3)
(3.4.1.5)
id∗X•≤N,T0 = id: (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) −→ (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ).
Proof. We have only to replace deg(u) in the proof of (1.5.2) by deg(u0).
The following is the contravariant functoriality stated in the Introduction.
Corollary 3.4.2. Let the notations be as in (3.3.14). Denote Y
•≤N,
◦
T 0
and X
•≤N,
◦
T0
by Y
1,•≤N,
◦
T 0
and X
1,•≤N,
◦
T0
in this Corollary. Let g•≤N : Y
1,•≤N,
◦
T0
−→ Y
2,•≤N,
◦
T0
be
a morphism of SNCL schemes over S
0,
◦
T 0
. Set X
2,•≤N,
◦
T0
:= Y
2,•≤N,
◦
T0
×
S0,
◦
T 0
S◦
T 0
and g∗•≤N,S◦
T0
:= g∗•≤N ×S
0,
◦
T0
S◦
T 0
. Then the canonical filtered isomorphism (3.3.14.1)
fits into the following commutative diagram:
(3.4.2.1)
(Azar(Y
1,•≤N,
◦
T0
/S0(T )
♮, E•≤N ), P )⊗LZ Q
∼
−−−−→ (Azar,Q(X
1,•≤N,
◦
T0
/S(T )♮, E•≤N ), P )
g∗•≤N
x xg∗•≤N,S◦
T0
(Azar(Y
2,•≤N,
◦
T0
/S0(T )
♮, E•≤N ), P )⊗LZ Q
∼
−−−−→ (Azar,Q(X
2,•≤N,
◦
T0
/S(T )♮, E•≤N ), P )
The morphisms g∗•≤N ’s and g
∗
•≤N,S◦
T0
’s have the transitive relation for the commuta-
tive diagram (3.4.2.1).
Proof. This immediately follows from the construction of g∗•≤N in (3.4.1).
Remark 3.4.3. (3.4.2) tells us that the filtered complexAzar(Y
i,•≤N,
◦
T 0
/S0(T )
♮, E•≤N), P )⊗LZ
Q (i = 1, 2) has the contravariant functoriality for a morphism h•≤N : Y
1,•≤N,
◦
T0
−→
Y
2,•≤N,
◦
T0
over S◦
T 0
not only over S
0,
◦
T0
.
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Definition 3.4.4 (Abrelative Frobenius morphism). Let S, S[p], F
S/
◦
S
: S −→
S[p] and W
S/
◦
S
: S[p] −→ S, (T,J , δ) −→ (T ′,J ′, δ′) be as in (1.5.14). Set X [p]•≤N :=
X•≤N ×S S[p] = X•≤N ×◦
S,
◦
FS
◦
S and X
[p]
•≤N,
◦
T ′0
:= X
[p]
•≤N ×S[p] (S
[p])◦
T ′0
. Let
F arX
•≤N,
◦
T0/S
[p]
◦
T ′0
,S◦
T0
: X
•≤N,
◦
T0
−→ X
[p]
•≤N,
◦
T ′0
and
F arX
•≤N,
◦
T0/S
[p](T ′)♮,S(T )♮
: X
•≤N,
◦
T0
−→ X
[p]
•≤N,
◦
T ′0
be the relative Frobenius morphism over S◦
T 0
−→ (S[p])◦
T ′0
and (S(T )♮,J , δ) −→
(S[p](T ′)♮,J ′, δ′). LetE•≤N andE′•≤N be a quasi-coherent flat crystal ofO ◦
X•≤N,T0/
◦
T
-
modules and a quasi-coherent flat crystal of O ◦
X•≤N,T0/
◦
T
-modules, respectively. Let
Φar :
◦
F ar∗X
•≤N,
◦
T0/S(T)
♮,S[p](T ′)♮,crys
(E′•≤N ) −→ E•≤N(3.4.4.1)
be a morphism of crystals in (
◦
X•≤N,T0/
◦
T )crys. We call the following induced mor-
phism by Φrel
Φar : (Azar,Q(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ), P )(3.4.4.2)
−→ RF arX
•≤N,
◦
T0/S(T )
♮,S[p](T ′)♮
∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
the abrelative Frobenius morphism of
(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ) and (Azar,Q(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ), P ).
When E′•≤N = O ◦
X′
•≤N,T ′0
/
◦
T ′
, we denote (Azar,Q(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ), P ) by
(Azar,Q(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮), P ). Then we have the following abrelative Frobenius mor-
phism
(3.4.4.3)
Φar : (Azar,Q(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮), P ) −→ RF arX
•≤N,
◦
T0/S(T)
♮,S[p](T ′)♮
∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮), P ))
of (Azar,Q(X•≤N,
◦
T0
/S(T )♮), P ) and (Azar,Q(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮), P ).
Proposition 3.4.5 (Frobenius compatibility I). The following diagram is commutative:
(3.4.5.1)
Azar,Q(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ) Φ
ar
−−−−→
θ
X
[p]
•≤N,
◦
T0
/S[p](T ′)♮/S
[p]
0
(T )♮
∧x≃
Ru
X
[p]
•≤N,
◦
T′
0
/S[p](T ′)∗(ǫ
∗
X
[p]
•≤N,
◦
T ′
0
/S[p](T ′)
(E′•≤N)) ⊗LZ Q
Φar
−−−−→
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RF arX
•≤N,
◦
T0/T
∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N )
≃
xRF relX
•≤N,
◦
T0/T
∗(θX
•≤N,
◦
T0
/S(T )♮/S0(T )
♮ )∧
RF arX
•≤N,
◦
T0/S
[p](T ′)♮,S(T )♮
∗RuX
•≤N,
◦
T0
/S(T )♮∗(E•≤N )⊗LZ Q.
The commutative diagram (3.4.5.1) is contravariantly functorial for the morphism
(3.4.0.1) satisfying (3.4.0.2) and for the morphism of F -crystals
◦
F ar∗X
•≤N,
◦
T0/S
[p](T ′)♮,S(T )♮,crys
(E′•≤N ) Φ
ar
−−−−→ E•≤Nx x
◦
g∗•≤N
◦
F ar∗Y
•≤N,
◦
T0/S
[p](T ′)♮,S(T )♮,crys
(F ′•≤N )
◦
g∗•≤N(Φ
ar)
−−−−−−−→
◦
g∗•≤N (F
•≤N ),
where F •≤N is a similar quasi-coherent O ◦
Y •≤N,T0/
◦
T
-module to E•≤N .
Proof. This is a special case of (3.4.1).
Proposition 3.4.6 (Frobenius compatibility II). Assume that T is restrictively
hollow with respective to the morphism T0 −→ S. Assume that the morphism T ′0 −→
S[p] factors through the morphism F
S/
◦
S
: S −→ S[p]. Set X
{p}
•≤N := X•≤N ×S,FS S and
X
{p}
•≤N,
◦
T ′0
:= X
{p}
•≤N ×S,FS S ×S S◦T ′0
. Let
F relX
•≤N,
◦
T0/S◦
T ′
,S◦
T0
: X
•≤N,
◦
T0
−→ X
{p}
•≤N,
◦
T ′0
and
F relX
•≤N,
◦
T0/S(T
′),S(T )
: X
•≤N,
◦
T0
−→ X
{p}
•≤N,
◦
T ′0
be the relative Frobenius morphisms over S◦
T 0
−→ S◦
T ′0
and (S(T )♮,J , δ) −→ (S(T ′)♮,J , δ),
respectively. Let E′′•≤N be the pull-back of E′•≤N to (
◦
X
{p}
•≤N,T0/
◦
T )crys. Let
Φrel :
◦
F rel∗X
•≤N,
◦
T0/S(T
′),S(T ),crys
(E′′•≤N ) −→ E•≤N(3.4.6.1)
be the induced morphism by (3.4.4.1). Then the following diagram is commutative:
(3.4.6.2)
Azar(X
[p]
•≤N,
◦
T ′0
/S[p](T ′)♮, E′•≤N ) Φ
rel
−−−−→ RF relX
•≤N,
◦
T0/T
′T
∗(Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ))
θ∧
x≃ RF relX
•≤N,
◦
T0/T
′T
∗(θ)∧
x≃
Ru
X
{p}
•≤N,T′
0
/T ′∗(ǫ
∗
X
{p}
•≤N,T ′0
/T ′
(E′′•≤N )) Φ
rel
−−−−→ RF relX
•≤N,
◦
T0/T
′,T
∗RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N )).
The commutative diagram (3.4.6.2) is contravariantly functorial for the morphism
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(3.4.0.1) satisfying (3.4.0.2) and for the morphism of F -crystals
◦
F rel∗X
•≤N,
◦
T0/S(T
′),S(T ),crys
(E′•≤N ) Φ
rel
−−−−→ E•≤Nx x
◦
g∗•≤N
◦
F rel∗Y
•≤N,
◦
T0/S(T
′)♮,S(T )♮,crys
(F ′•≤N )
◦
g∗•≤N (Φ
rel)
−−−−−−−→
◦
g∗•≤N (F
•≤N ),
where F •≤N is a similar quasi-coherent O ◦
Y •≤N,T0/
◦
T
-module to E•≤N .
Proof. Because the morphism T0 −→ S[p] is the composite morphism T0 −→ S◦
T 0
−→
S
[p]
◦
T 0
, X
[p]
•≤N,T0 = X
{p}
•≤N,T0 . Consequently
Ru
X
[p]
•≤N,T0
/T∗(ǫ
∗
X
[p]
•≤N,T0
/T
(E′•≤N )) = Ru
X
{p}
•≤N,T0
/T∗(ǫ
∗
X
{p}
•≤N,T0
/T
(E′′•≤N )).
Hence we obtain the commutative diagram (3.4.6.2) by (3.4.5.1) and (1.4.10).
We leave the proof of the functoriality to the reader.
Definition 3.4.7 (Absolute Frobenius endomorphism). Let the notations be as
in (3.4.6). Let
F absX
•≤N,
◦
T0
/S(T )♮ : X•≤N,
◦
T0
−→ X
•≤N,
◦
T0
be the absolute Frobenius endomorphism over FS(T )♮ . Let
Φabs :
◦
F abs∗X
•≤N,
◦
T0/S(T )
♮
,crys(E
•≤N ) −→ E•≤N
be a morphism of crystals in (
◦
X•≤N,T0/
◦
T )crys. Then we call the induced morphism
by Φabs and FS(T )♮
(3.4.7.1)
Φabs : (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) −→ RF absX
•≤N,
◦
T0/S(T )
♮
∗((Azar(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
the absolute Frobenius endomorphism of (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) with re-
spect to FS and FS(T )♮ . When E
•≤N = O ◦
X•≤N,T0/
◦
T
, we have the following absolute
Frobenius endomorphism
(3.4.7.2)
Φabs∗ : (Azar(X•≤N,
◦
T 0
/S(T )♮), P ) −→ RF absX•≤N,T0/T ∗((Azar(X•≤N,
◦
T0
/S(T )♮), P ))
of (Azar(X•≤N,
◦
T0
/S(T )♮), P ) with respect to FS and FS(T )♮ .
Remark 3.4.8. We leave the formulation of the analogue of (3.4.6) for the absolute
Frobenius endomorphism.
Set X := Xm and Y := Ym. Fix m (0 ≤ m ≤ N). As in (1.5.6.4) and (1.5.6.5),
assume that the following two conditions hold:
(3.4.8.1): for any smooth component
◦
Xλ of
◦
XT0 over
◦
T 0, there exists a unique smooth
component
◦
Y µ of
◦
Y T ′0 over
◦
T ′0 such that g induces a morphism gλ :
◦
Xλ −→
◦
Y µ. (Let
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Λ and M be the sets of indices of the λ’s and the µ’s, respectively. We obtain a
function φ : Λ ∋ λ 7−→ µ ∈M .)
(3.4.8.2): there exist positive integers e(λ)’s (λ ∈ Λ) such that there exist local
equations xλ = 0 and yφ(λ) = 0 of
◦
Xλ and
◦
Y φ(λ), respectivley, such that g
∗(yφ(λ)) =
x
e(λ)
λ .
For X := XN and Y := YN , we use the same notations Λ
(k)(g) (k ∈ Z>0), λ =
{λ0, . . . , λk} (λ ∈ Λ(k)(g)),
◦
Xλ,
◦
Y φ(λ),
◦
gλ :
◦
Xλ −→
◦
Y φ(λ) (λ ∈ Λ
(k)(g)), aλ :
◦
Xλ −→
◦
XT0 and bφ(λ) :
◦
Y λ −→
◦
Y T ′0 as the notations after (1.5.8).
For integers j and k such that j ≥ max{−k, 0}, set λ := {λ0, . . . , λ2j+k} ∈
Λ(2j+k)(g). Let
aλcrys : ((
◦
Xλ/
◦
T )crys,O ◦
Xλ,T0/
◦
T
) −→ ((
◦
XT0/
◦
T )crys,O ◦
XT0/
◦
T
)
and
bφ(λ)crys : ((
◦
Y φ(λ),T ′0/
◦
T ′)crys,O ◦
Y φ(λ),T ′
0
/
◦
T ′
) −→ ((
◦
Y T ′0/
◦
T ′)crys,O ◦
Y T ′
0
/
◦
T ′
)
be the induced morphisms of ringed topoi by aλ and bφ(λ), respectively. Set Eλ :=
a∗λcrys(E) and Fφ(λ) := b
∗
φ(λ)crys(F ). Let ̟λcrys(
◦
XT0/
◦
T ) (resp. ̟φ(λ)crys(
◦
Y T ′0/
◦
T ′)) be
the crystalline orientations sheaf in (
◦
Xλ/
◦
T )crys, (resp. (
◦
Y λ/
◦
T ′)crys) similarly defined
in §1.3 for the set {
◦
Xλ0 , . . . ,
◦
Xλ2j+k} (resp. {
◦
Y λ0 , . . . ,
◦
Y λ2j+k}).
Let Z be X or Y . Let µ be λ or φ(λ). Let U be T or T ′. Let G be an O◦
ZU0/
◦
U
-
module. Let G◦
Zµ/
◦
U
be an O◦
Zµ/
◦
U
-module which is the pull-back of G. Consider the
morphism
grPk (g
∗
•≤N ) : gr
P
k Azar,Q(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N) −→ Rg•≤N∗(grPk Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N )).
(3.4.8.3)
Consider the following direct factor of the cosimplicial degreem-part of the morphism
(3.4.8.3):
g∗λ : bφ(λ)∗Ru ◦
Y φ(λ)/T ′∗
(F ◦
Y φ(λ)/
◦
T ′
⊗Z ̟φ(λ)crys(
◦
Y T ′/
◦
T ′0)){−2j − k}(3.4.8.4)
−→ bφ(λ)∗Rgλ∗Ru ◦
Xλ/
◦
T∗
(E ◦
Xλ/
◦
T
⊗Z ̟λcrys(
◦
XT0/
◦
T )){−2j − k}.
Proposition 3.4.9. Let the notations and the assumptions be as above. Let
gλ :
◦
Xλ −→
◦
Y φ(λ)
be the induced morphism by g. Then the morphism g∗λ in (3.4.8.4) is equal to
k∏
j=1
l(N)∑
i(N)=1
deg(ui(N))
j+kbφ(λ)crys∗g∗λ
for k > 0.
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Proof. We use the similar notations to those in the proof of (1.5.9). We have the
following commutative diagram by the proof of (1.5.9) and by using the residue iso-
morphism (3.3.4.6):
(3.4.9.1)
grPk Azar,Q(Y◦T ′0
/S′(T ′)♮, F )
grPk (g
∗)
−−−−−→
Res
◦
Yφ(λ)
y
(b′λ,T ′∗(Fλ,T ′ ⊗O◦
Yφ(λ)
Ω•◦
Yφ(λ)/
◦
T ′
⊗Z ̟φ(λ)zar(
◦
Y/
◦
T ′)Q{−2j − k}, (−1)j+1d)
deg(ui(N))
j+kgPD∗
λ,T ′T
−−−−−−−−−−−−−→
g∗Azar,Q(X ◦
T 0
/S◦
T
, E)yRes◦Xλ
(b′λ∗g∗aλ∗(Eλ ⊗O◦
Xλ
Ω•◦
Xλ/
◦
T
⊗Z ̟λzar(
◦
X/
◦
T )Q{−2j − k}, (−1)j+1d).
We complete the proof.
Let f : X
•≤N,
◦
T0
−→ S(T )♮ be the structural morphism. Let (S(T )♮)•≤N be the
N -truncated constant simplicial log scheme defined by S(T )♮. The morphism f in-
duces the natural morphism f•≤N : X•≤N,
◦
T0
−→ (S(T )♮)•≤N . Then we have the
N -truncated cosimplicial filtered complex
Rf•≤N∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )) ∈ D+F(OT•≤N ⊗Z Q).
Let s : D+F(OT•≤N ⊗Z Q) −→ D
+F(OT ⊗Z Q) be the single complex functor (see
[Nakk4, (2.0.1)] for the convention on the signs of boundary morphisms). Then we
have the following formula in D+F(OT ⊗Z Q):
Rf∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) ∼−→ sRf•≤N∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )).
Let L be the stupid filtration on
Rf•≤N∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N))
with respect to the cosimplicial degree:
LmRf•≤N∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N )) =
⊕
m′≥m
Rfm′,T∗(Azar,Q(X
m′,
◦
T 0
/S(T )♮, Em
′
)).
(3.4.9.2)
Let δ(L, P ) be the diagonal filtration of L and P on
Rf•≤N∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N))
(cf. [D4, (7.1.6.1), (8.1.22)]):
δ(L, P )kRf•≤N,T∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N))(3.4.9.3)
=
⊕
m≥0
Pk+mRfm,T∗(Azar,Q(X
m,
◦
T0
/S(T )♮, Em)).
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Then we have the following by (3.3.7.1):
gr
δ(L,P )
k Rf•≤N∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N )) =
(3.4.9.4)
⊕
m≥0
⊕
j≥max{−(k+m),0}
(a
(2j+k+m)
m∗ (Ru ◦
X
(2j+k+m)
m,T /
◦
T∗
(E ◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z ̟
(2j+k+m)
crys (
◦
Xm,T0/
◦
T )))
(−j − k −m,u){−2j − k − 2m}, (−1)m+j+1d).
Set fX•≤N,T0/T := f ◦ uX•≤N,T0/T . By (3.3.6.1) and (3.4.9.4), we have the following
spectral sequence, which is a generalization of (0.1.2.14):
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T /
◦
T∗
(E ◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z
(3.4.9.5)
̟(2j+k+m)crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u)Q =⇒ R
qfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))Q
(q ∈ Z).
Here (−j − k − m,u) means the twist
∑l(N)
i(N)=1 deg(ui(N))
j+k. More generally, for
k ∈ Z, we have the following spectral sequence
E−k
′,q+k′
1 =
N⊕
m=0
⊕
j≥max{−(k′+m),0}
Rq−2j−k
′−2mf ◦
X
(2j+k′+m)
m,T /
◦
T∗
(E ◦
X
(2j+k′+m)
m,T0
/
◦
T
⊗Z
(3.4.9.6)
̟(2j+k
′+m)
crys (
◦
Xm,T0/
◦
T ))(−j − k′ −m,u)Q
=⇒ RqfX•≤N,T0/T∗(PkAzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ) (k′ ≤ k).
When T is restrictively hollow with respective to the morphism T0 −→ S, then we
have the following spectral sequence by (3.4.9.5) and (1.4.10):
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T /
◦
T∗
(E ◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z
(3.4.9.7)
̟(2j+k+m)crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u)Q =⇒ R
qfX
•≤N,
◦
T0
/T∗(ǫ∗X•≤N,T0/T (E
•≤N ))Q (q ∈ Z).
When
◦
S is of characteristic p > 0, when u : (S(T )♮,J , δ) −→ (S(T )♮,J , δ) is a lift
of FS◦
T0
, when g•≤N is the absolute Frobenius endomorphism of X•≤N,
◦
T0
or the rel-
ative Frobenius morphism of X
•≤N,
◦
T0
−→ X
[p]
•≤N,
◦
T0
and when E•≤N = O ◦
X•≤N,T0/
◦
T
,
we denote (−j − k −m,u) by (−j − k −m) as usual.
Definition 3.4.10. (1) We call the spectral sequence (3.4.9.5) (resp. (3.4.9.7)) the
Poincare´ spectral sequence of ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ) onX
•≤N,
◦
T0
/S(T )♮ (resp. ǫ∗X•≤N,T0/T (E
•≤N )
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on X•≤N,T0/T ). When E•≤N = O ◦
X•≤N,T0/
◦
T
, we call (3.4.9.5) (resp. (3.4.9.7)) the
weight spectral sequence of X
•≤N,
◦
T0
/S(T )♮ (resp. X
•≤N,
◦
T0
/T ).
(2) We usually denote by P (instead of δ(L, P )) the induced filtration on
RqfX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N ))Q
by the spectral sequence (3.4.9.5) by abuse of notation. We call P the Poincare´ filtra-
tion on RqfX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N ))Q. If E•≤N = O ◦
X•≤N,T0/
◦
T
, then we call P
the weight filtration onRqfX
•≤N,
◦
T0
/S(T )♮∗(OX
•≤N,
◦
T0
/S(T )♮)Q (resp.R
qfX•≤N,T0/T∗(OX•≤N,T0/T )Q).
Proposition 3.4.11 (Contravariant functoriality). Let g•≤N be as in (3.4.9).
Let
◦
g
(k)∗
T ′T be the following morphism:
◦
g
(k)∗
T ′T :=
∑
λ∈Λ(k)(g)
◦
g∗λ,T ′T : R
qf ◦
Y
(k)
m,T ′0
/
◦
T ′∗
(F ◦
Y
(k)
m,T ′0
/
◦
T ′
⊗Z ̟
(k)
crys(
◦
Y m,T ′0/
◦
T ′))(3.4.11.1)
−→ Rqf ◦
X
(k)
m,T0
/
◦
T∗
(E ◦
X
(k)
m,T0
/
◦
T
⊗Z ̟
(k)
crys(
◦
Xm,T0/T )).
Then there exists the following morphism of the following spectral sequences:
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T /
◦
T∗
(E ◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z
(3.4.11.2)
̟(2j+k+m)crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u) =⇒ RqfX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))
⊕
m≥0
⊕
j≥max{−(k+m),0}
◦
g(2j+k+m)∗
x xg∗•≤N
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
Y
(2j+k+m)
m,T ′
0
/
◦
T ′
(F ◦
Y
(2j+k+m)
m,T ′0/
◦
T ′
⊗Z
̟(2j+k+m)crys (
◦
Y m,T ′0/
◦
T ′))(−j − k −m,u) =⇒ RqfY
•≤N,
◦
T ′0
/S′(T ′)♮(ǫ
∗
Y
•≤N,
◦
T ′0
/S′(T ′)♮(F
•≤N )).
Proof. The proof is the same as that of (1.5.20).
Let
Gm :
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(E ◦
X
(2j+k+m)
m,T0
/
◦
T
(3.4.11.3)
⊗Z ̟
(2j+k+m)
crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u)Q
−→
⊕
j≥max{−(k+m)+1,0}
Rq−2j−k−2m+2f ◦
X
(2j+k+m−1)
m,T0
/
◦
T∗
(E ◦
X
(2j+k+m−1)
m,T0
/
◦
T
⊗Z
̟(2j+k+m−1)crys (
◦
Xm,T0/
◦
T ))(−j − k −m+ 1, u)Q
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be the obvious analogue of (1.5.20.4).
Let
ρm :
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m,T0
/
◦
T∗
(E ◦
X
(2j+k+m)
m,T0
/
◦
T
⊗Z(3.4.11.4)
̟(2j+k+m)crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u)Q
−→
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m+1)
m,T0
/
◦
T∗
(E ◦
X
(2j+k+m+1)
m,T0
/
◦
T
⊗Z
̟(2j+k+m+1)crys (
◦
Xm,T0/
◦
T ))(−j − k −m,u)Q.
be the obvious analogue of (1.5.20.6). (However note that, on each
◦
N
(2j+k+m)
m , the
ρm in (3.4.11.4) is defined by the replacement of (−1)βι
λmβ∗
λmcrys
by
e
em
(−1)βι
λmβ∗
λmcrys
in
the morphism (1.5.20.6). Here em : MS0/O
∗
S0
−→ MSm/O
∗
Sm
is the locally constant
morphism obtained by the structural morphism Sm −→ S0.
Proposition 3.4.12. Let the notations be as above. Then the obvious analogue of
(1.5.21) holds.
Proof. The proof is the same as that of (1.5.21).
3.5 Filtered base change theorem II
Let the notations be as in the previous section. In this section we prove the filtered
base change theorem of (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ). This is a nontrivial gen-
eralization of (1.6.2) modulo torsion even in the situation in §1.6 because we allow a
ramified base change morphism of log points in this section, while we have not allowed
in (1.6.2).
Proposition 3.5.1. Assume that
◦
T is quasi-compact and that
◦
f :
◦
X•≤N,T0 −→
◦
T 0 is
quasi-compact and quasi-separated. Then Rf∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )) is
isomorphic to a bounded filtered complex of OT -modules.
Proof. By using the spectral sequence (3.4.9.6) instead of (1.5.12.4), the proof is the
same as that of (1.6.1).
Theorem 3.5.2 (Log base change theorem of (Azar,Q, P )). Let the assump-
tions be as in (3.5.1). Let S′ −→ S be a morphism of p-adic formal families of log
points. Let u : (T ′,J ′, δ′) −→ (T,J , δ) be a morphism of log PD-enlargements over
the morphism S′ −→ S. Set T ′0 := Spec
log
T ′
(OT ′/J ′) and Y•≤N := X•≤N ×S S′. Let
f ′ : Y
•≤N,
◦
T ′0
= Y•≤N ×S′ S′◦
T ′0
−→ S′(T ′)♮ be the base change morphism of f by the
morphism S′(T ′)♮ −→ S(T )♮. Let g : Y
•≤N,
◦
T ′0
−→ X
•≤N,
◦
T0
be the induced morphism
by u. Then there exists the following canonical filtered isomorphism
(3.5.2.1)
Lu∗Rf∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )) ∼−→ Rf ′∗((Azar,Q(Y•≤N,
◦
T ′0
/S′(T ′)♮,
◦
g∗(E•≤N )), P ))
in DF(f−1•≤N,T ′(KT ′)), where KT ′ := OT ′ ⊗Z Q.
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Proof. Note that X
•≤N,
◦
T ′0
/S′◦
T ′0
is an N -truncated simplicial base change of SNCL
schemes ((3.1.2)) and that the base change morphism Y
•≤N,•,
◦
T ′0
⊂
−→ P•≤N,•,S′(T ′)♮ is
an admissible immersion ((3.1.4)). We have the natural morphisms P•≤N,•,S′(T ′)♮ :=
P•≤N,• ×S(T )♮ S(T
′)♮ −→ P•≤N,• and D•≤N,•,S(T ′)♮ := D•≤N,• ×S(T )♮ S(T
′)♮ −→
D•≤N,•. Hence we have the following natural morphism
(3.5.2.2)
(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ) −→ Rg∗((Azar,Q(X ′•≤N,
◦
T ′0
/S′(T ′)♮,
◦
g∗(E•≤N )), P )).
By applying Rf∗ to (3.5.2.2) and using the adjoint property of L and R ([NS1,
(1.2.2)]), we have the natural morphism (3.5.2.1). Here we have used the bound-
edness in (3.5.1) for the well-definedness of Lu∗. By using (3.3.5), the rest of the
proof is the same as that of (1.6.2).
Remark 3.5.3. The analogue of (1.6.3) for the filtered complex (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )
holds.
Corollary 3.5.4. Let the notations and the assumptions be as in (3.5.1). Then
Rf∗(PkAzar,Q(X•≤N,
◦
T 0
/S(T )♮, E•≤N )) (k ∈ N)
has finite tor-dimension. Moreover, if
◦
T is noetherian and if
◦
f is proper, then
Rf∗(Pk(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ))) is a perfect complex of KT -modules.
Using [NS1, (2.10.10)], we have the following corollary (cf. [NS1, (2.10.11)]):
Corollary 3.5.5. Let the notations and the assumptions be as in (3.5.4). Then
the filtered complex Rf∗((PkAzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )) is a filtered perfect
complex of KT -modules, that is, locally on Tzar, filteredly quasi-isomorphic to a filtered
strictly perfect complex ([NS1, (2.10.8)]).
Proof. (3.5.5) immediately follows from (3.5.4) and [NS1, (2.10.10)].
Remark 3.5.6. (3.5.5) will be a key ingredient for the proof of the log convergence
of the weight filtration on the log isocrystalline cohomology sheaves. See §5.2 below,
especially the proof of (5.2.3) below.
3.6 p-adic monodromy operators II and modified
weight-filtered log isocrystalline complexes
Let the notations be as in §3.4. Assume that X
•≤N,
◦
T0
has an affine N -truncated
simplicial open covering of X
•≤N,
◦
T0
and that there exists an admissible immersion
X
•≤N,
◦
T0
⊂
−→ P•≤N,• over S(T )♮. Let f•≤N,• : X•≤N,•,
◦
T0
−→ S◦
T 0
⊂
−→ S(T )♮ be the
composite structural morphism. In this section we give analogous results to those in
§1.8 for X•≤N/S in this section. Because the proofs for the analogous results to those
in §1.8 are the same as the proofs in §1.8, we omit the proofs.
First we define the p-adic monodoromy operator and the p-adic quasi-monodoromy
operator forX•≤N/S, a p-adic log PD-enlargement (T,J , δ) of S and a quasi-coherent
flat log crystal F •≤N of O
X•≤N,T0/
◦
T
-modules.
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Let F •≤N be a quasi-coherent flat log crystal ofO
X
•≤N,
◦
T0
/
◦
T
-modules. Set F •≤N :=
ǫ∗X
•≤N,
◦
T0/S(T)
♮
(F •≤N ). Let (F•≤N,•,∇) be before in (1.7.19.9) for F •≤N in the case
Y•≤N = X•≤N . Then the following sequence
0 −→ F•≤N,• ⊗OPex
•≤N,•
Ω•Pex
•≤N,•
/S(T )♮ ⊗Z Q[−1]
eθPex
•≤N,•
∧
−→
(3.6.0.1)
F•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
⊗Z Q −→ F
•≤N,• ⊗OPex
•≤N,•
Ω•Pex•≤N,•/S(T )♮ ⊗Z Q −→ 0
is exact. Let
(3.6.0.2)
F•≤N,• ⊗OPex
•≤N,•
Ω•Pex•≤N,•/S(T )♮ ⊗Z Q −→ F
•≤N,• ⊗OPex
•≤N,•
Ω•Pex•≤N,•/S(T )♮ ⊗Z Q
be the boundary morphism of (3.6.0.1) in the derived category D+(f−1•≤N,•(OT )). This
morphism induces the following morphism by (1.7.23.3):
(3.6.0.3)
NS(T )♮,zar : RuX
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗LZ Q −→ RuX
•≤N,
◦
T0
/S(T )♮∗(F
•≤N )⊗LZ Q.
Definition 3.6.1. We call the morphism (3.6.0.3) the zariskian monodromy opera-
tor of F •≤N (or F •≤N by abuse of terminology). When F
•≤N
= O
X
•≤N,
◦
T0
/
◦
T
, we
call the morphism (3.6.0.3) the zariskian monodromy operator of X
•≤N,
◦
T0
/S(T )♮ for
simplicity.
The following holds as in (1.7.36)
Proposition 3.6.2 (Contravariant functoriality of the p-adic monodromy
operator). Let the notations be as in the p-adic formal version of (1.7.26). Denote
the morphsim u in (1.7.26) by v. Let
(3.6.2.1)
(S(T )♮,J , δ)
u
−−−−→ (S(T )♮,J , δ)
v
y yv
(S′(T ′)♮,J , δ) u
′
−−−−→ (S′(T ′)♮,J , δ)
be a commutative diagram of p-adic formal PD-family of log points. Assume that we
are given the commutative diagram (1.7.27.3) and a similar commutative diagram
(3.6.2.2)
Z ′
•≤N,
◦
T ′0
g′Z
•≤N,
◦
T ′
0−−−−−−→ Z ′′
•≤N,
◦
T ′0y y
Z
•≤N,
◦
T ′0
gZ
•≤N,
◦
T ′0−−−−−−→ Z
•≤N,
◦
T ′0
to (1.7.27.3). Let g•≤N : Y•≤N,
◦
T0
−→ Z
•≤N,
◦
T ′0
be a morphism fitting into a mor-
phism from the commutative (1.7.27.3) to (1.7.36.2). Then the following diagram is
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commutative:
(3.6.2.3)
Rg∗RuY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )⊗LZ Q
N
S(T)♮,zar
−−−−−−−→ Rg∗RuY
•≤N,
◦
T0
/S(T )♮∗(F •≤N )⊗LZ Q(−1, u)
g∗•≤N
x xg∗•≤N
RuZ
•≤N,
◦
T0
/S(T )♮∗(G•≤N )⊗LZ Q
N
S(T)♮,zar
−−−−−−−→ RuZ
•≤N,
◦
T0
/S(T )♮∗(G•≤N )(−1, u′)⊗LZ Q
Proof. This follows from the formal version of (1.7.26.4).
In the rest of this section, we give analogues of the results in §1.8 for
(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ).
Because the proof of these results are the same as those of the results in §1.8, we omit
the proof.
Let E•≤N be as in §3.3. Let
(3.6.2.4) (Azar,Q(P
ex
•≤N,•/S(T )
♮, E•≤N,•)••, P ) −→ (I•≤N,•••, P )
be the (N,∞)-truncated bicosimplicial filtered Godement resolution. Then we have
the following resolution
(s(Azar,Q(P
ex
•≤N,•/S(T )
♮, E•≤N,•)••), P ) −→ (s(I•≤N,•••), P ).
Set (A•≤N,••, P ) := πzar∗((I•≤N,•••, P )). Then
s((A•≤N,••, P )) = (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )
in D+F(f−1•≤N (OT )). Consider the following morphism
νzar(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij := (−1)i+j+1proj :
(3.6.2.5)
(E•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
T
)⊗Z Q/Pj+1 −→ (E
•≤N,• ⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•/
◦
T
)⊗Z Q/Pj+2.
This morphism inuduces a morphism of complexes with the same boundary morphisms
as those in (1.4.1.8). The morphism (3.6.2.5) induces the following morphism
ν˜ijzar := (−1)
i+j+1proj. : A•≤N,ij −→ A•≤N,i−1,j+1
of sheaves of f−1•≤N(OT )-modules. Set
ν˜zar := s(⊕i,j∈Nν˜ijzar).(3.6.2.6)
Let
(3.6.2.7)
νS(T )♮,zar : (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) −→ (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P 〈−2〉)
be a morphism of complexes induced by {νijzar}i,j∈N. The morphism
θPex•≤N,•∧ : (Azar,Q(P
ex
•≤N,•/S(T )
♮, E•≤N,•)ij , P ) −→ (Azar,Q(Pex•≤N,•/S(T )
♮, E•≤N,•)i,j+1, P )
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induces a morphism
θPex•≤N,•∧ : A
•≤N,•ij −→ A•≤N,•i,j+1.
Let g•≤N be the morphism in the beginning of §3.4 for the case Y•≤N,
◦
T ′0
= X
•≤N,
◦
T0
and (T ′,J ′, δ′) = (T,J , δ) and S′ = S fitting into the following commutative diagram:
(3.6.2.8)
X ′
•≤N,
◦
T0
g′•≤N
−−−−→ X ′′
•≤N,
◦
T0y y
X
•≤N,
◦
T0
g•≤N
−−−−→ X
•≤N,
◦
T0y y
S◦
T 0
−−−−→ S◦
T 0
⋂y y⋂
S(T )♮
u
−−−−→ S(T )♮,
where X ′′
•≤N,
◦
T ′0
is another disjoint union of the member of an affine N -truncated sim-
plicial open covering of X
•≤N,
◦
T0
. The morphism (3.6.2.7) is the following morphism
νS(T )♮,zar : (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )(3.6.2.9)
−→ (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P 〈−2〉)(−1, u).
As in (1.8.1) we have the following:
Proposition 3.6.3. The zariskian monodromy operator
NS(T )♮,zar : RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N ))⊗LZ Q(3.6.3.1)
−→ RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N ))⊗LZ Q(−1, u)
is equal to
νzar : Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ) −→ Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N)(−1, u)
via the canonical isomorphism (3.3.6.1).
Corollary 3.6.4. Assume that
◦
X•≤N is quasi-compact. Then the zariskian mon-
odromy operator
NS(T )♮,zar : RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N ))⊗LZ Q(3.6.4.1)
−→ RuX•≤N,T0/T∗(ǫ
∗
X•≤N,T0/T
(E•≤N ))⊗LZ Q(−1, u)
is nilpotent.
Corollary 3.6.5. Let (T ′,J ′, δ′) −→ (T,J , δ) be as in (1.7.35). Then
νS(T )♮,zar ⊗
L
OT OT ′ : Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N )⊗LOT OT ′(3.6.5.1)
−→ Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N )(−1, u)⊗LOT OT ′
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is equal to
νS′(T ′)♮,zar : Azar,Q(X•≤N,
◦
T ′0
/S′(T ′)♮, E•≤N ) −→ Azar,Q(X•≤N,
◦
T ′0
/S′(T ′)♮, E•≤N )(−1, u).
Definition 3.6.6. We call νS(T )♮,zar the zariskian quasi-monodromy operator of ǫ
∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ).
When E•≤N = O ◦
X•≤N,T0/
◦
T
, then we call νS(T )♮,zar the zariskian quasi-monodromy
operator of X
•≤N,
◦
T0
/S(T )♮.
Proposition 3.6.7. Let k be a positive integer and let q be a nonnegative integer.
νkS(T )♮,zar : R
qfT∗(grPk Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ))(3.6.7.1)
−→ RqfT∗(grP−kAzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ))(−k, u)
is the identity if k is even and (−1)h+1 if k is odd.
Proposition 3.6.8. The quasi-monodromy operator
νS(T )♮,zar : Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ) −→ Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N )(−1, u)
underlies the following morphism of filtered morphism
νS(T )♮,zar : (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) −→ (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P 〈−2〉)(−1, u),
where P 〈−2〉 is a filtration defined by (P 〈−2〉)k = Pk−2.
Corollary 3.6.9. The zariskian monodromy operator (3.6.4.1) induces the following
morphism
NS(T )♮,zar : PkRuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))Q −→(3.6.9.1)
Pk−2RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))Q(−1, u).
Set
B•≤N,•ij := A•≤N,•i−1,j(−1, u)⊕A•≤N,•ij (i, j ∈ N)
and
B•≤N,ij := A•≤N,i−1,j(−1, u)⊕A•≤N,ij (i, j ∈ N).
The horizontal boundary morphism d′ : B•≤N,ij −→ B•≤N,i+1,j is, by definition, the
induced morphism d′′• : B•≤N,•ij −→ B•≤N,•,i+1,j defined by the following formula
d′(ω1, ω2) = ((−1)jdω1, (−1)j+1dω2)(3.6.9.2)
and the vertical one d′′ : B•≤N,ij −→ B•≤N,i,j+1 is the induced morphism by a mor-
phism d′′• : B•≤N,•ij −→ B•≤N,•i,j+1 defined by the following formula:
d′′•(ω1, ω2) = ((−1)ieθPex
•≤N,•
∧ ω1 + νS(T )♮,zar(ω2), (−1)
ieθPex
•≤N,•
∧ ω2).(3.6.9.3)
It is easy to check that B•≤N,•• is actually an N -truncated cosimplicial double com-
plex. Let B•≤N,• be the single complex of B•≤N,•• with respect to the last two
degrees.
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Let
µ
X
•≤N,
◦
T0
/
◦
T
: R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ))Q =Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
⊗Z Q)
(3.6.9.4)
−→ B•≤N,•
be a morphism of complexes induced by the following morphisms
µi•≤N,• : E
•≤N,• ⊗OPex
•≤N,•
Ωi
Pex•≤N,•/
◦
T
⊗Z Q −→ E
•≤N,• ⊗OPex
•≤N,•
Ωi
Pex•≤N,•/
◦
T
⊗Z Q/P0⊕
E•≤N,• ⊗OPex
•≤N,•
Ωi+1
Pex
•≤N,•
/
◦
T
⊗Z Q/P0 (i ∈ N)
defined by the following formula
µi•≤N,•(ω) := (ω mod P0, eθPex•≤N,• ∧ ω mod P0) (ω ∈ E
•≤N,• ⊗OPex
•≤N,•
Ωi
Pex•≤N,•/
◦
T
⊗Z Q).
Then we have the following morphism of triangles:
(3.6.9.5)
−−−−→ Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N )[−1] −−−−→
(θ
X
•≤N,
◦
T0
/S(T)♮/S0(T )
♮∧∗)[−1]
x
−−−−→ Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•Pex•≤N,•/S(T )♮ ⊗Z Q)[−1]
Rπzar∗(eθPex
•≤N,•
∧)
−−−−−−−−−−−−−→
B•≤N,• −−−−→
µ
X
•≤N,
◦
T0
/
◦
T
x
Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex
•≤N,•
/
◦
T
⊗Z Q) −−−−→
Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ) +1−−−−→
θ
X
•≤N,
◦
T0
/S(T)♮/S0(T )
♮∧
x
Rπzar∗(E•≤N,• ⊗OPex
•≤N,•
Ω•Pex•≤N,•/S(T )♮ ⊗Z Q)
+1
−−−−→ .
This is nothing but the following diagram of trianlges:
(3.6.9.6)
−−−−→ Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N )[−1] −−−−→
(θ
X
•≤N,
◦
T0
/S(T)♮/S0(T )
♮∧)[−1]
x
−−−−→ RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))Q[−1] −−−−→
B•≤N,• −−−−→
µ
X
•≤N,
◦
T0
/
◦
T
x
R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ))Q −−−−→
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Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ) +1−−−−→
θ
X
•≤N,
◦
T0
/S(T )♮/S0(T )
♮∧
x
RuX
•≤N,
◦
T0
/S(T )♮∗(ǫ∗X
•≤N,
◦
T0
/S(T )♮(E
•≤N ))Q
+1
−−−−→ .
Proposition 3.6.10. Let u : (S(T )♮,J , δ) −→ (S(T )♮,J , δ) and g•≤N : X•≤N,
◦
T0
−→
Y
•≤N,
◦
T ′0
be as in the beginning of §3.4. In particular, assume that we are given the
commutative diagrams (3.4.0.1) and (3.4.0.2). Let u′ : (S′(T ′)♮,J ′, δ′) −→ (S′(T ′)♮,J ′, δ′)
be an analogous morphism to u. Assume that we are given the commutative diagram
(3.6.2.8) and a similar commutative diagram
(3.6.10.1)
Y ′
•≤N,
◦
T ′0
g′Y
•≤N,
◦
T ′0−−−−−−→ Y ′′
•≤N,
◦
T ′0y y
Y
•≤N,
◦
T ′0
gY
•≤N,
◦
T ′0−−−−−−→ Y
•≤N,
◦
T ′0y y
S′◦
T ′0
−−−−→ S′◦
T ′0
⋂y y⋂
S′(T ′)♮ u
′
−−−−→ S′(T ′)♮,
to (3.6.2.8). Denote g•≤N in (3.6.2.8) by gX
•≤N,
◦
T0
. Assume that g•≤N : X•≤N,
◦
T0
−→
Y
•≤N,
◦
T ′0
is a morphism from the commutative (3.4.0.2) to (3.6.10.1). Let
◦
g∗•≤N,crys(F
•≤N ) −→
E•≤N be a morphism of O ◦
X•≤N,T0/
◦
T
-modules in (3.4.0.9). Let F •≤N be a flat quasi-
coherent crystal of O ◦
Y •≤N,T ′0
/
◦
T ′
-modules. Let
◦
g∗•≤N,crys(F
•≤N ) −→ E•≤N
be a morphism of flat quasi-coherent crystals of O
Y
•≤N,
◦
T
/
◦
T
-modules. Then the follow-
ing diagram is commutative:
(3.6.10.2)
Rg•≤N∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P )
ν
S(T )♮,zar
−−−−−−→
g∗•≤N
x
(Azar,Q(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P )
ν
S′(T ′)♮,zar
−−−−−−−→
Rg•≤N∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P 〈−2〉)(−1, u)xg∗•≤N
(Azar,Q(Y•≤N,
◦
T ′0
/S(T )♮, F •≤N ), P 〈−2〉)(−1, u′).
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Set
PkB
•≤N,•ij := PkA•≤N,•i−1,j(−1, u)⊕ PkA•≤N,•ij (i, j ∈ N)
and
PkB
•≤N,ij := PkA•≤N,i−1,j(−1, u)⊕ PkA•≤N,ij (i, j ∈ N).
Then we have a filtered complex (B•≤N,•, P ) in D+F(f−1•≤N (OT )).
Proposition 3.6.11. (1) There exists the following sequence of the triangles in
D+F(f−1•≤N (OT )) :
−→ (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P )[−1] −→ (B•≤N,•, P )
−→ (Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) +1−→ .
(2) The filtred complex (B•≤N,•, P ) is independent of the choice of an affine N -
truncated simplicial open covering of X
•≤N,
◦
T0
and the choice of an (N,∞)-truncated
bisimplicial immersion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over S(T )♮.
(3) The morphism (3.6.9.4) is independent of the choices in (2).
Definition 3.6.12. We call (B•≤N,•, P ) the extended zariskian p-adic filtered Steen-
brink complexes of E•≤N for X
•≤N,
◦
T0
/(S(T )♮,J , δ). We denote it by
(Bzar,Q(X•≤N,
◦
T 0
/S(T )♮, E•≤N ), P ) ∈ D+F(f−1•≤N (OT )).
When E•≤N = O ◦
X•≤N,T0/
◦
T
, we denote (Bzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P ) by
(Bzar,Q(X•≤N,
◦
T0
/S(T )♮), P ).
We call (Bzar,Q(X•≤N,
◦
T0
/S(T )♮), P ) the extended zariskian p-adic filtered Steenbrink
complex of X
•≤N,
◦
T0
/(S(T )♮,J , δ).
Theorem 3.6.13 (Contravariant funcotriality of Bzar). (1) Let g•≤N : X•≤N,
◦
T0
−→
Y
•≤N,
◦
T ′0
be the morphism in the beginning of §3.4. Then g•≤N induces the following
well-defined pull-back morphism
(3.6.13.1)
g∗•≤N : (Bzar,Q(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N ), P ) −→ Rg•≤N∗((Bzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ))
fitting into the following commutative diagram:
(3.6.13.2)
Bzar,Q(Y•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N)
g∗•≤N
−−−−→ Rg•≤N∗(Bzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ))
µ
Y
•≤N,
◦
T ′0
/S′(T ′)♮∧
x≃ Rg•≤N∗(µX
•≤N,
◦
T0
/S(T)♮
∧)
x≃
R˜u
Y
•≤N,
◦
T′
0
/
◦
T ′∗
(ǫ∗
Y
•≤N,
◦
T′
0
/
◦
T ′
(F •≤N ))Q
g∗•≤N
−−−−→ Rg•≤N∗R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ))Q.
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(2)
(h•≤N ◦ g•≤N )∗ =Rh•≤N∗(g∗•≤N ) ◦ h
∗
•≤N : (Bzar,Q(Z•≤N,
◦
T ′′0
/S′′(T ′′)♮, F •≤N ), P )
(3.6.13.3)
−→ Rh•≤N∗Rg•≤N∗(Bzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N), P )
= R(h•≤N ◦ g•≤N)∗(Bzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ).
(3)
(3.6.13.4)
id∗X
•≤N,
◦
T0
= id: (Bzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) −→ (Bzar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ).
Corollary 3.6.14. The isomorphisms (3.3.6.1) and (3.6.9.4) for X
•≤N,
◦
T0
/S(T )♮,
E•≤N and Y
•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N induce a morphism g∗•≤N from (3.6.2.3) for the
case Y•≤N = X•≤N and Z•≤N = Y•≤N there to (3.6.10.2). This morphism satisfies
the transitive relation and id∗X
•≤N,
◦
T0
/S(T )♮ = id.
Theorem-Definition 3.6.15. The following hold:
(1) The filtered complex
Rπzar∗((E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
⊗Z Q, P ))
is independent of the choice of the disjoint union of the member of an affine N -
truncated simplicial open covering of X
•≤N,
◦
T0
and an (N,∞)-truncated bisimplicial
immersion X
•≤N,•,
◦
T0
⊂
−→ P•≤N,• over S(T )♮. Set
(R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ))Q, P ) := Rπzar∗((E•≤N,• ⊗OPex
•≤N,•
Ω•
Pex•≤N,•/
◦
T
⊗Z Q, P )).
We call this filtered complex the modified Poincare´-filtered log isocrystalline complex
of ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ). When E•≤N = O ◦
X•≤N,T0/
◦
T
, we call this filtered complex the
modified Poincare´-filtered log isocrystalline complex of X
•≤N,
◦
T0
/
◦
T .
(2) For each 0 ≤ m ≤ N , there exist the following canonical isomorphisms in
D+(f−1m,T (OT )) :
P0(R˜u
X
m,
◦
T0
/
◦
T∗
(ǫ∗
X
m,
◦
T0
/
◦
T
(Em)))Q
∼
−→MF(a
(0)
∗ Ru ◦
X
(0)
m,T0
/
◦
T∗
(Em◦
X
(0)
m,T0
/
◦
T
⊗Z ̟
(0)
crys(
◦
Xm,T0/
◦
T ))Q
(3.6.15.1)
−→ MF(a
(1)
∗ Ru ◦
X
(1)
m,T0
/
◦
T∗
(Em◦
X
(1)
m,T0
/
◦
T
⊗Z ̟
(1)
crys(
◦
Xm,T0/
◦
T ))Q
−→ · · ·
−→ MF(a
(l)
∗ Ru ◦
X
(l)
m,T0
/
◦
T∗
(Em◦
X
(l)
m,T0
/
◦
T
⊗Z ̟
(l)
crys(
◦
Xm,T0/
◦
T ))Q
−→ · · · · · · ) · · · ),
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grPk (R˜u
X
m,
◦
T0
/
◦
T∗
(ǫ∗
X
m,
◦
T0
/
◦
T
(Em))Q)(3.6.15.2)
∼
−→ a
(k−1)
∗ Ru ◦
X
(k−1)
m,T0
/
◦
T∗
(Em◦
X
(k−1)
m,T0
/
◦
T
⊗Z ̟
(k−1)
crys (
◦
Xm,T0/
◦
T ))Q (k ∈ Z≥1).
(3) (Contravariant functoriality) Let g•≤N be the morphism in the beginning of
§3.4. Then g•≤N induces the following pull-back morphism
g∗•≤N : (R˜u
Y
•≤N,
◦
T′
0
/
◦
T ′∗
(ǫ∗
Y
•≤N,
◦
T ′0
/
◦
T ′
(F •≤N ))Q, P )(3.6.15.3)
−→ Rg•≤N∗((R˜u
X
•≤N,
◦
T0
/
◦
T∗
(ǫ∗
X
•≤N,
◦
T0
/
◦
T
(E•≤N ))Q, P )).
(4) Assume that, for any 0 ≤ m ≤ N , the conditions (3.4.8.1) and (3.4.8.2) hold.
Then the morphism g∗•≤N in (3) depends only on
◦
g•≤N ,
◦
T ′ −→
◦
S′ and
◦
T −→
◦
S.
Proof. The proof is the same as that of (1.7.37).
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Chapter 4
Weight filtrations and slope
filtrations on log isocrystalline
cohomologies
In this chapter we construct a filtered complex, which is a generalization of the fil-
tered Hyodo-Mokrane-Steenbrink complex defined in the chapter II modulo torsion.
To construct this filtered complex, we need to calculate the graded complex of the
Poincare´ filtration on the filtered complex which is the log de Rham-Witt version of
the filtered complex in (3.6.15).
4.1 Iso-zariskian p-adic filtered Steenbrink complexes
via log de Rham-Witt complexes
Let κ, W , s and Wn(s) be as in §2.3. Let κ0, W0, s0 and Wn(s0) be an analogous
objects to κ, W , s and Wn(s), respectively. In this section we denote the sequence
(3.2.1.1) of log points of perfect fields of characteristic p by
(4.1.0.1) s = sN −→ sN−1 −→ · · · −→ s0.
Let g : t −→ s be the morphism of log schemes in §2.3. Set κt := Γ(t,Ot). Let N be
a nonnegative integer or ∞. Let X•≤N be the N -truncated simplicial base change of
SNCL schemes. Let E•≤N be a unit root crystal of O ◦
X•≤N,t/W(
◦
t)
-modules in §3.3 for
the situation above.
In this section we construct a weight filtration onWΩ˜•X
•≤N,
◦
t
and a certain filtered
complex (WAX
•≤N,
◦
t
,Q(E
•≤N ), P ), which is a generalization of the filtered complex
(WAX
•≤N,
◦
t
(E•≤N ) ⊗Z Q, P ), where (WAX
•≤N,
◦
t
(E•≤N ), P ) is a filtered complex de-
fined in §2.4. In this section we prove that there exists a canonical isomorphism
(Azar,Q(X•≤N,
◦
T0
/S(T )♮, E•≤N ), P ) ∼−→ (WAX
•≤N,
◦
t
,Q(E
•≤N ), P )(4.1.0.2)
in the case where S = s and T =W(t).
First we consider the case N = 0.
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Proposition 4.1.1. Let s′ −→ s be a morphism of log points of perfect fields of
characteristic p > 0. Set κ′ := Γ(s′,Os′) and let W ′ be the Witt ring of κ′. Assume
that the morphism t −→ s factors through this morphism. Let Y be a fine log smooth
integral scheme over s. Set Y ′ := Y ×s s′. Then the canonical morphism
W(κt)⊗W WΩ˜iY ⊗Z Q −→W(κt)⊗W′ WΩ˜
i
Y ′ ⊗Z Q(4.1.1.1)
is an isomorphism.
Proof. It suffices to prove that the canonical morphism
W ′ ⊗W WΩ˜iY ⊗Z Q −→WΩ˜
i
Y ′ ⊗Z Q
is an isomorphism. Set θ = d log τ and θ′ = d log τ ′, where τ and τ ′ are global sections
Ms andMs′ whose images inMs/O
∗
s andMs′/O
∗
s′ are generators. Then the morphism
N = Ms/O∗s −→ Ms′/O
∗
s′ = N is a multiplication for a positive integer e
′. Then we
have the following commutative diagram of exact sequences by (2.2.3):
(4.1.1.2)
0 −−−−→ WΩ•Y ′ [−1]
θ′∧
−−−−→ WΩ˜•Y ′ −−−−→
e′×
x x
0 −−−−→ W ′ ⊗W WΩ•Y [−1]
θ∧
−−−−→ W ′ ⊗W WΩ˜•Y −−−−→
WΩ•Y ′ −−−−→ 0x
W ′ ⊗W WΩ•Y −−−−→ 0
is exact. By (2.1.1) the morphismW ′⊗WWΩ•Y −→WΩ
•
Y ′ is an isomorphism. Hence,
by (4.1.1.2), we see that (4.1.1.1) is an isomorphism.
LetX/s be a base change of SNCL schemes defined in (3.1.1) (1). Let the notations
be as in (3.1.3.1) and (3.1.3.2) in the case N = 0. Set
PkWΩ˜
i
X◦
t
,Q := Rπzar∗(H
i(PkΩ
•
Pex• /W ⊗Z Q)).
It is clear that
WΩ˜iX◦
t
,Q := P∞WΩ˜
i
X◦
t
,Q =WΩ˜
i
X◦
t
⊗Z Q,(4.1.1.3)
where WΩ˜iX is the sheaf in (2.2.0.1).
Proposition 4.1.2. There exists the following residue isomorphism
Res: PkWΩ˜
•
X◦
t
,Q −→ a
(k−1)
∗ (WΩ•−k◦
X
(k−1)
t
⊗Z ̟
(k−1)
zar (
◦
Xt/
◦
t))⊗Z Q (k ∈ Z≥1)
(4.1.2.1)
fitting into the following exact sequence
0 −→Pk−1WΩ˜•X◦
t
,Q −→ PkWΩ˜
•
X◦
t
,Q
Res
−→ a
(k−1)
∗ (WΩ•−k◦
X
(k−1)
t
⊗Z ̟
(k−1)
zar (
◦
Xt/
◦
t))⊗Z Q −→ 0.
(4.1.2.2)
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Proof. Set κi := Γ(si,Osi). Let Q
ex
i• (1 ≤ i ≤ l) be the log scheme in (3.1.3). By the
functoriality of the Poincare´ residue isomorphism ((1.3.20)), we obtain the following
exact sequence:
0 −→ Pk−1Ω•Qexi•/W(
◦
t)
⊗Z Q −→ PkΩ
•
Qexi•/W(
◦
si)
⊗Z Q −→ Ω
•−k
Qex,(k−1)i• /W(
◦
si)
⊗Z Q −→ 0.
(4.1.2.3)
As in [Mo, 1.2] we may assume that this sequence is split. Hence the following
sequence is also split:
0 −→
l⊕
i=1
W(κt)⊗W(κi) Pk−1(E
• ⊗OQex
i•
Ω•Qexi•/W(
◦
si)
)⊗Z Q(4.1.2.4)
−→
l⊕
i=1
W(κt)⊗W(κi) Pk(E
• ⊗OQex
i•
Ω•Qexi•/W(
◦
si)
)⊗Z Q
−→
l⊕
i=1
W(κt)⊗W(κi) E
• ⊗OQex
i•
Ω•−kQex,(k−1)i• /W(
◦
si)
⊗Z Q −→ 0.
By (4.1.1) this is isomorphic to the following split exact sequence
0 −→ Pk−1Ω•Qexi•/W ⊗Z Q −→ PkΩ
•
Qexi•/W ⊗Z Q −→ gr
P
k (Ω
•−k
Qex,(k−1)i• /W
⊗Z Q) −→ 0.
Taking the cohomologies of the exact sequence above, we obtain the exact sequence
(4.1.2.2).
Corollary 4.1.3. The sheaf PkWΩ˜iX◦
t
,Q (k ∈ N) is well-defined.
Proof. (4.1.3) follows from (4.1.1.3), (4.1.2) and the descending induction.
Proposition 4.1.4. There exists the following canonical functorial isomorphism
P0(WnΩ˜
i
X◦
t
,Q)
∼
−→Hi[MF(a
(0)
∗ (WnΩ•◦
X
(0)
t ,Q
⊗Z ̟
(0)
zar(
◦
Xt0/
◦
t))(4.1.4.1)
−→ MF(a
(1)
∗ (WnΩ•◦
X
(1)
t ,Q
⊗Z ̟
(1)
zar(
◦
Xt0/
◦
t))
−→ · · ·
−→ MF(a
(m)
∗ (WnΩ•◦
X
(m)
t ,Q
⊗Z ̟
(m)
zar (
◦
Xt0/
◦
t))
−→ · · · · · · ) · · · )].
Proof. This follows from (3.6.15.1) and [I2, II, (1.4)].
We have theN -truncated cosimplicial log de Rham-Witt complex (E•≤N∞ ⊗W(OX
•≤N,
◦
t
)
WΩ˜•X
•≤N,
◦
t
, P ) associated to X•≤N,◦t/W(s◦t) and E
•≤N . Let θ•≤N ∈ WΩ˜1X
•≤N,
◦
t
be the
1-form essentially defined in [Mo, 3.4] by using θPex•≤N,• in §3.3. Set
θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
) := eθ•≤N
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and
WAX
•≤N,
◦
t
,Q(E
•≤N )ij :=E•≤N∞ ⊗W(OX
•≤N,
◦
t
)WΩ˜
i+j+1
X
•≤N,
◦
t
⊗Z Q
(4.1.4.2)
/Pj(E
•≤N
∞ ⊗W(OX
•≤N,
◦
t
)WΩ˜
i+j+1
X
•≤N,
◦
t
)⊗Z Q (i, j ∈ N).
We consider the following boundary morphisms of the double complex
(4.1.4.3)
WAX
•≤N,
◦
t
,Q(E
•≤N )i,j+1x(−1)iθX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧
WAX
•≤N,
◦
t
,Q(E
•≤N )ij
(−1)j+1d
−−−−−−→ WAX
•≤N,
◦
t
,Q(E
•≤N )i+1,j .
Then WAX
•≤N,
◦
t
,Q(E
•≤N )•• becomes an N -truncated cosimplicial double complex of
f−1•≤N(K0(κt))-modules, where K0(κt) := Frac(W(κt)). Let WAX
•≤N,
◦
t
,Q(E
•≤N ) be
the single complex of WAX
•≤N,
◦
t
,Q(E
•≤N )••.
Proposition 4.1.5. The following morphism
(4.1.5.1) θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧ : WΩ
i
X•≤N,t
(E•≤N )⊗ZQ −→WAX
•≤N,
◦
t
,Q(E
•≤N )i•
is a quasi-isomorphism. Hence the following morphism
(4.1.5.2)
θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧ : E
•≤N
∞ ⊗W(OX•≤N,t)WΩ
•
X•≤N,t
⊗ZQ −→WAX
•≤N,
◦
t
,Q(E
•≤N )
is a quasi-isomorphism.
Proof. By using (4.1.1), the same proof as that of [Mo, 3.15.1] and [Nakk2, (6.29)]
works.
We endow WAX
•≤N,
◦
t
,Q(E
•≤N ) with a filtration P as follows:
PkWAX
•≤N,
◦
t
,Q(E
•≤N )ij := Im(P2j+k+1(E•≤N ⊗W(OX
•≤N,
◦
t
)WΩ˜
i+j+1
X
•≤N,
◦
t
)⊗Z Q
(4.1.5.3)
−→WAX
•≤N,
◦
t
,Q(E
•≤N )ij).
Let (WAX
•≤N,
◦
t
,Q(E
•≤N ), P ) be the filtered single complex of the filtered double com-
plex (WAX
•≤N,
◦
t
,Q(E
•≤N )••, P ).
Definition 4.1.6. We call the filtered complex (WAX
•≤N,
◦
t
,Q(E
•≤N ), P ) the filtered
Hyodo-Mokrane-Steenbrink complex of X•≤N,◦t/s◦t and E
•≤N .
Recall that κt = Γ(t,Ot). As in (3.3.7), we have the following formula by using
(4.1.2.2):
grPkWAXm,t,Q(E
•≤N ) ∼−→
⊕
j≥max{−k,0}
(a
(2j+k)
m,t∗ (Ru ◦
X
(2j+k)
m,t /W(κt)∗
(E ◦
X
(2j+k)
m,t /W(κt)
(4.1.6.1)
⊗Z ̟
(2j+k)
crys (
◦
Xm,t/W(κt))))⊗Z Q, (−1)
j+m+1d){−2j − k}.
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Hence, as in §2.3, we obtain the following exact sequence:
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−2j−k−2m((
◦
X
(2j+k+m)
m,t /W(κt))crys, E ◦
X
(2j+k+m)
m,t /W(κt)
(4.1.6.2)
⊗Z ̟
(2j+k+m)
crys (
◦
Xm,t/Wn))(−j − k −m,u)Q
=⇒ Hq((X•≤N,t/W(t))crys, ǫ∗X•≤N,t/W(t)(E
•≤N ))Q (n ∈ Z>0).
The following is the main result in this section:
Theorem 4.1.7 (Comparison theorem I). Let N be a nonnegative integer. Then
the following hold:
(1) In D+F(f−1•≤N (K0(κt))) there exists the following canonical isomorphism:
(Azar,Q(X•≤N,◦t/W(s◦t), E
•≤N ), P ) ∼−→ (WAX
•≤N,
◦
t
,Q(E
•≤N ), P ).(4.1.7.1)
Let t′ −→ s′ be an analogous morphism to t −→ s. The isomorphism (4.1.7.1) is
contravariantly functorial for the commutative diagrams for (3.4.0.1) and (3.4.0.2)
for the case S =W(s) snd S′ =W(s′) and the following commutative diagram
t −−−−→ t′y y
s −−−−→ s′,
where we assume the existence of the immersion (3.4.0.4).
(2) The isomorphism (4.1.7.1) forgetting the filtrations fits into the following com-
mutative diagram:
(4.1.7.2)
Azar,Q(X•≤N,◦t/W(s◦t), E
•≤N )
(4.1.5.2), ≃
−−−−−−−−→
θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧
x≃
RuX•≤N,t/W(t)∗(ǫ
∗
X•≤N,t/W(t)(E
•≤N ))⊗Z Q
∼
−−−−→
WAX
•≤N,
◦
t
,Q(E
•≤N )
≃
xθX•≤N,◦t/W(s◦t)/W(s0,◦t )∧
(ǫ∗X•≤N,t/W(t)(E
•≤N ))W(t) ⊗W(OX•≤N,t) WΩ
•
X•≤N,t
⊗Z Q.
Proof. In this proof we construct only the morphism (4.1.7.1) because the rest of the
proof is almost the same as that of (2.3.26).
Replace the immersion X ′
N,
◦
t
⊂
−→ P ′N in (2.3.26) with an immersion X
′
N,
◦
t
⊂
−→
P ′N into a formally log smooth scheme over W(s◦t). Then we have immersions
X•≤N,•,◦t
⊂
−→ P•≤N,• and X•≤N,•,◦t
⊂
−→ P•≤N,• into formally log smooth (N,∞)-
truncated bisimplicial formal log schemes over W(s◦
t
) and W(s◦
t
), respectively. Let
D•≤N,• be the p-adic completion of the log PD-envelope of the immersionX•≤N,•,◦t
⊂
−→
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P•≤N,• over (W(
◦
t), pW , [ ]). Let Pex•≤N,• be the exactification of the immersion
X•≤N,•,◦t
⊂
−→ P•≤N,•. Set P•≤N,•,n := P•≤N,• mod pn. SetD•≤N,• := D•≤N,•×D(W(s◦
t
))
W(s◦
t
). Let E•≤N,• be a crystal of O ◦
X•≤N,•,t/W(
◦
t)
-modules obtained by E•≤N . Let
(E•≤N,•,∇) be the coherent OD•≤N,•-module with integrable connection obtained by
ǫ∗
X
•≤N,•,
◦
t
/W(◦t)
(E•≤N,•). Set (E•≤N,•,∇) := (E•≤N,•,∇) ⊗O
D(W(s◦
t
))
W . Because we
have the following commutative diagrams
(4.1.7.3)
(E•≤N,•⊗OPex
•≤N,•
Ωi+j+2
Pex•≤N,•,n/Wn(
◦
t)
/Pj+1, P ) −−−−→
d
x
(E•≤N,•⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•,n/Wn(
◦
t)
/Pj+1, P ) −−−−→
(E•≤N,•n ⊗Wn(OX
•≤N,•,
◦
t
)WnΩ˜
i+j+2
X
•≤N,•,
◦
t
/Pj+1, P )xd
(E•≤N,•n ⊗Wn(OX
•≤N,•,
◦
t
)WnΩ˜
i+j+1
X
•≤N,•,
◦
t
/Pj+1, P ),
(4.1.7.4)
(E•≤N,•⊗OPex
•≤N,•
Ωi+j+2
Pex•≤N,•,n/Wn(
◦
t)
/Pj+2, P ) −−−−→
eθPex
•≤N,•
∧
x
(E•≤N,•⊗OPex
•≤N,•
Ωi+j+1
Pex•≤N,•,n/Wn(
◦
t)
/Pj+1, P ) −−−−→
(E•≤N,•n ⊗Wn(OX
•≤N,•,
◦
t
)WnΩ˜
i+j+2
X
•≤N,•,
◦
t
/Pj+2, P )xeθPex•≤N,•∧
(E•≤N,•n ⊗Wn(OX
•≤N,•,
◦
t
)WnΩ˜
i+j+1
X
•≤N,•,
◦
t
/Pj+1, P )
as in the proof of (2.3.26) and because these commutative diagrams are compatible
with projections, we have the following filtered morphism
(4.1.7.5) (Azar,Q(P
ex
•≤N,•,◦t
/W(t), E•≤N ), P ) −→ (WAX
•≤N,•,
◦
t
,Q(E
•≤N ), P ).
Applying Rπzar∗ to (4.1.7.5), we have the filtered morphism (4.1.7.1). The rest of the
proof is the same as that of (2.3.26).
Theorem 4.1.8 (Contravariant functoriality). (1) Let the notations be as in
(3.4.1), where S = W(s), S′ = W(s′), T = W(t) and T ′ = W(t′) (s′ is the
log point of a perfect field of characteristic p and t and t′ are fine log schemes
whose underlying schemes are the spectrums of perfect fields of characteristic p). Let
◦
g∗crys(E
•≤N ) −→ F •≤N be the morphism in (3.4.0.9) for the case above. Then g•≤N
induces the following well-defined pull-back morphism
g∗•≤N : (WAY
•≤N,
◦
t′
,Q(F
•≤N ), P ) −→ Rg•≤N∗(WAX
•≤N,
◦
t
,Q(E
•≤N ), P )(4.1.8.1)
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fitting into the following commutative diagram:
(4.1.8.2)
WAY
•≤N,
◦
t′
,Q(F
•≤N )
g∗•≤N
−−−−→
θY
•≤N,
◦
t′
/W(s′◦
t′
)/W(s′
0,
◦
t′
)∧
x≃
RuY•≤N,t′/W(t′)∗(ǫ
∗
Y•≤N,t′/W(t′)(F
•≤N ))Q
g∗•≤N
−−−−→
Rg•≤N∗(WAX
•≤N,
◦
t
,Q(E
•≤N ))
≃
xRg•≤N∗(θX•≤N,◦t/W(s◦t)/W(s0,◦t )∧)
Rg•≤N∗RuX•≤N,t/W(t)∗(ǫ
∗
X•≤N,t/W(t)(E
•≤N ))Q.
(2) Let the notations be as in (1). Let s′′, t′′, S′′ = W(s′′) and T ′′ = W(t′′) be
similar objects to s′, t′, S′ =W(s′) and T ′ =W(t′), respectively. Let v : s′ −→ s′′ be
similar morphism to u. Let h•≤N : Y•≤N,◦t′ −→ Z•≤N,◦t′′ be a similar morphism over
v : s′ −→ s′′ to g•≤N : X•≤N,◦t −→ Y•≤N,◦t′ . Let
◦
h∗•≤N,crys(G
•≤N ) −→ F •≤N(4.1.8.3)
be as in (3.4.0.9). Then
(h•≤N ◦ g•≤N )∗ = Rh•≤N∗(g∗•≤N ) ◦ h
∗
•≤N : (WAZ
•≤N,
◦
t′′
(G•≤N ), P ) −→
(4.1.8.4)
Rh•≤N∗Rg•≤N∗(WAX
•≤N,
◦
t
(E•≤N ), P ) = R(h•≤N ◦ g•≤N )∗(WAX
•≤N,
◦
t
(E•≤N ), P ).
(3)
(4.1.8.5) id∗X
•≤N,
◦
t
= id: (WAX
•≤N,
◦
t
(E•≤N ), P ) −→ (WAX
•≤N,
◦
t
(E•≤N ), P ).
Proof. It is much easier than the proofs of (1.5.2) and (1.5.6). We leave the detail of
the proof to the reader.
Let i be a fixed nonnegative integer. Let N be a nonnegative integer. We con-
clude this section by constructing a preweight spectral sequence of E•≤N⊗W(OX
•≤N,
◦
t
)
WΩiX
•≤N,
◦
t
⊗Z Q and describing the boundary morphisms between the E1-terms of
the spectral sequence.
The proof of the following is the same as that of (2.3.33):
Theorem 4.1.9. There exists the following spectral sequence:
E−k,q+k1 =
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−i−j−m(
◦
X
(2j+k+m)
m,t , (E
m
◦
X
(2j+k+m)
m,t /W(t)
)
W(
◦
X
(2j+k+m)
m,t )
(4.1.9.1)
⊗W(O ◦
X
(2j+k+m)
m
)WΩ
i−j−k−m
◦
X
(2j+k+m)
m
⊗Z Q⊗Z ̟
(2j+k+m)
zar (
◦
Xm,t/
◦
t)))(−j − k −m,u)
=⇒ Hq−i(X•≤N,t, E•≤N∞ ⊗W(OX•≤N,t)WΩ
i
X•≤N,t
⊗Z Q) (q ∈ Z).
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Definition 4.1.10. We call (4.1.9.1) the weight spectral sequence of E•≤N∞ ⊗W(OX•≤N,t)
WΩiX•≤N,t⊗ZQ. We define the weight filtration P onH
q−i(X•≤N,t, E•≤N∞ ⊗W(OX•≤N,t)
WΩiX•≤N,t) as follows:
grPkH
q−i(X•≤N,t, E•≤N∞ ⊗W(OX•≤N,t)WΩ
i
X•≤N,t
⊗Z Q) = E
q−k,k
∞ .
As in (1.5.21), we have the following:
Proposition 4.1.11. The boundary morphism between the E1-terms of the spectral
sequence (4.1.9.1) is given by the following diagram:
(4.1.11.1)
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−i−j−m(
◦
X
(2j+k+m)
m+1,t , (E
m+1
◦
X
(2j+k+m)
m+1,t /W(t)
)
W(
◦
X
(2j+k+m)
m+1,t )
⊗W(O ◦
X
(2j+k+m)
m+1,t
)WΩ
i−j−k−m
◦
X
(2j+k+m)
m+1,t
))⊗Z ̟
(2j+k+m)
zar (
◦
Xm+1,t/
◦
t))(−j − k −m,u)Q
m+1∑
i=0
(−1)iδij ↑ (1 ≤ j ≤ r)
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−i−j−m(
◦
X(2j+k+m)m , (E
m
◦
X
(2j+k+m)
m,t /W(t)
)
W(
◦
X
(2j+k+m)
m,t )
⊗W(O ◦
X
(2j+k+m)
m
)WΩ
i−j−k−m
◦
X
(2j+k+m)
m
⊗Z ̟
(2j+k+m)
zar (
◦
Xm,t/
◦
t))(−j − k −m,u)Q
∑
j≥max{−(k+m),0}
(−1)m[(−1)jGm{−2j − k + 1}+ (−1)j+k+mρm{−2j − k}] ↓
N⊕
m=0
⊕
j≥max{−(k+m)+1,0}
Hq−i−j−m+1(
◦
X
(2j+k+m−1)
m,t , (E
m
◦
X
(2j+k+m−1)
m,t /W(t)
)
W(
◦
X
(2j+k+m−1)
m,t )
⊗W(O ◦
X
(2j+k+m−1)
m,t
)WΩ
i−j−k−m+1
◦
X
(2j+k+m−1)
m,t
⊗Z ̟
(2j+k+m−1)
zar (
◦
Xm,t/
◦
t))(−j − k −m+ 1, u)Q
Here Gm is the Cˇech-Gysin morphism in Hodge-Witt cohomologies [Nakk2, (4.4.2)]
which is defined analogously as in (1.5.20.4) and ρm is the morphism obtained by
the pull-back of the closed immersions in Hodge-Witt cohomologies which is defined
analogously as in (3.4.11.4).
By (2.4.3.3) we have the following exact sequence
0 −→E•≤N∞ ⊗W(OX•≤N,t) WΩ
•
X•≤N,t
⊗Z Q(−1, u)[−1]
θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧
−→
(4.1.11.2)
E•≤N∞ ⊗W(OX•≤N,t) WΩ˜
•
X
•≤N,
◦
t
⊗Z Q −→ E
•≤N
∞ ⊗W(OX•≤N,t) WΩ
•
X•≤N,t
⊗Z Q −→ 0.
Using the extension (4.1.11.2), we have the following boundary morphism
e−1NdRW : E•≤N∞ ⊗W(OX•≤N,t)WΩ
•
X•≤N,t
⊗ZQ −→ E
•≤N
∞ ⊗W(OX•≤N,t)WΩ
•
X•≤N,t
⊗ZQ.
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Definition 4.1.12. We call e−1NdRW the reverse de Rham-Witt monodromy operator
of X•≤N,t/t.
Let
(4.1.12.1) νdRW : WAX
•≤N,
◦
t
,Q(E
•≤N ) −→WAX
•≤N,
◦
t
,Q(E
•≤N )(−1, u)
be the induced morphism by morphisms
(−1)i+j+1proj. : WAX
•≤N,
◦
t
,Q(E
•≤N )ij −→WAX
•≤N,
◦
t
,Q(E
•≤N )i−1,j+1.
Note that νdRW is actually a morphism of complexes.
Definition 4.1.13. We call νdRW the reverse de Rham-Witt quasi-monodromy oper-
ator.
We omit the proofs of the following propositions and corollaries because we have
only to make suitable modifications of proofs in in §1.8.
Proposition 4.1.14. The following diagram is commutative:
(4.1.14.1)
Rg•≤N∗(E•≤N ⊗W(OX•≤N,t) WΩ
•
X•≤N,t
⊗Z Q)
e−1NdRW−−−−−−→ Rg•≤N∗(E•≤N ⊗W(OX•≤N,t) WΩ
•
X•≤N,t
⊗Z Q)
g∗•≤N
x xg∗•≤N
F •≤N ⊗W(OY•≤N,t′) WΩ
•
X•≤N,t
⊗Z Q
e−1NdRW−−−−−−→ F •≤N ⊗W(OY•≤N,t′) WΩ
•
Y•≤N,t′
⊗Z Q
Proposition 4.1.15. Let k be a positive integer and let q be a nonnegative integer.
Then
νkdRW : R
qf∗(grPkWAX
•≤N,
◦
t
,Q(E
•≤N )) −→ Rqf∗(grP−kWAX
•≤N,
◦
t
,Q(E
•≤N ))(−k, u)
(4.1.15.1)
is the identity if k is even and (−1)q+1 if k is odd.
Proposition 4.1.16. The quasi-monodromy operator
νdRW : WAX
•≤N,
◦
t
,Q(E
•≤N ) −→WAX
•≤N,
◦
t
,Q(E
•≤N )(−1, u)
underlies the following morphism of filtered morphism
νdRW : (WAX
•≤N,
◦
t
,Q(E
•≤N ), P ) −→ (WAX
•≤N,
◦
t
,Q(E
•≤N ), P 〈−2〉)(−1, u),
where P 〈−2〉 is a filtration defined by (P 〈−2〉)k = Pk−2.
Corollary 4.1.17. The quasi-monodromy operator (4.1.13) induces the following
morphism
νdRW : PkRfX
•≤N,
◦
t
/W(s◦
t
)∗(ǫ∗X
•≤N,
◦
t
/W(s◦
t
)(E
•≤N ))⊗Z Q −→(4.1.17.1)
Pk−2RfX
•≤N,
◦
t
/W(s◦
t
)∗(ǫ∗X
•≤N,
◦
t
/W(s◦
t
)(E
•≤N ))(−1, u)⊗Z Q
As in [Nakk2, (10.6.1; ⋆)] we can easily prove the following:
302CHAPTER 4. WEIGHT FILTRATIONS AND SLOPE FILTRATIONS ON LOG ISOCRYSTALLINE COHOMOLOGIES
Proposition 4.1.18. There exists the following commutative diagram:
(4.1.18.1)
Azar,Q(X•≤N,◦t/W(s◦t), E
•≤N ) νzar−−−−→
θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧
x≃
E•≤N ⊗W(OX•≤N,t) WΩ
•
X•≤N,t
⊗Z Q
e−1NdRW−−−−−−→
Azar,Q(X•≤N,◦t/W(s◦t), E
•≤N )(−1, u)
≃
xθX•≤N,◦t/W(s◦t)/W(s0,◦t )∧
E•≤Nt ⊗W(OX•≤N,t) WΩ
•
X•≤N,t
⊗Z Q(−1, u).
The following is obvious by the definition of νzar and νdRW:
Proposition 4.1.19.
(4.1.19.1)
Azar,Q(X•≤N,◦t/W(s◦t), E
•≤N ) νzar−−−−→ Azar,Q(X•≤N,◦t/W(s◦t), E
•≤N )(−1, u)
≃
y y≃
WAX
•≤N,
◦
t
,Q(E
•≤N ) νdRW−−−−→ WAX
•≤N,
◦
t
,Q(E
•≤N ))(−1, u).
We also omit the proof of the following
Proposition 4.1.20. Let the notations be as in (4.1.8). Then the following diagram
is commutative:
(4.1.20.1)
Rg•≤N∗((W⋆AX
•≤N,
◦
t
,Q(E
•≤N ), P ))
νdRW,⋆
−−−−→ Rg•≤N∗((W⋆AX
•≤N,
◦
t
,Q(E
•≤N ), P 〈−2〉))(−1, u)
g∗•≤N
x xg∗•≤N
(W⋆AY
•≤N,
◦
t′
,Q(F
•≤N ), P )
νdRW,⋆
−−−−→ (W⋆AY
•≤N,
◦
t′
,Q(F
•≤N ), P 〈−2〉)(−1, u′).
Let us define the double complex WBX
•≤N,
◦
t
,Q(E
•≤N )•• as follows.
The (i, j)-component WBX
•≤N,
◦
t
,Q(E
•≤N )ij (i, j ∈ Z≥0) is defined by the similar
formula to (2.5.2.2). The horizontal boundary morphism d′ : WBX
•≤N,
◦
t
,Q(E
•≤N )ij −→
WBX
•≤N,
◦
t
,Q(E
•≤N )i+1,j is, by definition,
d′(ω1, ω2) = ((−1)jdω1, (−1)j+1dω2)
and the vertical one d′′ : WBX
•≤N,
◦
t
,Q(E
•≤N )ij −→WBX
•≤N,
◦
t
,Q(E
•≤N )i,j+1 is
d′′(ω1, ω2) = ((−1)iθX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧ω1+νdRW(ω2), (−1)
iθX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧ω2).
Let WBX
•≤N,
◦
t
,Q(E
•≤N ) be the single complex of WBX
•≤N,
◦
t
,Q(E
•≤N )••.
Let
µ
X
•≤N,
◦
T0
/
◦
T
: E•≤N∞ ⊗W(OX
•≤N,
◦
t
)WΩ˜
•
X
•≤N,
◦
t
⊗Z Q −→WBX
•≤N,
◦
t
,Q(E
•≤N )
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be a morphism of complexes defined by
µ
X
•≤N,
◦
T0
/
◦
T
(ω) :=(ω mod P0, θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
) ∧ ω mod P0)
(ω ∈ E•≤N∞ ⊗W(OX
•≤N,
◦
t
)WΩ˜
•
X
•≤N,
◦
t
⊗Z Q).
Then we have the following commutative diagram of exact sequences:
(4.1.20.2)
0 −−−−→ WAX
•≤N,
◦
t
,Q(E
•≤N )(−1, u)[−1]
(θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧∗)[−1]
x
0 −−−−→ (ǫ∗
X
•≤N,
◦
t
/W(◦t)
(E•≤N∞ ))W(X
•≤N,
◦
t
) ⊗W(OX
•≤N,
◦
t
)WΩ
•
X
•≤N,
◦
t
⊗Z Q(−1, u)[−1]
−−−−→ WBX
•≤N,
◦
t
,Q(E
•≤N ) −−−−→
µ
X
•≤N,
◦
T0
/
◦
T
x
θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧
−−−−−−−−−−−−−−−−→ E•≤N ⊗W(OX
•≤N,
◦
t
)WΩ˜
•
X
•≤N,
◦
t
⊗Z Q −−−−→
WAX
•≤N,
◦
t
,Q(E
•≤N ) −−−−→ 0
θX
•≤N,
◦
t
/W(s◦
t
)/W(s
0,
◦
t
)∧
x
(ǫ∗
X
•≤N,
◦
t
/W(◦t)
(E•≤N ))W(X
•≤N,
◦
t
) ⊗W(OX
•≤N,
◦
t
)WΩ
•
X
•≤N,
◦
t
⊗Z Q −−−−→ 0.
(By (2.4.0.6), the lower sequence is exact.)
Set
PkWBX
•≤N,
◦
t
,Q(E
•≤N )ij :=PkWAX
•≤N,
◦
t
,Q(E
•≤N )i−1,j(−1, u)⊕ PkWAX
•≤N,
◦
t
,Q(E
•≤N )ij
(i, j ∈ N).
Proposition 4.1.21. (1) There exists the following sequence of the triangles in
C+F(f−1•≤N (KT )) :
−→ (WAX
•≤N,
◦
t
,Q(E
•≤N ), P )[−1] −→ (WBX
•≤N,
◦
t
,Q(E
•≤N ), P )
−→ (WAX
•≤N,
◦
t
,Q(E
•≤N ), P ) +1−→ .
Definition 4.1.22. We call (WBX
•≤N,
◦
t
,Q(E
•≤N ), P ) the extended zariskian p-adic
filtered Steenbrink complexes of E•≤N for X•≤N,◦t/W(s◦t). When E
•≤N = O ◦
X•≤N,t/
◦
t
,
we denote it by (WBX
•≤N,
◦
t
,Q, P ) and call this the extended zariskian p-adic filtered
Steenbrink complex of X•≤N,◦t/W(s◦t).
Theorem 4.1.23 (Contravariant funcotriality ofWBzar,Q). (1) Let the notations
be as in (1.5.2) or (1.5.6). Assume that S = s, S = s′, T = W(t) and T ′ = W(t′).
Then g•≤N : X•≤N,◦t −→ Y•≤N,◦t′ induces the following well-defined pull-back mor-
phism
(4.1.23.1)
g∗•≤N : (WBY
•≤N,
◦
t′
,Q(F
•≤N )Q, P ) −→ Rg•≤N∗((WBX
•≤N,
◦
t
,Q(E
•≤N )Q, P ))
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fitting into the following commutative diagram:
(4.1.23.2)
WBY
•≤N,
◦
t′,Q
,Q(F
•≤N )
g∗•≤N
−−−−→ Rg•≤N∗(WBX
•≤N,
◦
t
,Q(E
•≤N ))
µ
Y
•≤N,
◦
t
/W(
◦
t)
∧x≃ Rg•≤N∗(µX
•≤N,
◦
T0
/
◦
T
)
x≃
F •≤N∞ ⊗W⋆(OY
•≤N,
◦
t′
)W⋆Ω˜
•
Y
•≤N,
◦
t′
⊗Z Q
g∗•≤N
−−−−→ Rg•≤N∗(E•≤N∞ ⊗W⋆(OX
•≤N,
◦
t
)W⋆Ω˜
•
X
•≤N,
◦
t
⊗Z Q).
(2)
(h•≤N ◦ g•≤N )∗ =Rh•≤N∗(g∗•≤N ) ◦ h
∗
•≤N : (W⋆BY
•≤N,
◦
t′
,Q(F
•≤N ), P )(4.1.23.3)
−→ Rh•≤N∗Rg•≤N∗(W⋆BX
•≤N,
◦
t
,Q(E
•≤N ), P )
= R(h•≤N ◦ g•≤N)∗(W⋆BX
•≤N,
◦
t
,Q(E
•≤N ), P ).
(3)
(4.1.23.4) id∗X
•≤N,
◦
T0
= id: (W⋆BX
•≤N,
◦
t
,Q(E
•≤N ), P ) −→ (W⋆BX
•≤N,
◦
t
,Q(E
•≤N ), P ).
Corollary 4.1.24. (1) Let the notations be as in (4.1.8). The isomorphisms (4.1.5.2)
for X•≤N,◦t/W(s◦t), E
•≤N and Y•≤N,◦t′/W(s
′
◦
t′
), F •≤N induce a morphism g∗•≤N from
(4.1.14.1) to (4.1.20.1). This morphism satisfies the transitive relation and id∗X
•≤N,
◦
t
/W(s◦
t
) =
id.
(2) Let the notations be as in (1.5.22). The isomorphisms (1.4.4.1) for X
•≤N,
◦
T0
/S(T )♮,
E•≤N and Y
•≤N,
◦
T ′0
/S′(T ′)♮, F •≤N induce a morphism from (1.7.36.2)⊗LZQ to (1.8.8.3).
This morphism satisfies the transitive relation and id∗X
•≤N,
◦
T0
/S(T )♮ = id.
Theorem 4.1.25 (Comparion theorem). Let the notations be as in (2.3.26). Then
the following hold:
(1) In D+F(f−1(W(κt))) there exists the following canonical isomorphism:
(4.1.25.1) (Bzar,Q(X•≤N,◦t/W(s◦t), E
•≤N ), P ) ∼−→ (WBX
•≤N,
◦
t
,Q(E
•≤N ), P ).
The isomorphism (4.1.25.1) is contravariantly functorial.
(2) The isomorphism (4.1.25.1) forgetting the filtrations fits into the following com-
mutative diagram:
(4.1.25.2)
Bzar,Q(X•≤N,◦t/W⋆(s◦t), E
•≤N )
(4.1.25.1), ∼
−−−−−−−−−→
µ
X
•≤N,
◦
t
/W(
◦
t)
∧x≃
R˜uX•≤N,t/W(t)∗(ǫ
∗
X
•≤N,
◦
t
/W(◦t)
(E•≤N ))⊗Z Q
lim
←−n
(2.2.14.1), ∼
−−−−−−−−−−−−→
WBX
•≤N,
◦
t
,Q(E
•≤N )
µ
X
•≤N,
◦
t
/W(
◦
t)
x≃
(ǫ∗X
•≤N,
◦
t/W(
◦
t)
(E•≤N ))W⋆(X
•≤N,
◦
t
) ⊗W⋆(OX
•≤N,
◦
t
)
WΩ˜•X
•≤N,
◦
t
⊗Z Q.
Chapter 5
Results for weight filtrations
on log isocrystalline
cohomology sheaves
In this chapter we prove various important properties of the weight filtration on the
log isocrystalline cohomology sheaf of a truncated simplicial base change of proper
SNCL schemes with admissible immersions. Especially we prove the following:
(1) the log convergence of the weight filtration on the log isocrystalline cohomology
sheaf of a truncated simplicial base change of proper SNCL schemes with admissible
immersions,
(2) the infinitesimal deformation invariance of the weight filtration on the log
isocrystalline cohomology sheaf with weight filtration of the truncated simplicial base
change in (1),
(3) the degeneration at E2 of the weight spectral sequence of the log isocrystalline
cohomology sheaf in (1),
(4): the strict compatibility of the weight filtration in (1) with respect to the pull-
back of a morphism of truncated simplicial base changes of proper SNCL schemes,
(5) the monodoromy-weight conjecture for a proper strict semistable family over
a complete discrete valuation ring of equal positive characteristic and for a projective
SNCL family over a complete discrete valuation ring of mixed characteristics,
(6) the log hard Lefschetz conjecture for a projective strict semistable family over
a complete discrete valuation ring of equal positive characteristic and for a projective
SNCL family over a complete discrete valuation ring of mixed characteristics.
5.1 Log convergent F∞-isospans
In this section, as in [Og4], we work over a fine log formal scheme whose underly-
ing formal scheme is a p-adic formal scheme in the sense of [Og1, §1] (we review
the definition of this formal scheme soon) and develop a filtered version of theory
of log convergent F∞-isospans in [Og4, §5], including theory of filtered log conver-
gent F -isocrystals. In [Og1] in the case of the trivial log structures, Ogus has used
an equivalence between the category of convergent F -isocrystals and the category of
p-adically convergent F -isocrystals for proving the convergence of the isocrystalline
cohomology sheaf of a proper smooth scheme in characteristic p > 0. In this sec-
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tion we prove a natural equivalence between the category of filtered log convergent
F∞-isospans and the category of filtered log p-adically convergent F∞-isospans under
certain mild assumptions. (Strictly speaking, we prove the two equivalences of the two
categories of “solid” and “not necessarily solid” filtered log convergent F∞-isospans
and two categories of “solid” and “not necessarily solid” filtered log p-adically con-
vergent F∞-isospans: see (5.1.15), (5.1.17) and (5.1.20) below in detail.) In the next
section, we shall use these equivalences for proving the log convergence of the weight
filtration on the log isocrystalline cohomology sheaf of a truncated simplicial base
change of proper SNCL schemes in characteristic p > 0.
See also [Fa, 2 (e)] for F -isocrystals in the case where fine log formal schemes are
smooth schemes with SNCD’s.
Let κ, W and W(s) be as in §2.3. Let V be a complete discrete valuation ring
of mixed characteristics with perfect residue field κ of characteristic p > 0. Let
F : W(s) −→ W(s) be the Frobenius endomorphism of W(s). Set K0 := Frac(W)
and K := Frac(V).
Let B be a fine log formal scheme whose underlying formal scheme is Spf(V). Let
Z be a fine log p-adic formal scheme overB whose underlying formal scheme is a p-adic
formal V-scheme in the sense of [Og1, §1] (e. g., V/p-schemes), that is, a noetherian
formal scheme over Spf(V) with the p-adic topology which is topologically of finite
type over Spf(V). In this book, we call this Z a fine log p-adic formal B-scheme for
short. When B = (Spf(V),V∗), we call the Z a fine log p-adic formal V-scheme.
We give the definition of a (solid) log (p-adic) enlargement as follows. This is a
log version of Ogus’ (p-adic) enlargement in [Og1]. See also [Og2, (1.1)], [Og4, §3],
[Sh2, Definition 2.1.1, 2.1.9], [Sh3, I (2.2)] and [NS2, §2].
Let T be a fine log p-adic formal B-scheme. Assume that
◦
T is flat over
◦
B. Set
T1 := Spec
log
T
(OT /pOT ) and T0 := Spec
log
T
((OT /pOT )red). We say that T = (T, zi)
(i = 1 (resp. 0)) (strictly speaking, T/B := (T/B, zi)) is a log p-adic enlargement
(resp. log enlargement) of Z/B if z1 : T1 −→ Z (resp. z0 : T0 −→ Z) is a morphism of
fine log formal schemes over B fitting into the following commutative diagram
Ti
⊂
−−−−→ T
zi
y y
Z −−−−→ B.
For a log p-adic enlargement T = (T, z1), endow T with the canonical PD-structure on
pOT . If the morphism z1 : T1 −→ Z (resp. z0 : T0 −→ Z) is solid, we call T = (T, zi)
(i = 1 (resp. 0)) is a solid log p-adic enlargement (resp. solid log enlargement) of Z/B.
Here note that the solidness of zi has not been assumed in [Sh2, Definition 2.1.1, 2.1.9]
and [Sh3, I (2.1), (2.2)], while this has been assumed in [Og4, §3]. Note also that
Z is assumed to be saturated in [Og4, §3]; we do not assume that Z is saturated.
Because the log formal scheme Z will be a family of log points over V in our main
applications in the next section, there is no obstacle in this book even if one assumes
that Z is saturated. We define a morphism of (solid) log (p-adic) enlargements of
Z/B in a standard way. Let Enlp(Z/B) and Enl(Z/B) be the category of log p-
adic enlargements of Z/B and the category of log enlargements of Z/B, respectively;
let Enlsldp (Z/B) and Enl
sld(Z/B) be the category of solid log p-adic enlargements of
Z/B and the category of solid log enlargements of Z/B, respectively (“sld” is the
abbreviation of “solid”). In this section, let ⋆ be p or nothing and let  be sld or
nothing. Then Enlsld⋆ (Z/B) is a full subcategory of Enl⋆(Z/B).
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Let (T, z1) be an object of Enl

p (Z/B). Then (T, z1) naturally defines an object
of Enl(Z/B) and consequently we have a functor
Enlp (Z/B) −→ Enl
(Z/B).(5.0.0.1)
When B = (Spf(V),V∗), we denote Enl⋆ (Z/B) by Enl

⋆ (Z/V). We also have the
following two natural functors
Enl⋆ (Z/B) −→ Enl

⋆ (Z/
◦
B) = Enl⋆ (Z/V) −→ Enl⋆(
◦
Z/
◦
B).(5.0.0.2)
Definition 5.1.1. (1) Let T = (T, zi) (i = 1 (resp. i = 0)) be an object of Enl

p (Z/B)
(resp. Enl(Z/B)). Let {(Tj, zij)}j be a family of objects of Enl

⋆ (Z/B) with mor-
phism (Tj , zij) −→ (T, zi). We say that {(Tj , zij)}j is a covering family if {Tj}j is a
Zariski open covering of T . By using the covering family, endow Enl⋆ (Z/B) with a
natural topology in a standard way. The isostructure sheaf KZ/B on Enl

⋆ (Z/B) is
defined by the following formula: Γ((T, zi),KZ/B) := K(T ) := Γ(T,OT )⊗Z Q.
(2) As usual, a sheaf on Enl⋆ (Z/B) is equivalent to the following data: a Zariski
sheaf ET for T ∈ Enl

⋆ (Z/B) and a morphism ρu : u
−1(ET ′) −→ ET of Zariski sheaves
on ET for a morphism u : T −→ T ′ in Enl⋆ (Z/B), which is compatible with respect to
a composite morphism T −→ T ′ −→ T ′′ in Enl⋆ (Z/B) and which is an isomorphism
in the case where u is an open immersion.
(3) Let Z ′/B′ be a similar fine log p-adic formal scheme to Z/B and let g : Z ′ −→ Z
be a morphism over B′ −→ B such that the morphism V −→ Γ(B′,OB′) =: V ′ is a
finite extension of complete discrete valuation rings. Let E be a sheaf on Enl⋆ (Z
′/B′).
For an object (T, zi) of Enl

⋆ (Z/B), we can define a sheaf g
−1((T, zi)) on Enl⋆ (Z ′/B′)
in a standard way (e. g., [BO1, 5.6]):
Γ((T ′, z′i), g
−1((T, zi))) := Hom((T ′, z′i), (T, zi)),(5.1.1.1)
where Hom((T ′, z′i), (T, zi)) is, by definition, the set of morphisms T
′ −→ T over
B′ −→ B such that the induced morphism T ′i −→ Ti fitting into the following com-
mutative diagram
(5.1.1.2)
T ′i −−−−→ Ti
z′i
y yzi
Z ′
g
−−−−→ Z.
Then the push-forward g∗(E) of E by g is defined as follows:
g∗(E)((T, zi)) := Hom(g−1((T, zi)), E) (i = 1, 0),(5.1.1.3)
where Hom means a morphism of sheaves on Enlp (Z/B) (resp. Enl
(Z/B)).
Definition 5.1.2. Let E be a sheaf on Enl⋆ (Z/B). We can define a sheaf g
−1(E) on
Enl⋆ (Z
′/B′) in a usual way as follows. For an object (T ′, z′i) ∈ Enl

⋆ (Z
′/B′), consider
the following presheaf
(g•(E))((T ′, z′i)) := lim−→E((T, zi))(5.1.2.1)
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on Enl⋆ (Z
′/B′), where (T, zi)’s are objects of Enl⋆ (Z/B) with morphism T
′ −→ T
over B′ −→ B fitting into the commutative diagram (5.1.1.2). Let g−1(E) be the
sheafification of g•(E).
We can easily prove the adjoint property for g∗ and g−1.
Let E be a sheaf of KZ/B-modules. The pull-back g
∗(E) of E by g is defined as
follows:
g∗(E) := KZ′/B′ ⊗g−1(K
Z/B
) g
−1(E).(5.1.2.2)
As in the nonfiltered case in [Og1, Definition (2.7)], we define a filtered (solid) log
p-adically convergent isocrystal on Enlp (Z/B) and a filtered (solid) log convergent
isocrystal on Enl(Z/B) as follows:
Definition 5.1.3. Let T = (T, zi) (i = 1 (resp. i = 0)) be an object of Enl

p (Z/B)
(resp. Enl(Z/B)). We call a family (E,P ) := {(ET , PT )}T a filtered (solid) log
p-adically convergent isocrystal on Enlp (Z/B) (resp. filtered (solid) log convergent
isocrystal on Enl(Z/B)) if (E,P )T := (ET , PT ) is a coherent filtered KT -module,
that is, ET and (PT )k(ET ) for ∀k ∈ Z are coherent KT -modules and for a morphism
g : T ′ −→ T in Enlp (Z/B) (resp. Enl
(Z/B)), there exists an isomorphism
ρg : g
∗((E,P )T ) := (g∗(ET ), {g∗(PT,k(ET ))}k∈Z)
∼
−→ (E,P )T ′
of filteredKT ′ -modules which satisfies the usual cocycle condition and ρidT = id(E,P )T .
A morphism α : (E,P ) −→ (F,Q) of filtered (solid) log p-adically convergent
isocrystals on Enlp (Z/B) (resp. filtered (solid) log convergent isocrystals on Enl
(Z/B))
is a collection α := {αT : (E,P )T −→ (F,Q)T }, where αT ’s for various T ’s are mor-
phisms of filtered KT -modules which are compatible with ρg’s for all g’s above.
Let IsocFp (Z/B) (resp. IsocF
(Z/B)) denote the category of filtered (solid) log
p-adically convergent isocrystals on Enl⋆ (Z/B) (resp. the category of filtered (solid)
log convergent isocrystals on Enl(Z/B)). The category IsocF⋆ (Z/B) is an additive
category. If the filtration is trivial, then we denote IsocF⋆ (Z/B) by Isoc

⋆ (Z/B).
By (5.0.0.2) we have the following natural functors
IsocF⋆(
◦
Z/
◦
B) −→ IsocF⋆ (Z/
◦
B) −→ IsocF⋆ (Z/B).(5.1.3.1)
The calculation of the pull-back in (5.1.2) for the non-solid case is easy (cf. [Og1,
(2.7.1)]):
Proposition 5.1.4. Let the notations be as in (5.1.1) (3) and (5.1.2). Then the
following hold:
(1) Let (T ′, z′i) be an object of Enl⋆(Z/B). Then
{g∗((E,P ))}(T ′,z′i) = {g
−1((E,P ))}(T ′,z′i) = (E,P )(T ′,g◦z′i).(5.1.4.1)
(2) Let
ι∗ : IsocF(Z/B) −→ IsocFp(Z/B)(5.1.4.2)
and
ι′∗ : IsocF(Z ′/B′) −→ IsocFp(Z ′/B′)(5.1.4.3)
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be the restriction functors. Then the following diagram
(5.1.4.4)
IsocF(Z ′/B′) ι
′∗
−−−−→ IsocFp(Z
′/B′)
g∗
x xg∗
IsocF(Z/B)
ι∗
−−−−→ IsocFp(Z/B)
is commutative.
Proof. (1): It is obvious that, if the following diagram
T ′i −−−−→ Ti
z′i
y yzi
Z ′
g
−−−−→ Z.
is commutative, then the following diagram
T ′i −−−−→ Ti
g◦z′i
y yzi
Z Z.
is commutative. Hence {g−1((E,P ))}(T ′,zi) = (E,P )(T ′,g◦z′i). Because (T
′, g ◦ z′i) is
an object of Enl⋆(Z/B) for a not necessarily solid morphism g : Z −→ Z ′, we obtain
the equality (5.1.4.1).
(2): By using (1), we immediately obtain (2).
Remark 5.1.5. (1) Let E be an object of IsocFsld⋆ (Z
′/B′). If the morphism g : Z ′ −→
Z is solid, then
{g∗((E,P ))}(T ′,z′i) = {g
−1((E,P ))}(T ′,z′i) = (E,P )(T ′,g◦z′i)(5.1.5.1)
because (T ′, g ◦z′i) is an object of Enl
sld
⋆ (Z/B). For a general g, see (5.1.13) (1) below
for the calculation of g∗ under a mild assumption on T ′.
(2) Let the notations be as in (5.1.2). When E is equal to a representable object
(T ′, z′i) on Enl⋆(Z
′/B′), the following equality does not necessarily hold on Enl(Z/B):
g∗(E) = (T ′, g ◦ z′i).(5.1.5.1)
Indeed, if this holds, then the following two commutative diagrams
T −−−−→ T ′
⋃x x⋃
Ti −−−−→ T ′i
zi
y yg◦z′i
Z Z
and
T ′′ −−−−→ T
⋃x x⋃
T ′′i −−−−→ Ti
z′′i
y yzi
Z ′
g
−−−−→ Z
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are given, then we have to obtain the following commutative diagram:
T ′′ −−−−→ T ′
⋃x x⋃
T ′′i −−−−→ T
′
i
z′′i
y yz′i
Z ′ Z ′.
Here (T ′′, z′′i ) is an object of Enl⋆(Z
′/B). However the given two diagrams imply only
the following commutative diagram:
T ′′ −−−−→ T −−−−→ T ′
⋃x ⋃x x⋃
T ′′i −−−−→ Ti −−−−→ T
′
i
z′′i
y ziy yg◦z′i
Z
g
−−−−→ Z Z.
Hence our sheaf g∗((T ′, z′i)) is different from Ogus’ notation “g∗((T
′, z′i)) := (T
′, g◦z′i)”
in [Og1, p. 784] (in the trivial logarithmic case). If we use this notation, then we have
the following strange formula by (5.1.5.1):
Hom((T ′, z′i), g
∗(E)) = Hom(g∗((T ′, z′i)), E),(5.1.6.2)
where Hom on the left hand side (resp. the right hand side) above is the morphisms
in the category of sheaves on Enl⋆ (Z
′/B′) (resp. Enl⋆ (Z/B)). For this reason, we do
not use this notation.
Example 5.1.6. (1) Consider a case where B = (Spf(V),V∗) and S is a p-adic formal
V-scheme with trivial log structure and X is a proper SNC scheme over S with trivial
log structure. Let g : X −→ S be a structural morphism. Let k and q be nonnegative
integers. For a p-adic enlargement T of S/B, set X
(k)
T1
:= X(k)×S T1 and let Coh(KT )
be the category of coherent KT -modules. Then
Enlp(S/V) ∋ T 7−→ R
qg
X
(k)
T1
/T∗(OX(k)T1 /T
)Q ∈ Coh(KT )(5.1.6.1)
is an object of Isocp(S/V) by [Og1, (3.1)], which we denote by Rqg∗(OX(k)/K) as in
[loc. cit.]. In fact, Rqg∗(OX(k)/K) prolongs naturally to an object of Isoc(X/S) by
[loc. cit., (3.7)].
(2) Consider a case where B = (Spf(V),V∗) and S is a p-adic formal family of log
points such that
◦
S is a p-adic formal V-scheme. Let g : X −→ S be a proper SNCL
scheme. Then
Enlp(
◦
S/V) ∋
◦
T 7−→ Rqg ◦
X
(k)
T1
/
◦
T∗
(O ◦
X
(k)
T1
/
◦
T
)Q ∈ Coh(KT )(5.1.6.2)
is an object of Isocp(
◦
S/V) by (1). Hence this is an object of Isocp (S/V), which we
denote by Rqg∗(O ◦
X(k)/K
). In fact, Rqg∗(O ◦
X(k)/K
) prolongs naturally to an object of
Isoc(
◦
S/V) and Isoc(S/V) by (1).
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Let Z/B be as in the beginning of this section. Let (T, z1) (resp. (T, z0)) be an
object of Enlp(Z/B) (resp. Enl(Z/B)). From now on, we say this sentence by the
following sentence “Let (T, zi) (i = 0, 1) be an object of Enl⋆(Z/B).”
Definition 5.1.7. Let the notations be as in the beginning of this section (we do not
assume that zi (i = 0, 1) is solid). Set Z ◦
T i
:= Z× ◦
Z
◦
T i. Let Z(T ) be a (not necessarily
fine) log formal scheme whose underlying formal scheme is
◦
T and whose log structure
is the inverse image of the image of the following morphism
MZ◦
Ti
/O∗Z◦
Ti
−→MTi/O
∗
Ti(5.1.7.1)
by the composite morphism MT −→ MT /O
∗
T
∼
−→ MTi/O
∗
Ti
. The log formal scheme
Z(T ) is independent of i. The morphism z1 : T1 −→ Z (resp. z0 : T0 −→ Z) induces a
morphism Z(z1) : Z(T )1 −→ Z (resp. Z(z0) : Z(T )0 −→ Z). When we have to clarify
the morphism zi, we denote Z(T ) and Z ◦
T i
by Zzi(T ) and Z
(
◦
T i,zi)
, respectively.
By the definition of Z(T ), we have a natural morphism T −→ Z(T ) over B.
Example 5.1.8. Assume that Z is a formal family of log points. Then the morphism
(5.1.7.1) is injective by (1.1.3).
We have essentially proved the following (2) in [NS1, Lemma 2.3.1]:
Proposition 5.1.9. Assume that the morphism (5.1.7.1) is injective. Then the fol-
lowing hold:
(1) Z(T )i = Z ◦
T i
(i = 0, 1).
(2) Assume that, for any point z ∈
◦
Z, there exists a local chart P −→MZ around
z such that P gp is p-torsion-free. Then MZ(T ) is fine.
(3) Let (T ′, z′i) −→ (T, zi) be a morphism in Enl

⋆ (Z/B). Assume that the mor-
phism (5.1.7.1) for (T ′, z′i) is injective. Then Z(T
′) = Z(T )× ◦
T
◦
T ′.
Proof. (1): Since the log structure of Z(T )i is equal to Im(MZ◦
Ti
−→ MTi), (1) is
obvious.
(2): Let t ∈
◦
Z ◦
T i
=
◦
T i be a point above z. The sheaf MZ◦
Ti
of monoids on Z ◦
T i
has a local chart P −→MZ◦
Ti
around t. Set Z(T )n := Z(T ) mod p
n (n ∈ Z>0). Set
In := Ker(OTn −→ OZ◦
Ti
). Consider the following exact sequence
1 −→ 1 + In −→MZ(T )n −→MZ◦
Ti
−→ 1.
Since P gp is p-torsion-free and 1 + In is p-torsion, Ext1(P gp, 1 + In) = 0. Hence the
morphism P −→MZ◦
Ti
lifts to a morphism P −→MZ(T )n . As in [NS1, Lemma 2.3.1],
we can easily check that this is a local chart of MZ(T )n . By the similar reasoning,
we see that the natural morphism Hom(P gp,MZ(T )n+1) −→ Hom(P
gp,MZ(T )n) is
surjective. Hence we have a local chart P −→MZ(T ). This shows (2).
(3): The proof is straightforward.
Corollary 5.1.10. If MZ is fs, then MZ(T ) is fs.
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Proof. (cf. the proof of [Kf, (7.1)]) We have only to prove that MZ(T ) is finitely
generated. Since MZ is saturated, there exists a local chart P −→MZ such that P gp
is torsion-free. Indeed, if xn = 1 (x ∈ MgpZ ), then x ∈ MZ . In fact, x ∈ O
∗
Z . Hence
the image of the torsion part P gptor of P
gp in MgpZ is contained in O
∗
Z . Let P
gp
free be the
free part of P gp. Let a1, . . . , ak be a system of generators of P . Then ai = bici, where
ai = (bi, ci) ∈ P
gp
free ⊕ (P
gp/P gpfree) = P
gp. Set P ′ := 〈b1, . . . , bk〉. Since ani = b
n
i for
a large integer n and since MZ is saturated, the image of bi in M
gp
Z belongs to MZ .
Since the image of ai is equal to the image of bi modulo a torsion element of M
gp
Z ,
the morphism P ′ −→ MZ is indeed a chart of MZ . Hence MZ(T ) is fine by (5.1.9)
(2).
Proposition 5.1.11. The following hold:
(1) Assume that the morphism (5.1.7.1) is injective. Then the log formal scheme
Z(T ) = (Z(T ), Z(zi)) (i = 1, 0) is a log (p-adic) enlargement of Z/B.
(2) Assume that the morphism (5.1.7.1) is injective for any object T ∈ Enl⋆(Z/B).
Then the log formal scheme Z(T ) defines the following functor
Z(?) : Enl⋆(Z/B) ∋ (T, zi) 7−→ (Z(T ), Z(zi)) ∈ Enl
sld
⋆ (Z/B).(5.1.11.1)
The restriction Z(?)|Enlsld⋆ (Z/B) of the functor Z(?) is equal to idEnlsld⋆ (Z/B).
(3) Let ι : Enlsld⋆ (Z/B) −→ Enl⋆(Z/B) be the inclusion functor. Then the functor
Z(?) is the left adjoint functor of ι.
(4) Assume that the morphism (5.1.7.1) is injective for any object T ∈ Enl⋆(Z/B).
Then the following restriction functor is an equivalence of categories:
R : IsocF⋆(Z/B)
∼
−→ IsocFsld⋆ (Z/B).(5.1.11.2)
Proof. (1): By (5.1.9) (1) and the definition of Z(T ), the morphism Z ◦
T i
= Z(T )i −→
Z(T ) is an exact closed immersion. Let p : T −→ B be the structural morphism. (1)
is clear because MZ(T ) contains Im(p
∗(MB) −→MT ).
(2): (2) is clear.
(3): (3) follows from (2).
(4): It is clear that R is functorial. Assume that we are given an object (E,P ) of
IsocFsld⋆ (Z/B). For an object T of Enl⋆(Z/B), set (E
′
T , P
′
T ) := (EZ(T ), PZ(T )). Then
we see that (E′, P ′) := {(E′T , P
′
T )}T∈Enl⋆(Z/B) is an object of IsocF⋆(Z/B) by (5.1.9)
(3). Obviously R((E′, P ′)) = (E,P ). Hence R is essentially surjective.
Let (E,P ) be an object of IsocF⋆(Z/B). Because we have a natural morphism
(T, zi) −→ (Z(T ), Z(zi)) in Enl⋆(Z/B) and
◦
Z(T ) =
◦
T , (E,P )(T,zi) = (E,P )(Z(T ),Z(zi)).
Using this formula, we easily see that R is fully faithful.
Because R is essentially surjective and fully faithful, R is an equivalence of cate-
gories.
Proposition 5.1.12. Let Z/B, Z ′/B′ and T ′ = (T ′, z′i) and T = (T, zi) be as in
(5.1.1) (3). Assume that the morphism zi : Ti −→ Z is solid. Consider Z(T ′) by the
use of the composite morphism g ◦ z′i : T
′
i −→ Z. (We can consider Z(T
′) as a log
p-adic formal B-scheme.) Assume that the following morphism
MZ◦
T ′
i
/O∗Z◦
T ′
i
−→MT ′i /O
∗
T ′i
(5.1.12.1)
is injective. Then the morphism T ′ −→ T over B′ −→ B decomposes uniquely into the
following composite morphism T ′ −→ Z(T ′) −→ T over B′ −→ B; the commutative
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diagram (5.1.1.2) decomposes uniquely into the following commutative diagram:
(5.1.12.2)
T ′i −−−−→ Z(T
′)i −−−−→ Ti
z′i
y Z(g◦z′i)y yzi
Z ′
g
−−−−→ Z Z.
(Note that (Z(T ′), Z(g ◦ z′i)) is an object of Enl
sld
⋆ (Z/B).)
Proof. Since Z(T ) = T , this immediately follows from (5.1.11) (2).
Corollary 5.1.13. Let the notations be as in (5.1.1) (3). Then the following hold:
(1) Let g∗ : IsocFsld⋆ (Z/B) −→ IsocF
sld
⋆ (Z
′/B′) be the pull-back morphism. Then
g∗(E)T ′ = EZ(T ′).(5.1.13.1)
(2) Let
ι∗ : IsocFsld(Z/B) −→ IsocFsldp (Z/B)(5.1.13.2)
and
ι′∗ : IsocFsld(Z ′/B′) −→ IsocFsldp (Z
′/B′)(5.1.13.3)
be the restriction functors. Then the following diagram
(5.1.13.4)
IsocFsld(Z ′/B′) ι
′∗
−−−−→ IsocFsldp (Z
′/B′)
g∗
x xg∗
IsocFsld(Z/B)
ι∗
−−−−→ IsocFsldp (Z/B)
is commutative.
Proof. (1): By (5.1.2.1) and (5.1.12) and noting that (Z(T ′), Z(g ◦ z′i)) is an object of
Enlsld⋆ (Z/B), g
•(E)T ′ = EZ(T ′). Hence g−1(E)T ′ = EZ(T ′) by (5.1.2.1). In particular,
g−1(KZ/B)T ′ = KZ(T ′) = KT ′ (since
◦
Z(T ′) =
◦
T ′). Hence g∗(E)T ′ = EZ(T ′).
(2): Let T ′ be an object of Enlsldp (Z
′/B′) and let (E,P ) be an object of IsocFsld(Z/B).
We omit to write the filtration P of (E,P ). Then (ι∗g∗(E))T ′ = (g∗(E))T ′ = EZ(T ′).
On the other hand, (g∗ι∗(E))T ′ = (ι∗(E))Z(T ′) = EZ(T ′).
Another proof: (2) immediately follows from (5.1.11.2).
The following is a filtered F∞-isospan version of an F∞-span of crystals in [Og4,
Definition 15]. See also [loc. cit,. §5] for a different formulation in a more restricted
case.
Definition 5.1.14. Assume that V =W and that B is the canonical lift B mod p.
Then B has a canonical lift FB : B −→ B of the Frobenius endomorphism of B mod p.
Assume also that Z is of characteristic p > 0. Let FZ : Z −→ Z be the Frobenius
endomorphism of Z over FB : B −→ B. Let n be a positive integer. We call a
family {((En, Pn),Φn)}∞n=0 of pairs a filtered (solid) log p-adically convergent F∞-
isospan (resp. a filtered (solid) log convergent F∞-isospan) if (En, Pn) ∈ IsocFp (Z/B),
(resp. (En, Pn) ∈ IsocF
(Z/B)) and Φn is the following isomorphism
Φn : F
∗
Z((En+1, Pn+1))
∼
−→ (En, Pn) (n ≥ 0)(5.1.14.1)
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in IsocFp (Z/B) (resp. (En, Pn) ∈ IsocF
(Z/B)). We define a morphism of fil-
tered (solid) log (p-adically) convergent F∞-isospans in an obvious way. We de-
note the category of filtered (solid) log p-adically convergent F∞-isospans (resp. the
category of filtered (solid) log convergent F∞-isospans) by F∞-IsosFp (Z/B) and
F∞-IsosF(Z/B), respectively. When the filtration is trivial, we denote F∞-IsosFp (Z/B)
and F∞-IsosF(Z/B) by F∞-Isosp (Z/B) and F
∞-Isos(Z/B), respectively. The
category F∞-IsosF⋆ (Z/B) is an additive category.
As usual, by considering the case (En, Pn) = (En−1, Pn−1) (∀n ≥ 1), we have the
notions of a filtered (solid) log p-adically convergent F -isocrystal (resp. a filtered (solid)
log convergent F -isocrystal) and amorphism of filtered (solid) log p-adically convergent
F -isocrystals (resp. a morphism of filtered (solid) log convergent F -isocrystals). In this
case, we denote
F∞-IsosF⋆ (Z/B) and F
∞-IsosF⋆ (Z/B)
by
F -IsocF⋆ (Z/B) and F -IsocF

⋆ (Z/B),
respectively.
Proposition 5.1.15. Assume that the morphism (5.1.7.1) is injective and that there
exists a local chart in (5.1.9) (2). Then the equivalence (5.1.11.2) induces the following
equivalence of categories:
R = {Rn}
∞
n=0 : F
∞-IsosF⋆(Z/B)
∼
−→ F∞-IsosFsld⋆ (Z/B).(5.1.15.1)
Proof. Let E be an object of Isoc⋆(Z/B). We would like to prove that R(F
∗
Z(E)) =
F ∗Z(R(E)). Let (T, zi) be an object of Enl
sld
⋆ (Z/B) with structural morphism zi : Ti −→
Z. Set T
[p]
i := Ti × ◦T i,
◦
FTi
◦
T i. Let z
[1]
i : T
[p]
i −→ Z be the composite morphism
T
[p]
i
proj
−→ Ti
zi−→ Z. By using the composite morphism FZ ◦ zi, we have a fine log
scheme ZFZ◦zi(T ). Set T [p] := (ZFZ◦zi(T ), ZFZ◦zi(T ) −→ Z). We claim that there
exists a canonical isomorphism ZFZ◦zi(T )i
∼
−→ T
[p]
i . Indeed, the underlying scheme
of ZFZ◦zi(T )i is equal to
◦
T i = (T
[p]
i )
◦. We claim that the log structure MZFZ◦zi (T )i is
the associated log structure to the composite morphism Im(p× : MTi −→ MTi)
⊂
−→
MTi −→ OTi . Indeed, by (5.1.9) (1), ZFZ◦zi(T )i = Z
(
◦
T i,FZ◦zi)
. By the following
obvious commutative digram
MTi/O
∗
Ti
p×
←−−−− MTi/O
∗
Ti∥∥∥ ∥∥∥
MZ
(
◦
Ti,zi)
/O∗Ti
p×
←−−−− MZ
(
◦
Ti,zi)
/O∗Ti ,
we see that the claim holds. Next we claim that this log structure is isomorphic to
M
T
[p]
i
(cf. [Og4, pp. 196–198]). The relative Frobenius morphism F
Ti/
◦
T i
: Ti −→ T
[p]
i
induces the following commutative diagram
1 −−−−→ O∗Ti −−−−→ MTi −−−−→ MTi/O
∗
Ti
−−−−→ 1∥∥∥ x xp×
1 −−−−→ O∗
T
[p]
i
−−−−→ M
T
[p]
i
−−−−→ MTi/O
∗
Ti
−−−−→ 1.
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Here we have used the following equalitiesM
T
[p]
i
/O∗
T
[p]
i
= proj−1(MTi/O∗Ti) =MTi/O
∗
Ti
.
By the assumption of the local chart, we see that the right vertical morphism in-
duces an isomorphism M
T
[p]
i
/O∗
T
[p]
i
∼
−→ Im(MTi/O
∗
Ti
p×
−→ MTi/O
∗
Ti
). Hence we see
that the last claim also holds. In conclusion, we have a canonical isomorphism
ZFZ◦zi(T )i
∼
−→ T
[p]
i .
Let (T ′, z′i) be an object of Enl
sld
⋆ (Z/B) such that the induced morphism Ti −→ T
′
i
fits into the following commutative diagram
(5.1.15.2)
Ti −−−−→ T ′i
zi
y yz′i
Z
FZ−−−−→ Z.
Since
◦
T i = (T
[p]
i )
◦ and
◦
T = (T [p])◦, it is clear that the morphism (T, zi) −→
(T ′, z′i) factors through (T
[p], z
[1]
i ). Hence, by the definition of F
∗
Z in Enl
sld
⋆ (Z/B),
(F ∗Z(R(E)))(T,zi) = E(T [p],z[1]i )
. On the other hand, we have the following equalities:
R(F ∗Z(E))(T,zi) = (F
∗
Z (E))(T,zi) = E(T,FZ◦zi).
Since we have the following natural commutative diagram
T −−−−→ T [p]
⋃x x⋃
Ti
F
Ti/
◦
Ti−−−−→ T
[p]
i
zi
y yz[1]i
Z
FZ−−−−→ Z,
we have a natural morphism (T, FZ ◦ zi) −→ (T [p], z
[1]
i ). Since E is an isocrystal on
Z/B and OT = OT [p] , E(T,FZ◦zi) = E(T [p],z[1]i )
. Hence
F ∗Z(R(E)) = R(F
∗
Z(E)).(5.1.15.3)
Let the notations be as in (5.1.14). Using (5.1.15.3), we have the following isomor-
phism
F ∗ZR((En+1, P )) = RF
∗
Z((En+1, P ))
∼
−→ R((En, P )).(5.1.15.4)
Hence the functor R : IsocF⋆(Z/B) −→ IsocF
sld
⋆ (Z/B) induces the functor (5.1.15.1).
Since the functor R : IsocF⋆(Z/B) −→ IsocF
sld
⋆ (Z/B) is an equivalence of categories
((5.1.11.2)), the functor (5.1.15.1) is also an equivalence of categories.
The following lemma plays an important role in the proof of (5.1.17) and (5.1.20)
below.
Lemma 5.1.16. Let V, B and Z be as in (5.1.14). Let z : U(0) −→ Z be a solid
morphism of log schemes. Let ι : U(0)
⊂
−→ U be a nilpotent exact immersion of fine
log schemes of characteristic p > 0. Let m be a nonnegative integer. Set U [p
m] :=
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U× ◦
U,
◦
FmU
◦
U and U(0)[p
m] := U(0)× ◦
U(0),
◦
Fm
U(0)
◦
U(0). Let ι[p
m] : U(0)[p
m] −→ U [p
m] be the
natural exact immersion induced by ι. Consider the following commutative diagram
U(0)[p
m] ι
[pm]
−−−−→ U [p
m]
proj.
y yproj.
U(0)
ι
−−−−→ U.
Then the following hold:
(1) There exist a nonnegative integer m and a morphism ρ[m] : U [p
m] −→ U(0)
such that the composite morphisms
ρ[m] ◦ ι[p
m] : U(0)[p
m] −→ U [p
m] −→ U(0)
and
ι ◦ ρ[m] : U [p
m] −→ U(0) −→ U
are the projections.
(2) Set B[p
m] := B × ◦
B,
◦
FmB
◦
B. Let
Fm := FU [pm]/(U [pm])◦ : U
[pm] −→ U [p
m+1] = (U [p
m])[p](5.1.16.1)
be the relative Frobenius morphism of U [p
m]/(U [p
m])◦ over the natural morphism
B[p
m] −→ B[p
m+1]. Then the following diagram
(5.1.16.2)
U [p
m] Fm−−−−→ U [p
m+1]
ρ[m]
y yρ[m+1]
U(0)
FU(0)
−−−−→ U(0)
is commutative.
(3) ([Og4, p. 203]) Let the notations be as in (1). Then there exists a morphism
ρ(m) : U −→ U(0) such that the composite morphisms
ρ(m) ◦ ι : U(0) −→ U(0)
and
ι ◦ ρ(m) : U −→ U(0) −→ U
are FU(0) and FU , respectively.
(4) Let the notations be as in (3). Let FU : U −→ U be the Frobenius endomor-
phism of U . Then the following diagram
(5.1.16.3)
U
FU−−−−→ U
ρ(m+1)
y yρ(m)
U(0) U(0)
is commutative.
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Proof. (1): Because the exact closed immersion
◦
ι :
◦
U(0)
⊂
−→
◦
U is nilpotent, we see that
there exists a morphism
◦
ρ(m) :
◦
U −→
◦
U(0) such that
◦
ρ(m)◦
◦
ι =
◦
FmU(0) and
◦
ι◦
◦
ρ(m) =
◦
FmU
for a large integer m ([BO2, (2.1)]). Hence U [p
m] = U × ◦
U,
◦
FmU
◦
U = U(0)× ◦
U(0),
◦
ρ(m)
◦
U .
Let us denote the projection U [p
m] = U(0)× ◦
U(0),
◦
ρ(m)
◦
U −→ U(0) by ρ[m]. Now (1) is
clear.
(2): It is clear that the following diagram
(5.1.16.4)
(U [p
m])◦ =
◦
U (U [p
m+1])◦ =
◦
U
◦
ρ[m]
y y◦ρ[m+1]
◦
U(0)
F◦
U(0)
−−−−→
◦
U(0)
is commutative. Because the morphism F ∗m : F
−1
m (MU [pm+1]/O
∗
U [pm+1]
) =MU/O∗U −→
MU/O∗U = MU [pm]/O
∗
U [pm]
is the multiplication by p, it is clear that the diagram
(5.1.16.2) is commutative.
(3): Let
◦
ρ[m] :
◦
U −→
◦
U(0) be the underlying morphism in the proof of (1). The
morphism
◦
ρ(m) induces a morphism O∗U(0) −→ O
∗
U . Since MU(0) = MU ⊕O∗U O
∗
U(0),
we see that there exists a morphism ρ(m) : U −→ U(0) such that ρ(m) ◦ ι = FmU(0) and
ι ◦ ρ(m) = FmU .
(4): This is obvious by the construction of ρ(m).
The following is a filtered log F∞-isospan version of [Og1, (2.18)]:
Proposition 5.1.17. The restriction functor (5.1.13.2) induces the following restric-
tion functor:
ι∗ := {ι∗n}
∞
n=0 : F
∞-IsosF(Z/B) −→ F∞-IsosFp(Z/B)(5.1.17.1)
This is an equivalence of categories.
Proof. By using (5.1.13.4) for the case where g is equal to the Frobenius endomor-
phism FZ , we see that the functor {ι∗n}
∞
n=0 is compatible with the structures of F
∞-
isospans.
Following the method in the proof of [Og1, (2.18)] and [Og4, Remark 16], we
construct a functor
Q = {Qn}
∞
n=0 : F
∞-IsosFp(Z/B) −→ F∞-IsosF(Z/B),(5.1.17.2)
which will turn out to be a quasi-inverse of ι∗. Only for simplicity of notation, we
prove (5.1.17) for the trivially filtered case.
Let {(En,Φn)}∞n=0 be an object of F
∞-Isosp(Z/B). Let n be a fixed nonnegative
integer. Let (T, z) be an object of Enl(Z/B); z is the structural morphism z : T0 −→
Z. Let ι : T0
⊂
−→ T1 be the natural exact closed immersion and let FTi : Ti −→ Ti be
the Frobenius endomorphism of Ti (i = 1, 0). Apply (5.1.16) (3) for the case U(0) = T0
and U = T1. Then there exist a nonnegative integer m and a morphism ρ
(m) : T1 −→
T0 such that ρ
(m) ◦ ι = FmT0 and ι◦ρ
(m) = FmT1 . Set z
(m) := z ◦ρ(m) : T1 −→ T0 −→ Z.
Then (z(m))(m
′) = z(m+m
′). By using the closed immersion ι : T0
⊂
−→ T1, we have the
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following commutative diagram
(5.1.17.3)
T0
ι
−−−−→ T1
ρ(m)
−−−−→ T0
z
y z(m)y zy
Z
FmZ−−−−→ Z Z.
Set
(Qn(En))(T,z) := (Em+n)(T,z(m)).(5.1.17.4)
We claim that (Em+n)(T,z(m)) is independent of the choice of m. By (5.1.16.3) we
have the following equalities:
FZ ◦ z
(m) = FZ ◦ z ◦ ρ
(m) = z ◦ FT0 ◦ ρ
(m) = z ◦ ρ(m+1) = z(m+1).
Hence we have the following equality by (5.1.4.1):
(F ∗Z(Em+1+n)))(T,z(m)) = (Em+1+n)(T,z(m+1)).(5.1.17.5)
By using the isomorphism Φm+n, we have the following canonical isomorphism
(Em+n)(T,z(m))
Φm+n,∼
←− (F ∗Z(Em+1+n)))(T,z(m)) = (Em+1+n)(T,z(m+1)).(5.1.17.6)
As a result, the sheaf (Qn(En))(T,z) in (5.1.17.4) is independent of the choice of m.
It is straightforward to check that Qn(En) is indeed an object of Isoc(Z/B) (because
the diagram (5.1.17.3) is functorial) and that the construction of Qn is functorial for
{(En,Φn)}∞n=0. We claim that
Qn+1(F
∗
Z(En+1)) = F
∗
Z(Qn+1(En+1)).(5.1.17.7)
Indeed, Qn+1(F
∗
Z(En+1))(T,z) = Qn(En)(T,z) = (Em+n)(T,z(m)). By (5.1.16) (2) and
the argument above, we have the following equalities:
(F ∗Z(Qn+1(En+1)))(T,z)
(5.1.17.5)
= (Qn(En+1))(T,z(1)) = (Em+n+1)(T,(z(1))(m))
= (Em+n+1)(T,z(m+1))
(5.1.17.6)
= (Em+n)(T,z(m)).
Hence we have proved that the claim holds. Consequently we have the following
canonical isomorphism
Qn(Φn) : F
∗
Z(Qn+1(En+1)) = Qn+1(F
∗
Z(En+1))
∼
−→ Qn(En).(5.1.17.8)
Let {(En,Φn)}∞n=0 be an object of F∞-Isosp(Z/B) and let (T, z1) be an object of
Enlp(Z/B). Then
ι∗n(Qn(En))(T,z1) = (Qn(En))(T,z1) = (En)(T,z1).
Hence ι∗n(Qn(En)) = En. Consequently we see that ι
∗ is essentially surjective.
The rest we have to prove is the full faithfulness of the functor ι∗ (cf. the former
part of the proof of [Og1, (2.18)]).
Let (T, z) be an object of Enl(Z/B). Let the notations be as above. Since we have
the natural morphism
(T, z(m) ◦ ι) −→ (T, z(m))(5.1.17.9)
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in Enl(Z/B) and E is a isocrystal,
(Fm∗Z (E))(T,z) = E(T,z(m)◦ι) = E(T,z(m)) = (ι
∗(E))(T,z(m))(5.1.17.10)
by the commutative diagram (5.1.17.3). Let h = {hn}
∞
n=0 : E1 = (E1n)
∞
n=0 −→
(E2n)
∞
n=0 = E2 be a morphism in F
∞-Isos(Z/B). Then we have the following com-
mutative diagram
(5.1.17.11)
(ι∗m+n(E1,m+n))(T,z(m)) (Fm∗Z (E1,m+n))(T,z)
≃
−−−−→ (E1n)(T,z)y(ι∗m+n(hm+n))(T,z(m)) y(Fm∗Z (hm+n))(T,z) y(hn)(T,z)
(ι∗m+n(E2,m+n))(T,z(m)) (F
m∗
Z (E2,m+n))(T,z)
≃
−−−−→ (E2n)(T,z).
Hence the map
HomF∞-IsosF(Z/B)(E1, E2) ∋ h 7−→ ι
∗h ∈ HomF∞-IsosFp(Z/B)(ι
∗(E1), ι∗(E2))
(5.1.17.12)
is injective.
Conversely, let g = {gn}∞n=0 be an element of Hom(ι
∗(E1), ι∗(E2)). Let (hn)(T,z) : (E1n)(T,z) −→
(E2n)(T,z) be a unique morphism making into the following diagram commutative:
(5.1.17.13;n)
(ι∗m+n(E1,m+n))(T,z(m)) (Fm∗Z (E1,m+n))(T,z)
≃
−−−−→ (E1n)(T,z)y(gm+n)(T,z(m)) y(hn)(T,z)
(ι∗m+n(E2,m+n))(T,z(m)) (Fm∗Z (E2,m+n))(T,z)
≃
−−−−→ (E2n)(T,z).
Since g is a morphism of F∞-isospans, we see that h is also a morphism of F∞-isospans
by considering the diagram F ∗Z((5.1.17.13;n+1)). To show that the map (5.1.17.12) is
surjective, it suffices to show that (gm+n)(T,z(m)) = (ι
∗
m+n(hm+n))(T,z(m)) = (hm+n)(T,z(m))
for a given morphism g = {gn}∞n=0 ∈ HomF∞-IsosFp(Z/B)(ι
∗(E1), ι∗(E2)). This equal-
ity follows from the following commutative diagram
(5.1.17.14)
(ι∗m+n(E1,m+n))(T,z(m)1 )
(Fm∗Z (ι
∗
m+n(E1,m+n)))(T,z1)
≃
−−−−→ (ι∗n(E1,n))(T,z1)
(gm+n)
(T,z
(m)
1
)
y y((FmZ )∗(gm+n))(T,z1) y(gn)(T,z1)
(ι∗m+n(E2,m+n))(T,z(m)1 )
(Fm∗Z (ι
∗
m+n(E2,m+n)))(T,z1)
≃
−−−−→ (ι∗n(E2,n))(T,z1).
We complete the proof of (5.1.17).
Remark 5.1.18. Note that the proof of the formula (5.1.17.10) is different from the
proof in [Og1, (2.18)]. It is useless to denote (T, z(m) ◦ ι) by ι∗((T, z(m))) as in the
proof in [loc. cit.]; we have to use a fact that there exists the morphism (5.1.17.9) and
the assumption that E is an isocrystal.
Corollary 5.1.19. Assume that the morphism (5.1.7.1) is injective for any object
T ∈ Enl⋆(Z/B). Then the restriction functor
ι∗ := {ιn}∞n=0 : F
∞-IsosFsld(Z/B) −→ F∞-IsosFsldp (Z/B)(5.1.19.1)
is an equivalence of categories.
Proof. (5.1.19) follows from (5.1.17) and (5.1.15).
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In fact we can prove the following without using the assumption in (5.1.19); the
following proof is much more complicated than that of (5.1.17) because there does
not necessarily exist a morphism T
[pm]
1 −→ Z
[pm] making the resulting two squares in
(5.1.20.3) commutative.
Theorem 5.1.20. Let V, B and Z be as in (5.1.14). Assume that MgpZ /O
∗
Z is p-
torsion-free. Then the restriction functor
ι∗ = {ι∗n}
∞
n=0 : F
∞-IsosFsld(Z/B) −→ F∞-IsosFsldp (Z/B)(5.1.20.1)
is an equivalence of categories.
Proof. Only for simplicity of notation, we prove (5.1.20) in the case of the trivial
filtration. We need to take care of the delicate proof below.
Recall the morphism Fm : Z
[pm] −→ Z [p
m+1] = (Z [p
m])[p] (m ≥ 0) ((5.1.16.1)). Set
Fm,0 := Fm−1 ◦ · · · ◦ F0 : Z −→ Z [p
m].
We construct a functor
Q = {Qn}
∞
n=0 : F
∞-IsosFsldp (Z/B) −→ F
∞-IsosFsld(Z/B),(5.1.20.2)
which will turn out to be a quasi-inverse of ι∗. Let {(En,Φn)}∞n=0 be an object of
F∞-Isossldp (Z/B). Let n be a fixed nonnegative integer. Let (T, z) be an object
of Enlsld(Z/B); z is the structural morphism z : T0 −→ Z. Let ι : T0
⊂
−→ T1 be the
natural exact closed immersion and let FTi : Ti −→ Ti be the Frobenius endomorphism
of Ti (i = 1, 0). Apply (5.1.16) (1) for the case U(0) = T0 and U = T1. (Note that
the exact closed immersion
◦
ι :
◦
T 0
⊂
−→
◦
T 1 is nilpotent.) Then we have the following
commutative diagram
(5.1.20.3)
T0 −−−−→ T
[pm]
1
ρ[m]
−−−−→ T0
z
y yz
Z
Fm,0
−−−−→ Z [p
m] −−−−→ Z,
where the upper horizontal composite morphism is FmT0 . Note that there does not
necessarily exist a middle vertical morphism making the resulting new two dia-
grams commutative. Set z[m] := z ◦ ρ[m] : T
[pm]
1 −→ T0 −→ Z for a large in-
teger m. Let Um0 be a log scheme whose underlying scheme
◦
T 0 and whose log
structure is associated to the morphism Im(M
T
[pm]
1
−→ MT0) −→ OT0 . Because
the natural morphism p : MZ/O
∗
Z −→ MZ/O
∗
Z is injective, the natural morphism
M
T
[pm]
1
/O∗T1
“p×’’
−→ MT0/O
∗
T0
is injective. Using the natural morphism T0 −→ Um0 , we
have a formal log scheme Tm := Um0 (T ) with a natural closed immersion U
m
0
⊂
−→ Tm.
Set Tm1 := T
m mod p. By the definition of Tm, we have the following commutative
diagram
(5.1.20.4)
MT0/O
∗
T0
⊃
←−−−− M
T
[pm]
1
/O∗T1
≃
x y≃
MT /O∗T
⊃
←−−−− MTm/O∗T .
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Hence we have the following commutative diagram
(5.1.20.5)
T −−−−→ Tm
⊃
←−−−− Tm1
⋃x ⋃x y≃
T0 −−−−→ Um0
⊂
−−−−→ T
[pm]
1
z
y yz[m]
Z
Fm,0
−−−−→ Z [p
m] −−−−→ Z.
By abuse of notation, denote the right vertical composite morphism by z[m] again.
Hence we have an object (Tm, z[m]) of Enlsldp (Z/B) and we can consider (Em+n)(Tm,z[m]).
Set
(Qn(En))(T,z) := (Em+n)(Tm,z[m]).(5.1.20.6)
We claim that (Em+n)(Tm,z[m]) is independent of the choice of m. Consider the
following diagram
◦
T 1
F◦
T1−−−−→
◦
T 1
◦
ρ[m]
−−−−→
◦
T 0yz
◦
Z.
By (5.1.16.4) the upper horizontal composite morphism is equal to
◦
ρ[m+1]. Hence we
have a natural solid morphism T
[pm+1]
1 −→ T
[pm]
1 . We also have the natural morphism
T
[pm]
1 −→ T
[pm+1]
1 such that the composite morphism T
[pm]
1 −→ T
[pm+1]
1 −→ T
[pm]
1 is
equal to F
T
[pm]
1
. By the definition of (Tm, z[m]) and by the commutative diagram
(5.1.16.2), we have the following commutative diagram
(5.1.20.7)
Tm1 −−−−→ T
m+1
1
≃
y y≃
T
[pm]
1
F
T
[pm]
1
/(T
[pm]
1
)◦
−−−−−−−−−−→ T
[pm+1]
1
z[m]
y yz[m+1]
Z
FZ−−−−→ Z.
Let (T ′, z′) be an object of Enlsldp (Z/B) such that there exists a morphism (T
m, z[m]) −→
(T ′, z′) of solid log enlargements over FZ : Z −→ Z. We claim that (Tm+1, z[m+1])
is the initial object for the (T ′, z′)’s. It is clear that the underlying enlargement of
(Tm+1, z[m+1]) is the initial object of the underlying enlargement of (T ′, z′)’s since
(T
[pm]
1 )
◦ =
◦
T 1 = (T
[pm+1]
1 )
◦. Moreover, by using the solidness of the morphism
T ′0 −→ Z, we see that the morphism MT ′0 −→ MTm1 −→ MTm factors uniquely
through the morphism MTm+1 −→ MTm . Hence (T
m+1, z[m+1]) is the initial object
for the (T ′, z′)’s. Consequently we have the following equality:
(F ∗Z (Em+1+n))(Tm,z[m]) = (Em+1+n)(Tm+1,z[m+1]).(5.1.20.8)
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By using the isomorphism Φm+n, we have the following canonical isomorphism
(Em+n)(Tm,z[m])
Φm+n,∼
←− (F ∗Z(Em+1+n)))(Tm,z[m]) = (Em+1+n)(Tm+1,z[m+1]).
(5.1.20.9)
As a result, the sheaf (Qn(En))(T,z) in (5.1.20.6) is independent of the choice of m.
It is straightforward to check that Qn(En) is indeed an object of Isoc(Z/B) and that
the construction of Qn is functorial. We claim that
Qn+1(F
∗
Z(En+1)) = F
∗
Z(Qn+1(En+1)).(5.1.20.10)
Indeed, Qn+1(F
∗
Z(En+1))(T,z)
∼
−→ Qn(En)(T,z) = (Em+n)(Tm,z[m]). By the argument
above, we have the following equalities:
(F ∗Z(Qn+1(En+1)))(T,z) = (Qn+1(En+1))(T 1,z(1)) = (Em+n+1)(Tm+1,z[m+1])
= (Em+n)(Tm,z[m]).
Hence we have the following canonical isomorphism
Qn(Φn) : F
∗
Z(Qn+1(En+1)) = Qn+1(F
∗
Z(En+1))
∼
−→ Qn(En).(5.1.20.11)
Set
Q({(En,Φn)}
∞
n=0) := {(Qn(En), Qn(Φn))}
∞
n=0.(5.1.20.12)
Let {(En,Φn)}∞n=0 be an object of F
∞-Isosp(Z/B) and let (T, z) be an object of
Enlsldp (Z/B). Then
ι∗n(Qn(En))(T,z) = (Qn(En))(T,z) = (En)(T,z).
Hence ι∗n(Qn(En)) = En. Consequently ι
∗ is essentially surjective.
The rest we have to prove is the full faithfulness of the functor ι∗. (The following
is a log version of a part of the proof of [Og1, (2.18)].)
Let (T, z) be an object of Enlsld(Z/B). Let the notations be as above. Set T
[pm]
0 :=
T0 × ◦
T 0,
◦
FmT0
◦
T 0. Then we have a natural exact closed immersion ιm : T
[pm]
0
⊂
−→ T
[pm]
1
and the following commutative diagram
T0 −−−−→ T
[pm]
0
ιm−−−−→ T
[pm]
1
ρ[m]
−−−−→ T0
z
y y yz
Z −−−−→ Z [p
m] Z [p
m] −−−−→ Z,
where the upper horizontal morphism (resp. the lower horizontal morphism) is FmT0
(resp. FmZ ). Then, by the argument for the well-definedness of Q, we see that
(FmZ )∗((T, z)) = (T
m, Tm0 ), where T
m
0 := Spec
log
Tm((OTm/p)red) ≃ T
[pm]
0 . Hence we
have the following equalities:
(FmZ )∗((T, z)) = (T
m, z[m] ◦ ιm)(5.1.20.13)
Consequently (Fm∗Z (En))(T,z) = (ι
∗
n(En))(Tm,z[m]) as in (5.1.17.9). Let h := {hn}
∞
n=0 : E1 =
(E1n)
∞
n=0 −→ (E2n)
∞
n=0 = E2 be a morphism in F
∞-Isos(Z/B). Then we have the
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following commutative diagram:
(i∗m+n(E1,m+n))(Tm,z[m]) (F
m∗
Z (E1,m+n))(T,z)
≃
−−−−→ (E1n)(T,z)
(i∗m+n(hm+n))(Tm,z[m])
y (Fm∗Z (hn))(T,z)y yhn,(T,z)
(i∗m+n(E2,m+n))(Tm,z[m]) (F
m∗
Z (E2,m+n))(T,z)
≃
−−−−→ (E2n)(T,z).
Hence the map
HomF∞-IsosFsld(Z/B)(E1, E2) ∋ h 7−→ ι
∗h ∈ HomF∞-IsosFsldp (Z/B)(ι
∗(E1), ι∗(E2))
(5.1.20.14)
is injective.
By replacing z(m) in the proof of (5.1.17) with z[m], we see that the map (5.1.20.14)
is surjective.
We complete the proof of (5.1.20).
The following is a filtered variant of the F∞-isospan in [Og4, §5] and (5.1.14).
Though we can dispense with this in this book, it may be of independent interest.
Definition 5.1.21. Let V , B and Z be as in (5.1.14). Let n be a nonnegative integer.
Set B[p
n] := B × ◦
B,
◦
FnB
◦
B and set Z [p
n] := Z × ◦
Z,
◦
FnZ
◦
Z. Let
Fn := FZ[pn]/(Z[pn])◦ : Z
[pn] −→ Z [p
n+1] = (Z [p
n])[p]
be the abrelative Frobenius morphism of Z [p
n] over the natural morphism B[p
n] −→
B[p
n+1]. We call a sequence {((En, Pn),Φn)}∞n=0 of paires a filtered log p-adically con-
vergent abrelative (solid)-F∞-isospan (resp. a filtered log convergent abrelative (solid)-
F∞-isospan) if (En, Pn) ∈ IsocFp (Z [p
n]/B), (resp. (En, Pn) ∈ IsocF
(Z [p
n]/B)) and
Φn is the following isomorphism
Φn : F
∗
n ((En+1, Pn+1))
∼
−→ (En, Pn) (n ≥ 0)(5.1.21.1)
in IsocFp (Z
[pn]/B) (resp. (E,P ) ∈ IsocF(Z [p
n]/B)). We define a morphism of
filtered log (p-adically) convergent abelative (solid)F∞-isospans in an obvious way.
We denote the category of filtered log p-adically convergent abrelative F∞-isospans
(resp. the category of filtered log convergent abrelative (solid)-F∞-isospans) by arF∞-IsosFp (Z/B)
and arF
∞-IsosF(Z/B), respectively. The category arF∞-IsosF⋆ (Z/B) is an additive
category.
When the filtration is trivial, we denote arF
∞-IsosFp (Z/B) and arF∞-IsosF
(Z/B)
by arF
∞-Isosp (Z/B) and arF
∞-Isos(Z/B), respectively.
Proposition 5.1.22. There exists the following functorial functor
F∞-IsosF⋆ (Z/B) −→ arF
∞-IsosF⋆ (Z/B).(5.1.22.1)
Here the functoriality means the contravariant functoriality for Z/B’s. In particular,
there exists the following functorial functor
F -IsocF⋆ (Z/B) −→ arF
∞-IsocF⋆ (Z/B).(5.1.22.2)
The latter functor is fully faithful.
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Proof. Let (E,P ) = {(En, Pn),Φn}∞n=0 be an object of F
∞-IsosF⋆ (Z/B). We omit
to write the filtration P . The Frobenius endomorphism FZ[pn] : Z
[pn] −→ Z [p
n] of
Z [p
n] factors naturally through a morphism Vn : Z
[pn+1] −→ Z [p
n]. Set V0,n := V0 ◦
· · · ◦ Vn−1 : Z [p
n] −→ Z. Consider the following diagram
Z [p
n] Fn−→ Z [p
n+1] Vn−→ Z [p
n] V0,n−→ Z.
Set E′n := V
∗
0,n(En) ∈ Isoc

⋆ (Z
[pn]/B[p
n]). Then we have the following equalities and
the following isomorphism:
Φ′n : F
∗
n(E
′
n+1) = F
∗
nV
∗
0,n+1(En+1) = F
∗
nV
∗
n V
∗
0,n(En+1) = (Vn ◦ Fn)
∗V ∗0,n(En+1)
= F ∗Z[pn]V
∗
0,n(En+1) = V
∗
0,nF
∗
Z(En+1)
V ∗0,n(Φn),≃
−→ V ∗0,n(En) = E
′
n.
Hence we obtain an object {(E′n,Φ
′
n)}
∞
n=0 of F
∞-IsosF⋆ (Z/B). Let
h = {hn}
∞
n=0 : {(E
′
1n,Φ
′
1n)}
∞
n=0 −→ {(E
′
2n,Φ
′
2n)}
∞
n=0(5.1.22.3)
be a morphism in F∞-IsosF⋆ (Z/B). Then we obtain a morphism {V ∗0,n(hn)}∞n=0 in
arF
∞-IsosF⋆ (Z/B). By the construction, the funtoriality is clear.
The full faithfulness of the functor (5.1.22.2) is obvious.
Let us define the action of a morphism in the positive part W+crys(K) of the crys-
talline Weil category in [BO2, p. 190] and [Og1, p. 797] in our situation.
For a finite extension of κ′ of κ, set K0(κ′) := Frac(W(κ′)). (In [loc. cit.] K0(κ′)
has been denoted by K(κ′).) For a morphism c : K ′ −→ K ′′ of finite extensions of K,
let K0(c) : K0(κ
′) −→ K0(κ′′) be the induced morphism of fields by c, where κ′ and
κ′′ are residue fields of the integer rings V ′ := OK′ and V ′′ := OK′′ of K ′ and K ′′,
respectively. Let K be the fraction field of V . Let Wcrys(K) be the crystalline Weil
category defined by Ogus ([BO2, p. 190], [Og1, p. 796]): an object of Wcrys(K) is a
finite extensionK ′ ofK; a morphismK ′ −→ K ′′ inWcrys(K) is a triple (d, a, b), where
d is an integer, a : K ′ −→ K ′′ is a morphism of K-algebras and b : K ′ −→ K ′′ is a
morphism of fields such that “b = a◦F d” and “b = F d ◦a”, i. e., b|K0(κ′) = K0(a)◦F
d
and b|K0(κ′) = F
d ◦ K0(a), where the first F
d (resp. the second F d) is the d-th
power of the Frobenius endomorphism K0(κ
′) (resp. K0(κ′′)). Set ψ = (d, a, b) and
d := deg(ψ). Let W+crys(K) be the subcategory of Wcrys(K) whose objects are those
of Wcrys(K) and whose morphisms are ψ’s such that deg(ψ) ≥ 0 ([loc. cit., p. 797]).
Let ψ = (d, a, b) be a morphism in W+crys(K). Then a : K
′ −→ K ′′ induces a
morphism aV : V ′ −→ V ′′. Set Z ′ := Z ⊗V V ′, B′ := B⊗V V ′, Z ′′ := Z ′⊗V′,aV V ′′ and
B′′ := B⊗V′,aV V ′′. Let aZ : Z ′′ −→ Z ′ be the induced base change morphism by aV .
Assume that
◦
Z is a scheme over κ. Set
ψ0 := F
d
Z′ ◦ aZ : Z
′′ −→ Z ′.
For a family (E,P ) = {(En, Pn)}∞n=0 of objects of IsocF
(Z/B), set (E′, P ′) :=
{(E′n, P
′
n)}
∞
n=0 (resp. (E
′′, P ′′) := {(E′′n, P
′′
n )}
∞
n=0), where (E
′
n, P
′
n) ∈ IsocF
(Z ′/B′)
(resp. (E′′n , P ′′n ) ∈ IsocF
(Z ′′/B′′)) is the pull-back of (En, Pn). Set
ψ((E′n+d, P
′
n+d)) := ψ
∗
0((E
′
n+d, P
′
n+d)) ∈ IsocF
(Z ′′/B′′).
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Definition 5.1.23. An action of W+crys(K) on a family (E,P ) = {(En, Pn)}
∞
n=0 of
objects of IsocF(Z/B) is, by definition, for an element ψ = (d, a, b) ∈ W+crys(K), to
give an isomorphism
Φψ : ψ((E
′
n+d, P
′
n+d))
∼
−→ (E′′n , P
′′
n ) (n ≥ 0)(5.1.23.1)
satisfying the following two conditions:
(a) If ψ = (0, a, a) : K ′ −→ K ′′, then Φψ is the following canonical isomorphism
ψ((E′n, P
′
n)) = a
∗
Z((E
′
n, P
′
n))
∼
−→ (E′′n , P
′′
n ).
(b) If ψ : K ′ −→ K ′′ and ψ′ = (d′, a′, b′) : K ′′ −→ K ′′′ are morphisms inW+crys(K),
then Φψ′ ◦ ψ′0
∗(Φψ) = Φψ′◦ψ : ψ′ψ((E′n+d+d′ , P
′
n+d+d′))
∼
−→ (E′′′n , P ′′′n ). Here V ′′′ :=
OK′′′ , Z ′′′ := Z ′′⊗V′′,a′VV
′′′, ψ′0 := F
d′
Z′′◦aZ′ : Z
′′′ −→ Z ′′ and (E′′′n , P
′′′
n ) ∈ IsocF
(Z ′′′/V ′′′)
is the pull-back of (E′′n , P ′′n ).
Definition 5.1.24. A filtered F∞-isospan is a pair ({(En, Pn)}∞n=0,Φ), where (En, Pn) ∈
IsocF(Z/B) and Φ is an action of W+crys(K) defined in (5.1.23). A morphism of
F∞-isospans is a morphism in IsosF(Z/B) which is compatible with the action of
W+crys(K). By using these notions, we obtain a category F
∞-IsosF(Z/B) of filtered
F∞-isospan on Z/B.
As in [Og1, p. 798], we obtain the following:
Proposition 5.1.25. Let V, B and Z be as in (5.1.14). Then a filtered F∞-isospan
in the sense of (5.1.23) is equivalent to that in the sense of (5.1.14).
Proof. The explanation in [loc. cit.] works in our situation. We give the proof of
(5.1.25) for the completeness of this book.
Set φ := (1, idK , FK), where FK is the Frobenius endomorphism of K. Then
φ((En+1, Pn+1)) = F
∗
Z((En+1, Pn+1)). Hence the action (5.1.23.1) gives the datum
(5.1.21.1). Conversely we are given the datum (5.1.21.1) and a morphism ψ = (d, a, b)
in W+crys(K). Let ι
′ : K0(κ′)
⊂
−→ K ′ and ι′′ : K0(κ′′)
⊂
−→ K ′′ be natural inclusions.
Set ι′ := (0, ι′, ι′), ι′′ := (0, ι′′, ι′′) and α := (0,K0(a),K0(a)) in W+crys(K). Then
ψ◦ι′ = ι′′◦α◦φd as in [loc. cit]. Hence, by the conditions (a) and (b), the isomorphism
Φψ : ψ((E
′
n+d, P
′
n+d))
∼
−→ (E′′n, P ′′n ) is uniquely determined.
Lemma 5.1.26. Assume that, for any object E ∈ Isoc(Z/B) and any object T ∈
Enl(Z/B), ET is a flat KT -module. Then Isoc
(Z/B) has an internal hom.
Proof. Let E and F be objects of Isoc(Z/B). Since
◦
T is noetherian, HomKT (ET , FT )
is locally free KT -modules. Hence (5.1.26) is obvious.
As in [Og1, (2.21)], we obtain the following:
Proposition 5.1.27. Let the assumption be as in (5.1.26). Let V ′/V be a totally
ramified extension of complete discrete valuation rings of mixed characteristics. Set
B′ := B⊗ˆVV ′. Then the restriction functor
R := {Rn}
∞
n=0 : F
∞-IsosFsld(Z/B) −→ F∞-IsosFsld(Z/B′)
is an equivalence of categories.
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Proof. The explanation in [loc. cit.] works in our situation. We give the proof of
(5.1.27) for the completeness of this book.
We omit to write the filtration P . Let (T, z) be an object of Enlsld(Z/B). Let
(T ′, z′) be an object of Enlsld(Z/B′) obtained by the base change morphism with
respect to the morphism Spf(V ′) −→ Spf(V). Let q : T ′ −→ T be the projection.
Then Rn(En)(T ′,z′) = q
∗((En)(T,z)). Obviously the natural morphism (En)(T,z) −→
q∗q∗((En)(T,z)) is injective. Using this injectivity, we see that the functor Rn is faith-
ful. (We do not need the existence of the internal Hom in Isoc(Z/B) which was used
in [loc. cit.] in the trivial log case.) Hence we may assume that the extension K ′/K is
Galois as in [loc. cit.] and we assume this until the end of this proof. Let b an element
of Gal(K ′/K). Let i : K ⊂−→ K ′ be the inclusion. Set β := (0, idK′ , b) ∈ W+crys(K ′)
and ι := (0, i, i) ∈ W+crys(K). Then b induces a natural morphism bB′ : B
′ −→ B′. Let
(T, z) and (T ′, z′) be as above. Since K ′/K is totally ramified, we have the following
commutative diagram:
Z
β0
−−−−→ Zy y
B′
bB′−−−−→ B′.
We also have the solid morphism bT ′ : T
′ −→ T ′ over bB′ : B′ −→ B′. Hence β(E′n) =
b∗T ′(E
′
n) by (5.1.5.1). Since β ◦ ι = ι in W
+
crys(K), we have the equality Φβ ◦ β
∗
0 (Φι) =
Φι : β(E
′
n)
∼
−→ E′n. Consequently
(Φβ)T ′ ◦ b
∗
T ′((Φι)T ′) = (Φι)T ′ : b
∗
T ′((E
′
n)T ′)
∼
−→ (E′n)T ′ .
This is nothing but a Galois descent data on (E′n)T ′ . By Galois descent we see that Rn
is fully faithful. Furthermore, {Φβ}β∈Gal(K′/K) defines a descent data for each object
of IsocF(Z ′/B′) and each T ′ −→ T for any object (T ′, z′) ∈ Enl(Z/B′). Hence R is
essentially surjective. Consequently R is an equivalence of categories.
Now assume that Z is hollow. Then the image of any local section ofMZ◦
Ti
\O∗Z◦
Ti
in
OZ◦
Ti
is zero. Hence the image of any local section ofMZ(T )\O
∗
T in OT is topologically
nilpotent.
Lemma 5.1.28. Assume that Z is hollow. Then the following hold:
(1) The morphism (5.1.7.1) is injective.
(2) For a morphism g : (T ′, z′i) −→ (T, zi) in Enl⋆(Z/B) (i = 0, 1), the induced
pull-back morphism g∗ : g∗(MZ(T )) −→ MZ(T ′) induces a morphism g∗ : g∗(MZ(T ) \
O∗T ) −→MZ(T ′) \ O
∗
T ′ .
Proof. (1): Obvious.
(2): Assume that there exists a local section m ∈MZ(T )\O
∗
T whose image belongs
to O∗T ′ . Let m be the image of m in MZ(T )/O
∗
T =MZ◦
Ti
/O∗Ti = z
−1
i (MZ/O
∗
Z). Then
m is not a local unit section. Since MZ is hollow, the image of m in OTi is zero. This
is a contradiction by the following commutative diagram
g−1(MZ◦
Ti
) −−−−→ MZ◦
T ′
iy y
g−1(OTi) −−−−→ OT ′i .
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Definition 5.1.29. We say that (T, z1), (T, z0) or T is restrictively hollow with respect
to Z (and the log structure of T is restrictively hollow with respect to Z) if Z(T ) is
hollow.
It is obvious that, if the log structure of T is hollow, then the log structure of T is
restrictively hollow with respect to Z. We define a morphism of (restrictively) hol-
low log (p-adic) enlargements in an obvious way. Let hEnlp (Z/B), rhEnl

p (Z/B),
hEnl(Z/B) and rhEnl(Z/B) be the category of hollow log p-adic enlargements
of Z/B, the category of restrictively hollow (solid) log p-adic enlargements of Z/B,
the category of hollow (solid) log enlargements of Z/B and the category of restric-
tively hollow (solid) log enlargements of Z/B, respectively (In [Og4] Ogus has already
considered categories hEnl⋆ (Z/B) (⋆ = p or nothing).). Then we have the following
(5.1.29.1)
hEnlp (Z/B)
⊂
−−−−→ rhEnlp (Z/B)
⊂
−−−−→ Enlp (Z/B)y y y
hEnl(Z/B)
⊂
−−−−→ rhEnl(Z/B)
⊂
−−−−→ Enl(Z/B).
Here the horizontal
⊂
−→’s mean that the sources are full subcategories of the targets
and the vertical arrows mean natural functors.
Proposition 5.1.30 (cf. [Og4, Proposition 23]). Let π : Z −→ B be the structural
morphism. Assume that B = (Spf(V),V∗) and that Z is hollow. Assume that MZ
is split, i. e., there exists a subsheaf N of monoids on Z with unit local section e
such that MZ = N ⊕ O∗Z with structural morphism N ∋ n 7−→ 0 ∈ OZ (n 6= e). Let
(
◦
T ,
◦
z1) (resp. (
◦
T ,
◦
z0)) be an object of Enlp(
◦
Z/V) (resp. Enl(
◦
Z/V)). Then there exists
the following functors
Enlp(
◦
Z/V) ∋ (
◦
T ,
◦
z1) 7−→ (Z(
◦
T ), z1) ∈ Enlp(Z/V)(5.1.30.1)
and
Enl(
◦
Z/V) ∋ (
◦
T ,
◦
z0) 7−→ (Z(
◦
T ), z0) ∈ Enl(Z/V),(5.1.30.2)
where the log p-adic formal scheme Z(
◦
T )/B and the morphisms z1, z0 will be con-
structed in the proof below. Moreover one can consider Enlp(
◦
Z/V) and Enl(
◦
Z/V) as
full subcategories of Enlp(Z/V) and Enl(Z/V) by the functors (5.1.30.1) and (5.1.30.2),
respectively. Consequently the restriction of an object of IsocF⋆(Z/V) to Enl⋆(
◦
Z/V)
gives an object of IsocF⋆(
◦
Z/V).
Proof. Set Z ◦
T i
:= Z × ◦
Z
◦
T i (i = 1) (resp. (i = 0)) with projection zi : Z ◦
T i
−→ Z.
Since
◦
T is homeomorphic to Z ◦
T i
, we can consider z−1i (N) as a sheaf of monoids
on
◦
T . Endow
◦
T with the log structure z−1i (N) ⊕ O
∗
T with structural morphism
z−1i (N) ∋ n 7−→ 0 ∈ O◦T
(n 6= e). Let Z(
◦
T ) be the resulting log formal scheme. This
is hollow and fine. Because MB = O∗B , the structural morphism p :
◦
T −→
◦
B induces
a morphism Z(
◦
T ) −→ B of log formal schemes. Consequently we have the following
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commutative diagram
Z ◦
T i
⊂
−−−−→ Z(
◦
T )
zi
y y
Z −−−−→ B.
and we obtain a solid hollow log (p-adic) enlargement (Z(
◦
T ), zi) of Z/B. (The
log formal scheme Z(
◦
T )/B is independent of the choice of i.) It is easy to check
that the morphisms (5.1.30.1) and (5.1.30.2) are functorial. Conversely, a morphism
(Z(
◦
T ), zi) −→ (Z(
◦
T ′), zi) in Enl⋆(Z/B) induces a morphism (
◦
T , zi) −→ (
◦
T ′, zi) in
Enl⋆(
◦
Z/
◦
B). Hence, using the morphisms (5.1.30.1) and (5.1.30.2), we can consider
Enlp(
◦
Z/
◦
B) and Enl(
◦
Z/
◦
B) as full subcategories of Enlp(Z/B) and Enl(Z/B), respec-
tively.
One may think that the notation Z(
◦
T ) is misleading. However the following tells us
that we have a reasoning for this notation:
Proposition 5.1.31. Let the assumptions be as in (5.1.30). Let (T, z1) (resp. (T, z0))
be an object of rhEnlp (Z/V) (resp. rhEnl
(Z/V)). Assume that MT is split. (This
is automatically satisfied when  =sld. Then (Z(T ), Z(zi)) ≃ (Z(
◦
T ), zi). (This
isomorphism depends on the splitting of MT ).
Proof. Since MT is split, there exists a subsheaf LT of monoids of MT such that the
composite isomorphism LT
⊂
−→ MT −→ MT /O∗T is an isomorphism. Let NT be the
inverse image z−1i (N) by the composite morphism LT
∼
−→ MT /O∗T = MTi/O
∗
Ti
⊃
z−1i (MZ/O
∗
Z). Obviously we have the isomorphism NT
∼
−→ z−1i (N). By (5.1.28)
(1), the morphism (5.1.7.1) is injective. Hence MZ(T ) = NT ⊕ O
∗
T . Since (T, zi) ∈
rhEnl⋆ (Z/B), the image of any non-identity section of NT is zero in OT . Hence
(Z(T ), zi) ≃ (Z(
◦
T ), zi) over V .
Proposition 5.1.32. Let π be a uniformizer of V and set Bn := B mod πn (1 ≤
n ≤ ∞) (B∞ := B). Assume that Z is a log formal scheme over Bn and that Z has
a hollow lift Z˜ over B, which is formally log smooth over B. Then rhEnlp (Z/B) =
Enlp (Z/B) and rhEnl
(Z/B) = Enl(Z/B).
Proof. Let T = (T, z1) (resp. T = (T, z0)) be an object of Enlp(Z/B) (resp. Enl(Z/B)),
respectively. We would like to prove that the image of any section of MZ(T ) \ O
∗
T in
OT is zero. Hence we may assume that T is affine. Because Z˜ is formally log smooth
over B, we have a morphism T −→ Z˜ over B extending the morphism zi : Ti −→ Z
(i = 1, 0) over B. Then MZ(T ) is nothing but the inverse image of the log structure
of Z˜. Hence we see that the image of any section of MZ(T ) \ O
∗
T in OT is zero.
Henceforth assume that the log structure of Z is constant in the sense of [Og4,
Definition 4], that is, the sheaf MZ/O
∗
Z is locally constant.
For a (solid) log (p-adic) enlargement T of Enl⋆ (Z/B), we say that T is constant
if MT /O∗T is locally constant as above. Let CEnl

⋆ (Z/B) be the full subcategory of
Enl⋆ (Z/B) whose objects are constant (p-adic) enlargements of Z/B. The functor
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(5.1.11.1) factors through CEnl⋆ (Z/B)
⊂
−→ Enl⋆ (Z/B) and we have the following
functor
Z(?) : Enl⋆ (Z/B) ∋ T 7−→ Z(T ) ∈ CEnl

⋆ (Z/B).(5.1.32.1)
The functor Z(?) induces the following equivalence of categories:
Z(?) : Enlsld(Z/B)
∼
−→ CEnlsld(Z/B).
Set
ChEnl⋆ (Z/B) := hEnl

⋆ (Z/B) ∩ CEnl

⋆ (Z/B).(5.1.32.2)
By [Og4, Defitinion 4] we have the following functor
(?)♮ : CEnl⋆(Z/B) −→ ChEnl⋆(Z/B).(5.1.32.3)
This functor is the left adjoint functor of the natural inclusion functor ChEnl⋆ (Z/B)
⊂
−→
CEnl⋆ (Z/B). By noting that MZ(T )/O
∗
Z(T ) = MZ/O
∗
Z (T ∈ Enl⋆(Z/B)) is also lo-
cally constant and by (5.1.28) (2), we have the following composite functor
Z(?)♮ := ♮ ◦ Z(?) : Enl⋆ (Z/B)
(5.1.32.1)
−→ CEnlsld⋆ (Z/B)
♮
−→ ChEnlsld⋆ (Z/B).
(5.1.32.4)
Definition 5.1.33. (1) Let N be a nonnegative integer or ∞. Let Y•≤N −→ Z be a
morphism over B from an N -truncated simplicial fine log p-adic formal B-scheme to
a fine log p-adic formal B-scheme. Let Cp be a subcategory of Enlp(Z/B). For each
object T = (T, z1) of Cp, assume that we are given an N -truncated cosimplicial filtered
crystal (F •≤N (T ), P (T )) of filtered coherent OY•≤N,T1/T -modules such that for a mor-
phism g : T ′ −→ T in Cp, there exists an isomorphism ρ(g) : g∗((F •≤N (T ), P (T )))
∼
−→
(F •≤N (T ′), P (T ′)) of filtered OY•≤N,T ′
1
/T ′ -modules which satisfies the usual cocycle
condition and ρ(idT ) = id(F•≤N (T ),P (T )). Then we call the family
(F •≤N , P ) := {(F •≤N (T ), P (T ))}T∈Cp := {(F
•≤N ((T, z1)), P ((T, z1)))}(T,z1)∈Cp
a filtered coherent crystal of O{Y•≤N,T1/T}T∈Cp -modules. We define a morphism of
filtered coherent crystals of O{Y•≤N,T1/T}T∈Cp -modules in an obvious way.
(2) Let the notations be as in (1) and (5.1.1) (3). Let Y ′•≤N/Z
′ be a similar object
to Y•≤N/Z. Let h : Y ′•≤N −→ Y•≤N be a morphism over g : Z
′ −→ Z. For an object
(T ′, z′1) ∈ C′p, let h(T ′) : Y ′•≤N,T ′1 = Y
′
•≤N ×Z′,z1 T
′
1 −→ Y•≤N ×Z′,g◦z′1 T
′
1 be the base
change morphism of h over T ′. Set
h∗((F •≤N , P )) := {h(T ′)∗crys((F
•≤N ((T ′, g ◦ z′1)), P ((T
′, g ◦ z′1))))}(T ′,z′1)∈C′p .
We call h∗((F •≤N , P )) the pull-back of (F •≤N , P ) by h.
(3) Let the notations be as in (1). For each object T = (T, z1) of Cp, assume
that we are given an N -truncated cosimplicial filtered crystal (E•≤N (
◦
T ), P (
◦
T )) of
filtered coherent O ◦
Y •≤N,T1/
◦
T
-modules such that for a morphism g : T ′ −→ T in Cp,
there exists an isomorphism ρ(g) : g∗((E•≤N (
◦
T ), P (
◦
T )))
∼
−→ (E•≤N (
◦
T ′), P (
◦
T ′)) of
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filtered O ◦
Y •≤N,T′
1
/
◦
T ′
-modules which satisfies the usual cocycle condition and ρ(idT ) =
id
(E•≤N (
◦
T ),P (
◦
T ))
. Then we call the family
(E•≤N , P ) := {(E•≤N (
◦
T ), P (
◦
T ))}T∈Cp := {(E
•≤N ((
◦
T , z1)), P ((
◦
T , z1)))}(T,z1)∈Cp
a filtered coherent crystal of O
{
◦
Y •≤N,T1/
◦
T}T∈Cp
-modules. We define a morphism of
filtered coherent crystals of O
{
◦
Y •≤N,T1/
◦
T}T∈Cp
-modules in an obvious way.
If we are given (E•≤N , P ) in (3), we obtain a coherent crystal of O{Y•≤N,T1/T}T∈Cp -
modules in the following way:
(F •≤N , P ) := {(ǫ∗Y•≤N,T1/T (E
•≤N (
◦
T )), P (
◦
T ))}T∈Cp .
Remark 5.1.34. Assume that Z has a p-adically formally log smooth lift Z over B
and Z ∈ Cp. Then it is obvious that we have the following functor:
{filtered coherent O{Y•≤N,T1/T}T∈Cp -modules} −→ {filtered coherent OY•≤N/Z -modules}.
Lastly let us recall Ogus’ definition of an F∞-span and his theorem in [Og4].
Definition 5.1.35 ([Og4, Definition 15]). Assume that
◦
Z is of characteristic p > 0.
An F∞-span on Z/W is a sequence (E,Φ, V ) = ({En}∞n=0, {Φn}
∞
n=0, {Vn}
∞
n=0) of
triples, where En is a crystal of OZ/W -modules and Φn : F ∗Z/W (En+1) −→ En and
Vn : En −→ F
∗
Z/W (En+1) are morphisms of OZ/W -modules such that Φn ◦ Vn and
Vn ◦ Φn are multiplications by pm for a fixed some m ∈ Z≥0 (independent of n).
We say that E is flat (resp. coherent) if En (n ∈ Z≥0) is a flat OZ/W -modules
(resp. a coherent OZ/W -modules).
The following Ogus’ theorem is a log version and a coefficient version of his theorem
[Og1, (3.7)]:
Theorem 5.1.36 ([Og4, Theorem 4]). Let Z be an fs log scheme over κ with
constant log structure, i. e., MZ/O
∗
Z is locally constant. Let Y −→ Z be a proper log
smooth morphism of fs log schemes over κ of Cartier type. Let E = {En}∞n=1 be an
F∞-span on Y/Spf(W). Then there exists a convergent F∞-isospan Eq := {Eqn}∞n=0
of flat KZ/W -modules such that E
q
n,T = R
qfYT1/T∗(p
∗
Tcrys(En))Q for any object T ∈
Enlp(Z/W). Here pT : YT1 −→ Y is the first projection over T −→ Spf(W).
In this book we need only the following in the trivial log case.
Theorem 5.1.37. Endow V with the canonical PD-structure [ ] on pV. Let Z be
a p-adic formal V-scheme and let f : Y −→ Z1 be a proper smooth morphism. Set
Ep := Enlp(Z/V) and E := Enl(Z/V). Let E := {E(T )}T∈Ep be a flat coherent crystals
of {OYT1/T }T∈Ep-modules. Then the following hold:
(1) (A coefficient version of [Og1, (3.1)]) There exists an object Rqf∗(EK) of
Isocp(Z/V) such that Rqf∗(EK)T = RqfYT1/T∗(E(T ))⊗V K for any object T of Ep.
(2) (A coefficient version of [Og1, (3.7)]) Let us consider Rqf∗(EK) as an object of
Isocp(Z/W) by using the natural morphism Spf(V) −→ Spf(W) as in [Og1, (3.6)]. For
an object T ∈ Enlp(Z/W), set Y ′T1 := (Y ×Z1,FZ1 Z1)×Z1 T1 and let WYT1/T : Y
′
T1
−→
YT1 be the natural projection over T . Let FY/Z1 : Y −→ Y
′ be the relative Frobenius
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morphism over Z and let FYT1/T : YT1 −→ Y
′
T1
be the base change morphism of FY/Z1
over T . Let Φ := {Φ(T )}T∈Ep be a morphism of {OYT1/T }T∈Ep-modules, where
Φ(T ) : F ∗YT1/TcrysW
∗
YT1/Tcrys
(E(T )) −→ E(T )
is a morphism of F -crystals of OYT1/T -modules. Assume that the induced morphism
RqfY ′T1/T∗(W
∗
YT1/Tcrys
(E(T )))⊗V K −→ RqfYT1/T∗(E(T ))⊗V K(5.1.37.1)
by Φ(T ) is an isomorphism for any object T of Ep. Then Rqf∗(EK) in (1) prolongs
naturally to a convergent F -isocrystal on E as explained in [Og1, (3.6), (3.7)].
Proof. (1): We have only to imitate the proof of [Og1, (3.1)]. Indeed, let g : T ′ −→ T
be a morphism in Enlp(Z/V). We may assume that Z, T and T ′ are affine: T ′ :=
Spf(C′) and T := Spf(C). Since g∗crys(E(T )) = E(T ′), we have
C′ ⊗LC RΓ(XT1/T,E(T )) = RΓ(XT ′1/T
′, E(T ′))
by the base change of crystalline cohomologies ([loc. cit., (3.3)]). The rest of the proof
is the same as that of [loc. cit., (3.1)].
(2): We have only to imitate the proof of [Og1, (3.7)]. Indeed, as in [loc. cit.], we
may assume that V =W . Let T be an object of Ep. Then
(F ∗Z1R
qf∗(EK))T = RqfY ′T1/T∗(W
∗
YT1/Tcrys
(E(T ))⊗V K.(5.1.37.2)
By the assumption (5.1.37.1), this is isomorphic to RqfYT1/T∗(E(T )) ⊗V K. Hence
the Frobenius morphism
(F ∗Z1R
qf∗(EK))T −→ Rqf∗(EK)T(5.1.37.3)
is an isomorphism. The rest of the proof is the same as that of [Og1, (3.7)] by using
[Og1, (2.18)].
5.2 Log convergences of the weight filtrations on
the log isocrystalline cohomology sheaves
In the section we prove the log convergence of the weight filtration on the log isocrys-
talline cohomology sheaf of a truncated simplicial base change of proper SNCL schemes
in characteristic p > 0 by using results in previous sections. We also reformulate the
monodromy-weight conjecture and the log hard Lefschetz conjecture in terms of log
convergent isocrystals.
Let the notations be as in the previous section. In this section, assume that
B = (Spf(V),V∗).
Let N be a nonnegative integer. Let S be a p-adic formal family of log points
over B such that
◦
S is a p-adic formal V-scheme in the sense of [Og1, §1] (e. g., V/p-
scheme). Let X•≤N/S be an N -truncated simplicial base change of SNCL schemes.
Assume that
◦
X•≤N/
◦
S is proper.
Let n be a nonnegative integer. Let T be an object of Enl⋆ (S
[pn]/V) (⋆ = p or
nothing,  =sld or nothing). Then the hollow out S[p
n](T )♮ of S[p
n](T ) is a formal
family of log points. Let Ti −→ S[p
n] (i = 0, 1) be the structural morphism. Set
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X
[pn]
•≤N,
◦
T i
:= X•≤N ×S S
[pn]
◦
T i
= X
[pn]
•≤N ×◦S
◦
T i, where X
[pn]
•≤N := X•≤N ×S S
[pn]. Let
f
[pn]
◦
T
: X
[pn]
•≤N,
◦
T i
−→ S[p
n](T )♮ be the structural morphism. (Note that this notation is
different from f in §1.4.)
Set Ep,n := Enl

p (S
[pn]/V). Assume that we are given a flat coherent crystal
E•≤Nn = {E•≤Nn (
◦
T )}T∈Ep,n of O{
◦
X
[pn]
•≤N,T1
/
◦
T}
T∈Ep,n
-modules. Let T be an object of
Ep,n. Let z : T1 −→ S
[pn] be the structural morphism. Because S[p
n](T )♮ is a p-adic
formal family of log points, we have an N -truncated simplicial base change of proper
SNCL schemesX
[pn]
•≤N,
◦
T1
/S
[pn]
◦
T 1
with an exact PD-closed immersion S
[pn]
◦
T 1
⊂
−→ S[p
n](T )♮.
Assume that, for each object T of Ep,n, there exists a disjoint union X
[pn]′
•≤N,
◦
T1
of the
member of an affine N -truncated simplicial open covering of X
[pn]
•≤N,
◦
T1
and that there
exists an admissible immersion
X
[pn]
•≤N,•,
◦
T1
⊂
−→ P•≤N,•(S[p
n](T )♮)(5.2.0.1)
over S[pn](T )♮.
Then we obtain the p-adic iso-zariskian filtered Steenbrink complex
(Azar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T )), P ) ∈ D+F(f−1◦
T
(KT ))(5.2.0.2)
for each T ∈ Ep,n. The admissible immersion (5.2.0.1) exists in the following two
cases:
(1) The case whereX•≤N is an N -truncated simplicial SNCL scheme over S (§1.4).
(2) The case of the successive truncated simplicial case ((3.2.7)).
Remark 5.2.1. Let T be an object of Ep,n. If there exists an admissible immersion
X
[pn]
•≤N,•,
◦
T1
⊂
−→ P•≤N,•(S[p
n](T )♮)(5.2.1.1)
over S[pn](T )♮, then there exists an admissible immersion
X
[pn]
•≤N,•,
◦
T1
⊂
−→ P•≤N,•(S[p
n](T )♮)×
S[pn](T )♮
S[pn](T ′)♮
for any morphism T ′ −→ T in Ep,n.
Proposition 5.2.2. Let g : T ′ −→ T be a morphism in Ep,n. Then the induced
morphism g•≤N : X
[pn]
•≤N,
◦
T ′1
−→ X
[pn]
•≤N,
◦
T1
by g gives us the following natural morphism
g∗•≤N : (Azar,Q(X
[pn]
•≤N,
◦
T 1
/S[p
n](T )♮, E•≤N(
◦
T )), P )(5.2.2.1)
−→ Rg•≤N∗((Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N (
◦
T ′)), P ))
of filtered complexes in D+F(f−1◦
T
(KT )); id
∗
X
[pn]
•≤N,
◦
T1
= id
(Azar,Q(X
[pn]
•≤N,
◦
T1
/S[pn](T )♮,E•≤N(
◦
T )),P )
.
For a similar morphism h : T ′′ −→ T ′ to g and a similar morphism h•≤N : X•≤N,
◦
T ′′1
−→
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X
•≤N,
◦
T ′1
to g•≤N , the following relation
(h•≤N ◦ g•≤N)∗ = Rh•≤N∗(g∗•≤N) ◦ h
∗
•≤N
holds.
Proof. This immediately follows from the contravariant functoriality in (3.4.1).
The morphism (5.2.2.1) induces the following morphism
g∗ : Rf [p
n]
◦
T∗
((Azar,Q(X
[pn]
•≤N,
◦
T 1
/S[p
n](T )♮, E•≤N(
◦
T )), P ))(5.2.2.2)
−→ Rg∗Rf
[pn]
◦
T ′∗
((Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N (
◦
T ′)), P ))
of filtered complexes in D+F(KT ).
The following is a key lemma for (5.2.5) below.
Lemma 5.2.3. Assume that MS is split. Let k be a nonnegative integer or ∞. Then
there exists an object
(Rqf
[pn]
∗ (PkAzar,Q(X
[pn]
•≤N/K,E
•≤N)), P )(5.2.3.1)
of IsocFp(
◦
S/V) such that
(Rqf
[pn]
∗ (PkAzar,Q(X
[pn]
•≤N/K,E
•≤N)), P )◦
T
= (Rqf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](
◦
T ), E•≤N (
◦
T ))), P )
(5.2.3.2)
for any object
◦
T in Enlp(
◦
S/V). (Note that (S[p
n])◦ =
◦
S and recall the log formal
scheme S[p
n](
◦
T ) in (5.1.30).) In particular, there exists an object
(Rqf
[pn]
∗ (ǫ∗X[pn]•≤N/K
(E•≤NK )), P )(5.2.3.3)
of IsocFp(
◦
S/V) such that
(Rqf
[pn]
∗ (ǫ∗X[pn]•≤N/K
(E•≤NK )), P )◦T
= (Rqf
[pn]
X
[pn]
•≤N,
◦
T1/S
[pn](
◦
T )∗
(ǫ∗X
•≤N,
◦
T1/S
[pn](
◦
T )
(E•≤N (
◦
T )))Q, P )
(5.2.3.4)
for any object
◦
T in Enlp(
◦
S/V).
Proof. Set Ep := Enlp(
◦
S/V) and let
◦
T be an object of Ep. Set
(E,P ) := {(E(
◦
T ), P (
◦
T ))} ◦
T∈Ep
:= (Rqf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](
◦
T ), E•≤N (
◦
T )), P ).
We would like to prove that {(E(
◦
T ), P (
◦
T ))} ◦
T∈Ep
defines an object of Isocp(
◦
S/V). Let
g :
◦
T ′ −→
◦
T be a morphism in Ep. We may assume that
◦
T and
◦
T ′ are affine formal
schemes. Let z :
◦
T 1 −→
◦
S = (S[p
n])◦ be the structural morphism.
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Because we need a more general situation in (5.2.5) below, we consider a morphism
g : T ′ −→ T of log formal schemes in Enlp (S[p
n]/V) more generally. Since T ′, T ∈
Enlp (S
[pn]/V), we obtain the p-adic iso-zariskian filtered Steenbrink complexes
(Azar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T )), P )
and
(Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N(
◦
T ′)), P ).
Let h•≤N : X•≤N,
◦
T ′1
−→ X
•≤N,
◦
T1
be the natural morphism over g : S◦
T ′
−→ S◦
T
. By
the contravariant functoriality ((3.4.1)), we have a natural morphism
(Azar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T )), P ) −→
Rh•≤N∗((Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N (
◦
T ′)), P )).
Applying this morphism to Rf
[pn]
◦
T∗
, we obtain the following morphism
Rf
[pn]
◦
T∗
(Azar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T )), P )
−→ Rf
[pn]
◦
T∗
Rh•≤N∗((Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N (
◦
T ′)), P ))
= Rg∗Rf
[pn]
◦
T ′∗
((Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N (
◦
T ′)), P )).
By (3.5.1), Rf
[pn]
◦
T∗
(Azar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T )), P ) is filtered bounded above.
By the adjunction of Rg∗ and Lg∗ ([NS1, (1.2.2)]), we have the following morphism
Lg∗Rf [p
n]
◦
T∗
(Azar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T )), P )(5.2.3.5)
−→ Rf
[pn]
◦
T ′∗
((Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N (
◦
T ′)), P )).
We claim that the following equality holds:
Hq(Lg∗Rf [p
n]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T ))))(5.2.3.6)
= g∗Rqf [p
n]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T ))) (k ∈ Z).
Indeed, by (3.5.2), Rf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T )))) is a strictly per-
fect complex of KT -modules. Let L• := (L•, d•) be a representative of this complex
such that L• is bounded and such that each Li (i ∈ Z) is a locally free KT -module.
Then the source of (5.2.3.5) is represented by g∗(L•). Set Zq := Ker(dq), Bq := Im(dq)
and Hq := Zq/Bq as usual. Then, by (3.4.9.6), (5.1.37) (1) and [Og1, (2.9)],
Hq := Rqf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T ))))
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is a flat KT -module. By using this flatness, it is easy to check that g∗(Hq) =
Hq(g∗(L•)). This is nothing but the equality (5.2.3.6).
By (5.2.3.5) and (5.2.3.6), we have the following morphism
g∗Rqf [p
n]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T ))))(5.2.3.7)
−→ Rqf
[pn]
◦
T ′∗
((Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N (
◦
T ′))).
Let SSk(S
[pn](T )♮) and SSk(S
[pn](T ′)♮) be the spectral sequences of
Rqf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T )))
and
Rqf
[pn]
◦
T ′∗
(PkAzar,Q(X
[pn]
•≤N,T ′1/S
[pn](T ′)♮, E•≤N (
◦
T ′))),
respectively ((1.5.12.5)). Let E••1 (S[p
n](T )♮)k and E
••
1 (S
[pn](T ′)♮)k be the E1-terms
of the spectral sequences of SSk(S
[pn](T )♮) and SSk(S
[pn](T ′)♮), respectively. Set
E••1 (S
[pn](T )♮) := E••1 (S
[pn](T )♮)∞ and E••1 (S
[pn](T ′)♮) := E••1 (S
[pn](T ′)♮)∞.
Now consider the case S[p
n](T ) = S[p
n](
◦
T ) and S[p
n](T ′) = S[p
n](
◦
T ′). To prove the
morphism (5.2.3.7) is an isomorphism, it suffices to prove that the following natural
morphism
Hq(Lg∗Rf [p
n]
◦
T∗
(grPk Azar,Q(X
[pn]
•≤N,
◦
T 1
/S[p
n](T )♮, E•≤N(
◦
T ))))(5.2.3.8)
−→ Rqf
[pn]
◦
T ′∗
(grPk Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N (
◦
T ′)))
is an isomorphism. By (5.1.37) (1) we see that the natural morphism g∗E••1 (S
[pn](
◦
T )) −→
E••1 (S
[pn](
◦
T ′)) is an isomorphism. Moreover Eij1 (S
[pn](
◦
T )) (i, j ∈ Z) is a flat coherent
KT -module. Hence the natural morphism (5.2.3.8) is equal to the following isomor-
phism
g∗Rqf [p
n]
◦
T∗
(grPk Azar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](
◦
T ), E•≤N (
◦
T ))))
∼
−→(5.2.3.9)
Rqf
[pn]
◦
T ′∗
(grPk Azar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](
◦
T ′), E•≤N (
◦
T ′))
is an isomorphism. Because
Pq+k′R
qf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](
◦
T ), E•≤N (
◦
T )))
= Im(Rqf
[pn]
◦
T∗
(Pk′Azar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](
◦
T ), E•≤N (
◦
T )))
−→ Rqf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](
◦
T ), E•≤N (
◦
T )))) (k′ ≤ k),
the following natural morphism
g∗(Pq+k′Rqf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T 1
/S[p
n](
◦
T ), E•≤N (
◦
T ))) −→(5.2.3.9)
Pq+k′R
qf
[pn]
◦
T ′∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](T ′)♮, E•≤N (
◦
T ′))
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is an isomorphism. Consequently the natural morphism
g∗(Rqf [p
n]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T 1
/S[p
n](
◦
T ), E•≤N(
◦
T ))), P )
∼
−→(5.2.3.10)
(Rqf
[pn]
◦
T ′∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T ′1
/S[p
n](
◦
T ′), E•≤N (
◦
T ′))), P )
is an isomorphism.
Let A be a commutative ring with unit element. Recall that we have said that
a filtered A-module (M,P ) is filteredly flat if M and M/PkM (∀k ∈ Z) are flat
A-modules ([NS1, (1.1.14)]).
Corollary 5.2.4. For a log p-adic enlargement T of S[p
n]/V, the filtered sheaf
(Rqf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T ))), P )(5.2.4.1)
is a filteredly flat KT -modules. In particular, the filtered sheaf
(Rqf
[pn]
◦
T∗
(ǫ∗
X
[pn]
•≤N,
◦
T1
/S[pn](T )♮
E•≤N (
◦
T )), P )(5.2.4.2)
is a filteredly flat KT -module.
Proof. Since the question is local on S[p
n](T )♮, we may assume thatMS[pn](T )♮i
/OS[pn](T )♮i
=
N. SinceMS[pn](T )♮/O
∗
S[pn](T )♮
=MS[pn](T )♮i
/OS[pn](T )♮i
, the extension 1 −→ O∗
S[pn](T )♮
−→
MS[pn](T )♮ −→ MS[pn](T )♮/O
∗
S[pn](T )♮
−→ 1 is split. Because T is hollow, we may as-
sume that T = S(
◦
T ) (this is the argument in the proof of [Og4, Corollary 25]). By
(5.2.3) and [Og1, (2.9)],
Pq+k′R
qf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T )))
are flat KT -modules.
Theorem 5.2.5 (Log p-adic convergence of the weight filtration). Let k, q be
two nonnegative integers. Then there exists a unique object
(Rqf
[pn]
∗ (PkAzar,Q(X
[pn]
•≤N/K,E
•≤N)), P )(5.2.5.1)
of IsocFp (S
[pn]/V) such that
(Rqf
[pn]
∗ (PkAzar,Q(X
[pn]
•≤N/K,E
•≤N)), P )T(5.2.5.2)
= (Rqf
[pn]
◦
T∗
(PkAzar,Q(X
[pn]
•≤N,
◦
T1
/S[p
n](T )♮, E•≤N (
◦
T ))), P )
for any object T of Enlp (S
[pn]/V). In particular, there exists a unique object
(Rqf
[pn]
∗ (ǫ∗X[pn]•≤N/K
(E•≤NK ))
♮,, P )(5.2.5.3)
of IsocFp (S
[pn]/V) such that
(Rqf
[pn]
∗ (ǫ∗X•≤N/K(E
•≤N
K ))
♮,, P )T = (R
qf
[pn]
X
[pn]
•≤N,
◦
T1
/S[pn](T )♮∗(ǫ
∗
X
[pn]
•≤N,T1
/S[pn](T )♮
(E•≤N (
◦
T ))), P )
(5.2.5.4)
for any object T of Enlp (S
[pn]/V).
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Proof. Let g : T ′ −→ T be a morphism in Enlp(S[p
n]/V). We may assume that
◦
T and
◦
T ′ are affine formal schemes. Let z : T1 −→ S[p
n] be the structural morphism. We
may assume that S[p
n] has a global chart N −→ OS[pn] . Because the question is local
on T , we may assume that MS[pn](T )♮ is split. By the commutative diagram
MS[pn](T ′)♮ −−−−→ MS[pn](T ′)♮/O
∗
T ′ = Nx x
g−1(MS[pn](T )♮) −−−−→ g−1(MS[pn](T )♮/O∗T ) = N
a splitting ofMS[pn](T )♮ also gives a splitting ofMS[pn](T ′)♮ . Hence, by (5.1.31), we may
assume that S[p
n](T )♮ and S[p
n](T ′)♮ are equal to S[p
n](
◦
T ) and S[p
n](
◦
T ′), respectively.
By (5.2.3) we obtain (5.2.5).
The following is a filtered version of [Og1, (3.5)]. To consider the category IsocFsldp (S
[pn]/V)
(not IsocFp(S
[pn]/V)) is very important.
Lemma 5.2.6. Let V ′ be a finite extension of complete discrete valuation ring of
V. Let h : S′ −→ S be a morphism of p-adic formal families of log points over
Spec(V ′) −→ Spec(V). Set S◦
S′
:= S ×◦
S
◦
S′. Let g : Y•≤N −→ X•≤N be a mor-
phism of N -truncated simplicial base changes of SNCL schemes over S◦
S′
−→ S.
Assume that the admissible immersion (5.2.0.1) for Y•≤N/S◦
S′
and any object of
Enlsldp ((S◦
S′
)[p
n]/V ′) exists. Let f ′ : Y•≤N −→ S◦
S′
be the structural morphism. Then
there exists a natural morphism
h∗ : h∗((Rqf [p
n]
∗ (PkAzar,Q(X
[pn]
•≤N/K,E
•≤N))sld, P ))
−→ (Rqf ′[p
n]
∗ (PkAzar,Q(Y
[pn]
•≤N/K
′,
◦
g∗(E•≤N )))sld, P ).
in IsocFsldp ((S◦
S′
)[p
n]/V). If Y•≤N = X•≤N×SS◦
S′
(= X•≤N×◦
S
◦
S′), then this morphism
is an isomorphism.
Proof. Note that the log formal scheme S◦
S′
has the universality for the log formal
schemes U with morphisms S′ −→ U and U −→ S such that the composite morphism
S′ −→ U −→ S is equal to the morphism S′ −→ S and the morphism U −→ S is
solid, i.e., U = S ×◦
S
◦
U . Now (5.2.6) follows from (5.1.13.1) and (5.2.5).
Remark 5.2.7. As in [Og1, (3.6)], (Rqf
[pn]
∗ (PkAzar,Q(X
[pn]
•≤N/K,E
•≤N)), P ) in IsocFp (S
[pn]/V)
descends to the object (Rqf
[pn]
∗ (PkAzar,Q(X
[pn]
•≤N/K0, E
•≤N )), P ) of IsocFp (S
[pn]/W).
To obtains the main result (5.2.8) below in this section, we assume the existence
of the immersion (5.2.0.1) for the case n = 0 and 1.
Theorem 5.2.8 (Log convergence of the weight filtration). Let the notations
and the assumptions be as above. Consider the morphisms X
[pm]
•≤N −→ S
[pm] over
Spf(V) (m = 0, 1) as a morphism X
[pm]
•≤N −→ S
[pm] over Spf(W), respectively. Set
E⋆,W := Enl

⋆ (S/W). Let F
ar
X•≤N/S,S[p]/W : X•≤N −→ X
[p]
•≤N be the abrelative Frobe-
nius morphism over the morphism S −→ S[p] over Spf(W). LetWX•≤N/S[p],S/W : X
[p]
•≤N −→
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X•≤N be the projection. Let E•≤N := {E•≤Nn }
∞
n=0 be a sequence of flat coherent
{O ◦
X
•≤N,
◦
T1
/
◦
T
}T∈Ep,W -modules with a morphism
Φ•≤Nn : F
∗
◦
X•≤N
(E•≤Nn+1 ) −→ E
•≤N
n(5.2.8.1)
of {O ◦
X
•≤N,
◦
T1
/
◦
T
}T∈Ep,W -modules. Let
◦
W
(l)
m,T : (
◦
X
[p]
m,T1
)(l) −→
◦
X
(l)
m,T1
(l ∈ N, 0 ≤ m ≤
N) be also the projection over
◦
T . Assume that, for any 0 ≤ m ≤ N , l ≥ 0 and n ≥ 0,
the morphism
Rqf
(
◦
X
[p]
m,T1
)(l)/
◦
T∗
(
◦
W
(l)∗
m,T,crys(E
m
n+1(
◦
T )
(
◦
X
[p]
m,T1
)(l)/
◦
T
))Q −→ R
qf ◦
X
(l)
T1
/
◦
T∗
(Emn (
◦
T ) ◦
X
(l)
T1
/
◦
T
)Q
induced by Φmn is an isomorphism for any object T of E

p,W . Then there exists an
object
{((Rqf∗(PkAzar,Q(X•≤N/K,E•≤Nn ))
, P ),Φn)}
∞
n=0(5.2.8.2)
of F∞-IsosF(S/V) such that
(Rqf∗(PkAzar,Q(X•≤N/K,E•≤Nn ))

T , P ) = (R
qf∗(PkAzar,Q(X•≤N,T1/S(T )
♮, E•≤Nn (
◦
T )), P )
(5.2.8.3)
for any object T of Enlp (S/V). In particular, there exists an object
{(Rqf∗(ǫ∗X•≤N/K(E
•≤N
n,K ))
♮,, P ),Φn}
∞
n=0(5.2.8.4)
of F∞-IsosF(S/V) such that
{(Rqf∗(ǫ∗X•≤N/K(E
•≤N
n,K ))
♮,
T , P )}
∞
n=0 = (R
qfX
•≤N,
◦
T1
/S(T )♮∗(ǫ
∗
X
•≤N,
◦
T1
/S(T )♮(E
•≤N
n (
◦
T )))Q, P )
(5.2.8.5)
for any object T of Enlp (S/V).
Proof. By (5.1.15.1) we may assume that  = sld. (Note that the morphism (5.1.7.1)
is injective for Z = S.) By (5.2.7) we may assume that V = W and we denote
Esldp,W simply by E
sld
p . We may assume that pOS = 0. Let FS : S −→ S be the
Frobenius endomorphism of S over the Frobenius endomorphism Spf(W) −→ Spf(W)
of Spf(W). We have to prove that there exists a filtered isomorphism
Ψn : F
∗
S((R
qf∗(PkAzar,Q(X•≤N/K,E•≤Nn ))
sld, P ))(5.2.8.6)
∼
−→ (Rqf∗(PkAzar,Q(X•≤N/K,E•≤Nn ))
sld, P ).
By the proof of (5.2.3), we may forget the filtration P ’s in (5.2.8.6).
Let T = (T, z) be an object of Esldp ; z : T1 −→ S is the structural morphism. The
abrelative Frobenius morphism
F ar
X•≤N,1/S1,S
[p]
1
: X•≤N,1 −→ X
[p]
•≤N,1
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over S◦
T 1
−→ S
[p]
◦
T 1
induces the abrelative Frobenius morphism
F arX
•≤N,
◦
T1
/S(T )♮,S[p](T )♮ : X•≤N,T1 −→ X
[p]
•≤N,T1(5.2.8.7)
over S(T )♮ −→ S[p](T )♮. Then, by (5.1.13) (cf. (5.1.8), (5.1.11)) and (5.2.6), we obtain
the following equalities:
(F ∗S(R
qf∗(PkAzar,Q(X•≤N/K,E
•≤N
n+1 ))
sld))T = (R
qf∗(PkAzar,Q(X•≤N/K,E
•≤N
n+1 ))
sld))S[p](T )
= Rqf
[p]
∗ (Azar,Q(X
[p]
•≤N,
◦
T1
/S[p](T )♮,
◦
W ∗
X
•≤N,
◦
T1
/
◦
T
(E•≤Nn+1 (
◦
T )))).
The morphism (5.2.8.1) induces the following morphism
Φ•≤Nn :
◦
F ar∗X•≤N/S,S[p]/W(
◦
W ∗X•≤N/W(E
•≤N
n+1 )) −→ E
•≤N
n(5.2.8.8)
Hence we have the following morphism
(Φ•≤Nn )T :
◦
F ∗X
•≤N,
◦
T1
/S(T ),S[p](T )(
◦
W
X
•≤N,
◦
T1
/
◦
T
(E•≤Nn+1 )) −→ E
•≤N
n(5.2.8.9)
of O ◦
X
•≤N,
◦
T1
/
◦
T
-modules. The morphisms (5.2.8.7) and (5.2.8.9) induce the following
morphism
ΦarT : (Azar,Q(X
[p]
•≤N,
◦
T1
/S[p](T )♮,
◦
W
X
•≤N,
◦
T1
/
◦
T
(E•≤Nn+1 (
◦
T )), P )
(5.2.8.10)
−→ RF arX
•≤N,
◦
T1/S
[p](T )♮,S(T )♮
∗((Azar,Q(X•≤N,
◦
T1
/S(T )♮, E•≤Nn (
◦
T )), P ))
Hence we have the following morphism
ΦarT : R
qf
[p]
◦
T∗
(PkAzar,Q(X
[p]
•≤N,
◦
T1
/S[p](T )♮,
◦
W ∗
X
•≤N,
◦
T1
/
◦
T
(E•≤Nn+1 (
◦
T ))))(5.2.8.11)
−→ Rqf ◦
T∗
(PkAzar,Q(X•≤N,
◦
T 1
/S(T )♮, E•≤Nn (
◦
T )))
Let SSk(X•≤N,
◦
T1
/S(T )♮, E•≤Nn (
◦
T )) and SSk(X
[p]
•≤N,
◦
T1
/S[p](T )♮,
◦
W ∗
X
•≤N,
◦
T1
/
◦
T
(E•≤Nn+1 (
◦
T )))
be the spectral sequences of
Rqf ◦
T∗
(PkAzar,Q(X•≤N,
◦
T1
/S(T )♮, E•≤Nn (
◦
T )))
and
Rqf
[p]
◦
T∗
(PkAzar,Q(X
[p]
•≤N,
◦
T1
/S[p](T )♮,
◦
W ∗
X
•≤N,
◦
T1
/
◦
T
(E•≤Nn+1 (
◦
T )))),
respectively ((3.4.9.6)). Then we have the pull-back morphism
SSk(X
[p]
•≤N,
◦
T1
/S[p](T )♮,
◦
W ∗
X
•≤N,
◦
T1
/
◦
T
(E•≤Nn+1 (
◦
T ))) −→ SSk(X•≤N,
◦
T1
/S(T )♮, E•≤Nn (
◦
T )).
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Let E••1,n and E
••
1,n+1 be the E1-terms of the spectral sequences of
SSk(X•≤N,
◦
T1
/S(T )♮, E•≤Nn (
◦
T ))
and
SSk(X
[p]
•≤N,
◦
T1
/S[p](T )♮,
◦
W ∗
X
•≤N,
◦
T1
/
◦
T
(E•≤Nn+1 (
◦
T ))),
respectively. Then, by the assumption on the induced morphism
E••1,n+1 −→ E
••
1,n(5.2.8.10)
by the abrelative Frobenius morphism, the morphism (5.2.8.10) is an isomorphism.
Hence the induced morphism
Rqf
[p]
•≤N,
◦
T∗
(PkAzar,Q(X
[p]
•≤N,
◦
T1
/S[p](T )♮, E•≤Nn+1 (
◦
T )))
−→ Rqf
•≤N,
◦
T∗
(PkAzar,Q(X•≤N,
◦
T1
/S(T )♮, E•≤Nn (
◦
T )))
by the abrelative Frobenius morphism is an isomorphism. Consequently, the induced
morphism
Φ∗n : (R
qf
[p]
•≤N,
◦
T∗
(PkAzar,Q(X
[p]
•≤N,
◦
T1
/S[p](T )♮, E•≤Nn+1 (
◦
T ))), P ) −→(5.2.8.11)
(Rqf
•≤N,
◦
T∗
(PkAzar,Q(X•≤N,
◦
T1
/S(T )♮, E•≤Nn (
◦
T ))), P )
by the abrelative Frobenius morphism is an isomorphism. Because MgpS /O
∗
S is p-
torsion-free and because we have already constructed an object of F∞-IsocFsldp (S/W),
we obtain an object F∞-IsocFsld(Z/W) by (5.1.20).
Corollary 5.2.9. Let the notations and the assumption be as in (5.2.8). Then there
exists a filtered F∞-isospan
{(Rqf∗(ǫ∗X•≤N/K(E
•≤N
n,K ))
, P ),Φn}
∞
n=0(5.2.9.1)
on rhEnl(S/V) such that
{(Rqf∗(ǫ∗X•≤N/K(E
•≤N
n,K ))

T , P )}
∞
n=0 = (R
qfX
•≤N,
◦
T1
/S(T )∗(ǫ∗X
•≤N,
◦
T1
/S(T )(E
•≤N
n (
◦
T )))Q, P )
(5.2.9.2)
for any object T of Enl⋆ (S/V).
Proof. Let T be an object of rhEnlp (S/V). Then S(T ) = S(T )
♮. Hence this corollary
follows from (5.2.8).
Remark 5.2.10. Let the notations and the assumption be as in (5.2.8). As in (5.2.3),
we see that the filtered log convergent F -isocrystal
{(Rqf∗(PkAzar,Q(X•≤N/K,E•≤Nn )), P )}
∞
n=0
on Enl⋆ (S/V) also gives a filtered convergent F
∞-isospan on Enl⋆(
◦
S/V) locally on
◦
S.
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Corollary 5.2.11. Assume that E•≤Nn = E
•≤N
0 (n ∈ N). Set E
•≤N := E•≤N0 . For
any object T of Enl(S/V),
(RqfT∗(PkAzar,Q(X•≤N,
◦
T1
/S(T )♮, E•≤N (
◦
T ))), P )
is a filteredly flat KT -module. In particular, the filtered sheaf
(RqfT∗(ǫ∗X
•≤N,
◦
T1
/S(T )♮(E
•≤N (
◦
T )))Q, P )(5.2.11.1)
is a filteredly flat KT -module.
Proof. This follows from (5.2.4), (5.2.8), (5.1.31) and [Og1, (2.9)].
Example 5.2.12. Let the notations be as before (5.2.8) (1). Then there exists an
object
(Rqf∗(PkAzar,Q(X•≤N/K)), P )
of F -IsosF(S/V) such that
(Rqf∗(PkAzar,Q(X•≤N/K)), P )T = (Rqf∗(PkAzar,Q(X•≤N,
◦
T1
/S(T )♮), P )
(5.2.12.1)
for any object T of Enlp (S/V). Indeed, the assumption in (5.2.8) is satisfied by the
base change of [BO2, (1.3)] (cf. the proof of [Og1, (3.7)]). In particular, there exists
an object
(Rqf∗(OX•≤N/K)
♮,, P )(5.2.12.2)
of F -IsosF(S/V) such that
(Rqf∗(OX•≤N/K)
♮,, P )T = (R
qfX
•≤N,
◦
T1
/S(T )♮∗(OX
•≤N,
◦
T1
/S(T )♮)Q, P )(5.2.12.3)
for any object T of Enlp (S/V). We also have a filtered F
∞-isospan
(Rqf∗(OX•≤N/K)
, P )(5.2.12.4)
on rhEnl(S/V) such that
(Rqf∗(OX•≤N/K)
, P )T = (R
qfX
•≤N,
◦
T1
/S(T )∗(OX
•≤N,
◦
T1
/S(T ))Q, P )(5.2.12.5)
for any object T of rhEnlp (S/V).
(2) Functoriality
Proposition 5.2.13. (1) Let g be as in (1.5.22). Let the notations and the assumption
be as in (5.2.8). Then the log p-adically convergent isocrystal PkR
qfX•≤N/K∗(ǫ
∗
X•≤N/K
(E•≤Nn,K ))
is contravariantly functorial.
Proof. This is obvious.
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Remark 5.2.14. We leave the reader to the formulations of the log convergent F -
isocrystal versions of (5.2.13) (cf. (5.2.15) below).
Proposition 5.2.15. Let the notations and the assumption be as in (5.2.8). As-
sume that E•≤Nn = E
•≤N
0 (n ∈ N). Set E
•≤N := E•≤N0 . Let V
′/V be a finite
extension. Let S′ −→ S be a morphism of log p-adic formal families of log points
over Spf(V ′) −→ Spf(V). Let T ′ and T be log (p-adic) enlargements of S′ and
S, respectively. Let T ′ −→ T be a morphism of log (p-adic) enlargements over
S′ −→ S. Let u : S′(T ′)♮ −→ S(T )♮ be the induced morphism. Let Y•≤N be a log
scheme over S′ which is similar to X•≤N over S. Let F •≤N be a similar F -isocrystal
of O
{
◦
Y •≤N,T′
1
/
◦
T ′}
T ′∈Enlp (S
′/V′)
-modules to E•≤N . Let k and q be nonnegative integers.
Let Rqf ◦
X
(k)
m /K∗
(E ◦
X
(k)
m /K
⊗Z ̟(k)(
◦
Xm/K)) be an object of F -Isoc

⋆ (S/V) such that
Rqf ◦
X
(k)
m /K∗
(Em◦
X
(k)
m /K
⊗Z̟
(k)(
◦
Xm/K))T = R
qf ◦
X
(k)
m,T1
/
◦
T
(Em(T ) ◦
X
(k)
m,T1
/
◦
T
⊗Z̟
(k)
crys(
◦
Xm,T1/
◦
T ))Q
for any object T of Enlp (S/V). Then there exists the following spectral sequence in
F -Isoc(S/V) :
E−k,q+k1 =
⊕
m≥0
⊕
j≥max{−(k+m),0}
Rq−2j−k−2mf ◦
X
(2j+k+m)
m /K∗
(Em◦
X
(2j+k+m)
m /K
⊗Z ̟
(2j+k+m)(
◦
Xm/K))(−j − k −m,u)
=⇒ RqfX•≤N/K∗(ǫ
∗
X•≤N/K
(E•≤NK )) (q ∈ Z).
(5.2.15.1)
Proof. This follows from (3.4.9).
Definition 5.2.16. We call (5.2.15.1) the Poincare´ spectral sequence of
RqfX•≤N/K∗(ǫ
∗
X•≤N/K
(E•≤NK ))
in Isocp (S/V) and F -Isoc
(S/V), respectively.
(3) Monodromy and the cup product of a line bundle
Let the notations and the assumptions be as in (5.2.8). Assume that E•≤Nn = E
•≤N
0
(n ∈ N). Set E•≤N := E•≤N0 .
Proposition 5.2.17. (1) There exists the monodromy operator
Nzar = νzar : (R
qfX•≤N/K∗(ǫ
∗
X•≤N/K
(E•≤NK )), P ) −→
(RqfX•≤N/K∗(ǫ
∗
X•≤N/K
(E•≤NK )), P 〈−2〉)(−1, u)
in IsocFp (S/V).
(2) There exists the monodoromy operator
Nzar = νzar : (R
qfX•≤N/S∗(ǫ
∗
X•≤N/K
(E•≤NK )), P ) −→
(RqfX•≤N/S∗(ǫ
∗
X•≤N/K
(E•≤NK )), P 〈−2〉)(−1, u)
in F -IsocF(S/V).
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Proof. By (1.7.35) and (3.6.5), Nzar or νzar are compatible with the base change
morphism of sequences of p-adic log formal schemes over families of log points. Hence
we obtain (5.2.17).
The log (p-adically) convergent version of (1.8.14) is the following:
Conjecture 5.2.18 (Log convergent monodromy-weight conjecture). Assume
that N = 0. Let q be nonnegative integer. Then the induced morphism
νk : grPq+kR
qf∗(OX/K)⊗Z Q −→ grPq−kR
qf∗(OX/K)(−k, u)⊗Z Q(5.2.18.1)
is an isomorphism in Isoc(S/V).
Obviously the conjecture (1.8.14) implies (5.2.18).
Proposition 5.2.19. If the conjecture (1.8.14) for an object (T, pOT , [ ]) (T ∈
Enlp (S/V)) holds and if T
′ −→ T is a morphism in Enlp (S/V), then the conjec-
ture (1.8.14) for (T ′, pOT ′ , [ ]) holds.
Proof. We obtain the following by the filtered base change theorem in log crys-
talline cohomologies ((1.6.2)) and the flatness of Hq(PkRfX◦
T ′
/S(T ′)♮∗(OX◦
T ′
/S(T ′)♮)Q)
((5.2.11)):
PkR
qfX◦
T ′
1
/S(T ′)♮∗(OX◦
T ′
1
/S(T ′)♮)Q
(5.2.19.1)
= Im(Hq(PkRfX◦
T ′
1
/S(T ′)♮∗(OX◦
T ′
1
/S(T ′)♮)Q) −→ R
qfX◦
T ′
1
/S(T ′)♮∗(OX◦
T ′
1
/S(T ′)♮)Q)
= Im(Hq(OT ′ ⊗
L
OT PkRfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q) −→ H
q(OT ′ ⊗
L
OT RfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q))
= Im(Hq(KT ′ ⊗
L
KT PkRfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q) −→ H
q(KT ′ ⊗
L
KT RfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q))
= Im(Hq(KT ′ ⊗KT PkRfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q) −→ H
q(KT ′ ⊗KT RfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q))
= KT ′ ⊗KT PkR
qfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q.
Because (PkR
qfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q, P ) is a filteredly flat KT -module ((5.2.11)),
grPk (R
qfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q)⊗KT KT ′ = gr
P
k (R
qfX◦
T ′1
/S(T ′)♮∗(OX◦
T ′1
/S(T ′)♮)Q).
(5.2.19.2)
Hence, if the morphism
νkzar : gr
P
q+kR
qfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)Q −→ gr
P
q−kR
qfX◦
T1
/S(T )♮∗(OX◦
T1
/S(T )♮)(−k, u)Q
(5.2.19.3)
is an isomorphism, then the morphism (5.2.19.3) ⊗KT KT ′ is an isomorphism, which
is equal to the morphism
νkzar : gr
P
q+kR
qfX◦
T ′1
/S(T ′)♮∗(OX◦
T ′1
/S(T ′)♮)Q −→ gr
P
q−kR
qfX◦
T ′1
/S(T ′)♮∗(OX◦
T ′1
/S(T ′)♮)(−k, u)Q.
(5.2.19.4)
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Proposition 5.2.20. Assume that N = 0. Then the morphism (1.8.16.1) prolongs
to a morphism in F -Isoc(S/V).
Proof. This is clear by the construction of the morphism (1.8.16.1).
By (5.2.20) the log convergent version of (1.8.16) is the following:
Conjecture 5.2.21 (Filtered log convergent log hard Lefschetz conjecture).
Assume that N = 0. Then the following cup product
(5.2.21.1) ηi : Rd−if∗(OX/K) −→ Rd+if∗(OX/K)(i) (i ∈ N)
is an isomorphism in F -Isoc(S/V). In fact, ηi is the following isomorphism of filtered
sheaves:
(5.2.21.2) ηi : (Rd−if∗(OX/K), P )
∼
−→ (Rd+if∗(OX/K)(i), P ).
Here Pk(R
d+if∗(OX/K)(i)) := Pk+2iRd+if∗(OX/K).
Proposition 5.2.22. If the conjecture (1.8.16) for an object (T, pOT , [ ]) (T ∈
Enlp (S/V)) holds and if T
′ −→ T is a morphism in Enlp (S/V), then the conjec-
ture (1.8.16) for (T ′, pOT ′ , [ ]) holds.
Proof. Because the proof of (5.2.22) is easier than that of (5.2.19), we leave the proof
to the reader.
(4) Duality of weight spectral sequences.
Proposition 5.2.23. The E2-terms of the spectral sequence (3.4.9.5) (and hence
(1.5.12.4)) for the case E•≤N = O ◦
X•≤N/
◦
S
prolongs to an object of F -Isoc(
◦
S/V). In
particular, the E2-terms are flat sheaves of OT ⊗Z Q-modules.
Proof. By [Og1, (2.18), (3.1), (3.7)], the E1-terms of the spectral sequence (3.4.9.5)
for the case E•≤N = O ◦
X•≤N/
◦
S
prolongs to convergent F -isocrystals on
◦
S/V . By [Og1,
(3.13)] we see that the Gysin morphism is a morphism of convergent F -isocrystals.
Hence we see that the E2-terms are convergent F -isocrystals on
◦
S/V by (3.4.12) (and
hence (1.5.21)) and by [Og1, (2.10)].
Let us recall the following, which is the correction of the duality in [Mo, 4.15]:
Proposition 5.2.24 ([Nakk2, (10.5)]). Let s be as in §2.3 and let X be a proper
SNCL scheme over s. Assume that
◦
X is of pure dimension d. Then the following
hold:
(1) Let n be a positive integer. Let {E••r,n}r≥1 be the Er-terms of the preweight
spectral sequence (2.3.27.7) for the case ⋆ = n, N = 0 and E0 = O ◦
X/Wn(◦s)
. Then the
Poincare´ duality pairing
(5.2.24.1) 〈 , 〉 : E−k,2d−h−k1,n ⊗Wn E
k,h+k
1,n −→Wn(−d)
induces the following perfect pairing
(5.2.24.2) 〈 , 〉 : E−k,2d−h−k2,n ⊗Wn E
k,h+k
2,n −→Wn(−d).
(2) Holds the analogue of (1) for the weight spectral sequence (2.3.27.7)⊗WK0 for
the case ⋆ =nothing, N = 0 and E0 = O ◦
X/W(◦s)
.
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Remark 5.2.25. (1) The statement [Mo, 4.15] is mistaken. See [Nakk2, (10.6)] for
details.
(2) Let the notations be as in (5.2.24). Then, by the same proof as that of [Nakk2,
(10.5)], we obtain the analogous duality for the weight spectral sequence (1.5.12.4)
directly without using [loc. cit] nor (2.3.26).
Proposition 5.2.26. Let T be a p-adic formal family of log points over V. Let Y/T1
be a proper SNCL scheme. Assume that Y (0) is projective over
◦
T . Let {E••r }r≥1 be
the Er-terms of the (pre)weight spectral sequence (1.5.12.4) for the case ⋆ =nothing,
N = 0 and E0 = O ◦
Y /
◦
T
. Then {E••1 } and {E••2 } prolong to objects E••1 (Y/K)
and E••2 (Y/K) of F -Isoc(
◦
T/V) such that the Poincare´ duality perfect pairing ([Og1,
(3.12)])
(5.2.26.1) 〈 , 〉 : E−k,2d−h−k1 (Y/K)⊗OT/K E
k,h+k
1 (Y/K) −→ OT/K(−d)
induces the following perfect pairing
(5.2.26.2) 〈 , 〉 : E−k,2d−h−k2 (Y/K)⊗OT/K E
k,h+k
2 (Y/K) −→ OT/K(−d).
Proof. This follows from [Og1, (3.12), (3.13)], (1.5.21) and the proof of [Nakk2, (10.5)]
Theorem 5.2.27 (Filtered log Berthelot-Ogus isomorphism). Let the nota-
tions and the assumptions be as in (5.2.8). Let T be an object of Enl(S/V). Let
T0 −→ S be the structural morphism. Let f0 : X•≤N,
◦
T0
−→ T0 be the structural mor-
phism. If there exists an SNCL lift f1 : (X•≤N )1 −→ T1 of f0, then there exists the
following canonical filtered isomorphism
(5.2.27.1) (Rqf∗(OX•≤N/K)
♮
T , P )
∼
−→ (RqfX
•≤N,
◦
T1
/S(T )♮∗(OX
•≤N,
◦
T1
/S(T )♮), P ).
Proof. This follows from the proof of [Og1, (3.8)] and that of (5.2.8).
5.3 Infinitesimal deformation invariance of iso-zarisikian
p-adic filtered Steenbrink complexes
In this section we prove the infinitesimal deformation invariance of the pull-back of
a morphism of truncated simplicial base changes of SNCL schemes with admissible
immersions on iso-zariskian p-adic filtered Steenbrink complexes. As a corollary we
obtain the infinitesimal deformation invariance of the pull-back of the morphism on
log isocrystalline cohomologies with weight filtrations. These are nontrivial filtered log
versions of the infinitesimal deformation invariances for isocrystalline cohomological
complexes and isocrystalline cohomologies in [BO2]. As in [loc. cit.], to prove the
invariance, we use Dwork’s idea for enlarging the radius of convergence of log F -
isocrystals by the use of the relative Frobenius. Strictly speaking, in our case, we
use the base change of the truncated simplicial base changes by the iteration of the
abrelative Frobenius morphism of the base scheme. The notion of the truncated
simplicial base change of SNCL schemes and admissible immersions defined in §3.1
gives us an appropriate framework.
For a complex K in a filtered derived category ([NS1]), denote K ⊗LZ Q by KQ for
simplicity of notation.
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Lemma 5.3.1. Let ⋆ be nothing or ′. Let T ⋆ be a fine log p-adic formal scheme. As-
sume that (
◦
T ⋆,J ⋆, δ⋆) is a p-adic formal PD-scheme in the sense of [BO1, (7.17)]. Set
T ⋆0 := Spec
log
T⋆
(OT⋆/J ⋆) (note that T ⋆0 is of characteristic p). Let f
⋆ : Y ⋆•≤N −→ T
⋆
0 be
a log smooth N -truncated simplicial log scheme over T ⋆0 . Set T
⋆
0 := Spec
log
T⋆
(OT⋆/J ⋆).
Assume that
◦
Y ⋆m (0 ≤ m ≤ N) and
◦
T ⋆0 are quasi-compact. Let ι : T
⋆
0 (0)
⊂
−→ T ⋆0 be an
exact closed nilpotent immersion. Set Y ⋆•≤N (0) := Y
⋆
•≤N ×T⋆0 T
⋆
0 (0). Let
g0•≤N : Y•≤N (0) −→ Y ′•≤N (0)(5.3.1.1)
be a morphism of log schemes over T −→ T ′. Identify (Y ⋆•≤N )zar with (Y
⋆
•≤N (0))zar.
Then the following hold:
(1) There exists a canonical morphism
g∗0•≤N : RuY ′•≤N/T ′∗(OY ′•≤N/T ′)Q −→ Rg0•≤N∗(RuY•≤N/T∗(OY•≤N/T )Q).(5.3.1.2)
(2) Let g′0•≤N : Y
′
•≤N (0) −→ Y
′′
•≤N (0) be a similar morphism to g0•≤N . Then
(g′0•≤N ◦ g0•≤N )
∗ = Rg′0•≤N∗(g
∗
0•≤N ) ◦ g
′∗
0•≤N .(5.3.1.3)
(3)
id∗Y•≤N (0) = idRuY•≤N/T∗(OY•≤N/T )Q .(5.3.1.4)
(4) If g0•≤N has a lift g•≤N : Y•≤N −→ Y ′•≤N over T −→ T
′, then g∗0•≤N is equal
to
g∗•≤N,crys ⊗
L idQ : RuY ′•≤N/T ′∗(OY ′•≤N/T ′)Q −→ Rg•≤N∗(RuY•≤N/T∗(OY•≤N/T )Q).
Proof. (By using [HK, (2.24)] (cf. (2.1.8) (2)), the proof is only an immitation of
[BO2, (2.1)].)
(1): Because
◦
ι⋆ :
◦
T ⋆0(0)
⊂
−→
◦
T ⋆0 is nilpotent, we can apply (5.1.16) (3) for the case
U(0) = T0(0) and U = T0. Hence there exists a morphism ρ
(n)⋆ : T ⋆0 −→ T
⋆
0 (0) such
that ρ(n)⋆ ◦ ι⋆ = FnT⋆0 (0)
and ι⋆ ◦ ρ(n)⋆ = FnT⋆0 . Hence
Y ⋆
{pn}
•≤N := Y
⋆
•≤N ×T⋆0 ,FnT⋆
0
T ⋆0 = Y
⋆
•≤N (0)×T⋆0 (0),ρ(n)⋆ T
⋆
0 .(5.3.1.5)
Because we are given the morphism g0•≤N : Y•≤N (0) −→ Y ′•≤N (0), we have the fol-
lowing base change morphism
g
{pn}
0•≤N : Y
{pn}
•≤N −→ Y
′{pn}
•≤N(5.3.1.6)
of g0•≤N over T −→ T ′ by (5.3.1.5). Consequently we have the pull-back morphism
by the functoriality:
g
{pn}∗
0•≤N : RuY ′{pn}•≤N /T ′∗
(O
Y
′{pn}
•≤N /T
′) −→ Rg
{pn}
0•≤N∗(RuY {pn}•≤N /T∗
(O
Y
{pn}
•≤N /T
)).(5.3.1.7)
By [HK, (2.24)] (cf. (2.1.8) (2)) the relative Frobenius morphism
FnY ⋆•≤N/T⋆
: Y ⋆•≤N −→ Y
⋆{pn}
•≤N
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over T ⋆ induces an isomorphism
Fn∗Y ⋆•≤N/T⋆,crys : RuY ⋆{p
n}
•≤N /T
⋆∗(OY ⋆{pn}•≤N /T⋆
)Q
∼
−→ RuY ⋆•≤N/T∗(OY ⋆•≤N/T⋆)Q.
Here, as in [loc. cit.], we identify (Y ⋆•≤N )zar with (Y
⋆{pn}
•≤N )zar. Consequently we obtain
the following diagram:
(5.3.1.8)
Ru
Y ′
{pn}
•≤N /T
′∗(OY ′{pn}•≤N /T ′
)Q
g
{pn}∗
0•≤N
−−−−→ Ru
Y
{pn}
•≤N /T∗
(O
Y
{pn}
•≤N /T
)Q
Fn∗
Y ′
•≤N
/T ′crys
y≃ ≃yFn∗Y•≤N/Tcrys
RuY ′•≤N/T ′∗(OY ′•≤N/T ′)Q RuY•≤N/T∗(OY•≤N/T )Q.
This diagram gives us the morphism g∗0•≤N in (5.3.1.2). This morphism is independent
of the choice of n by the transitive relation of the pull-back morphism of log crystalline
complexes.
(2) By the transitive relation of the pull-back morphism again, g∗0•≤N and g
′∗
0•≤N
are compatible with compositions of g0•≤N and g′0•≤N .
(3) The formula (5.3.1.4) immediately follows from the definition of g∗0•≤N in
(5.3.1.8).
(4) Assume that g0•≤N has a lift g•≤N : Y•≤N −→ Y ′•≤N over T −→ T
′. Then we
have the relation g∗0•≤N = g
∗
•≤N,crys⊗
L idQ by (5.3.1.8) and the following commutative
diagram
Y•≤N
g•≤N
−−−−→ Y ′•≤N
Fn
Y•≤N/T
′
y yFnY ′•≤N/T
Y
{pn}
•≤N
g
{pn}
0•≤N
−−−−→ Y ′{p
n}
•≤N .
Corollary 5.3.2. If T ′ = T and Y•≤N (0) = Y ′•≤N (0), then
RuY•≤N/T∗(OY•≤N/T )Q = RuY ′•≤N/T ′∗(OY ′•≤N/T ′)Q.(5.3.2.1)
By (1.4.10) we obtain the following:
Corollary 5.3.3. Let (T ⋆,J ⋆, δ⋆), T ⋆0 and T
⋆
0 (0), Y
⋆
•≤N , Y
⋆
•≤N (0) and g0•≤N be as
in (5.3.1). Let
(U,K, ǫ) −−−−→ (U ′,K′, ǫ′)y y
(T,J , δ) −−−−→ (T ′,J ′, δ′)
be a commutative diagram of fine log p-adic formal PD-schemes. Set U⋆0 := Spec
log
U⋆
(OU⋆/K⋆)
and U⋆0 (0) := U
⋆
0 ×T⋆0 T
⋆
0 (0). Set Y
⋆
•≤N,U⋆0 := Y•≤N ×T⋆0 U
⋆
0 and Y
⋆
•≤N,U⋆0 (0) :=
Y•≤N (0)×T⋆0 (0) U
⋆
0 (0). Let
g0•≤N,U⋆0 (0) : Y•≤N,U0(0) −→ Y
′
•≤N,U ′0(0)(5.3.3.1)
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be the base change morphism of g0•≤N . Assume that
◦
U⋆ =
◦
T ⋆. Then the following
diagram is commutative:
(5.3.3.2)
RuY ′
•≤N,U′0
/U ′∗(OY ′
•≤N,U′0
/U ′)Q
g∗0•≤N,U⋆0 (0)−−−−−−−−→ Rg0•≤N,U0(0)∗(RuY•≤N,U0/U∗(OY•≤N,U0/U )Q)∥∥∥ ∥∥∥
RuY ′
•≤N
/T ′∗(OY ′
•≤N,T ′
0
/T ′)Q
g∗0•≤N
−−−−→ Rg0•≤N∗(RuY•≤N/T∗(OY•≤N/T )Q).
Proof. Obvious.
The following is a main result in this section. To assume the existence of the
admissible immersion (5.3.4.2) is a point in this result.
Theorem 5.3.4 (Infinitesimal deformation invariance of filtered iso-zarisikian
p-adic Steenbrink complexes with respect to the pull-back of a morphism).
Let ⋆ be nothing or ′. Let n be a positive integer. Let S⋆ be a family of log points.
Assume that S⋆ is of characteristic p > 0. Set S⋆[p
n] := S⋆×◦
S⋆,
◦
Fn
S⋆
◦
S⋆ ((1.5.14)). Let
(T ⋆,J ⋆, δ⋆) be a log p-adic formal PD-enlargement of S⋆. Set T ⋆0 := Spec
log
T⋆
(OT⋆/J ⋆).
Let f⋆ : X⋆•≤N −→ S
⋆ be an N -truncated simplicial base change of SNCL schemes
over S⋆. Assume that
◦
X⋆m (0 ≤ m ≤ N),
◦
S⋆ and
◦
T ⋆0 are quasi-compact. Let
ι⋆ : T ⋆0 (0)
⊂
−→ T ⋆0 be an exact closed nilpotent immersion. Set S
⋆
◦
T⋆0
:= S⋆ ×◦
S⋆
◦
T ⋆0
and S⋆◦
T⋆0(0)
:= S⋆ ×◦
S⋆
◦
T ⋆0(0) and X
⋆
•≤N,
◦
T0
:= X⋆•≤N ×S⋆ S
⋆
◦
T ⋆0
. X⋆
•≤N,•,
◦
T⋆0
(0) :=
X⋆•≤N,• ×S⋆ S
⋆
◦
T⋆0(0)
. Assume that X⋆
•≤N,
◦
T0
has the disjoint union of the members
of an affine simplicial open covering of X⋆
•≤N,
◦
T0
. Let X⋆
•≤N,•,
◦
T0
be the Cˇech dia-
gram of this affine simplicial open covering. Set X⋆
•≤N,•,
◦
T⋆0
(0) := X⋆•≤N,• ×S⋆ S
⋆
◦
T⋆0(0)
.
Assume that there exists an admissible immersion
X⋆
•≤N,•,
◦
T0
⊂
−→ P⋆•≤N,•(5.3.4.1)
over S⋆(T )♮. Set X⋆
[pn]
•≤N := X
⋆
•≤N×S⋆ S
[pn]⋆ and X⋆
[pn]
•≤N,
◦
T0
:= X⋆•≤N ×S⋆ S
[pn]⋆×S[pn]⋆
S
[pn]⋆
◦
T 0
. (Note that the underlying schemes of X⋆
[pn]
•≤N,
◦
T0
and X⋆
•≤N,
◦
T0
are the same.) Let
X⋆
[pn]
•≤N,•,
◦
T0
be the Cˇech diagram of the disjoint union of the members of an affine sim-
plicial open covering of X⋆
[pn]
•≤N,
◦
T0
obtained by that of X⋆
•≤N,
◦
T0
. Now let n be a positive
integer such that the pull-back morphism Fn∗T⋆0 : OT⋆0 −→ OT⋆0 kills Ker(OT⋆0 −→ OT⋆0 ).
Assume that there exists an admissible immersion
X
⋆[pn]
•≤N,•,
◦
T0
⊂
−→ Q⋆•≤N,•(5.3.4.2)
over S⋆[p
n](T ⋆). Let
g0•≤N : X•≤N,
◦
T0
(0) −→ X ′
•≤N,
◦
T ′0
(0)(5.3.4.3)
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be a morphism of log schemes over S(T )♮ −→ S′(T ′)♮. Set X⋆•≤N,T⋆0 := X
⋆
•≤N ×S⋆ T
⋆
0 .
Then the following hold:
(1) There exists a canonical filtered morphism
g∗0•≤N : (Azar,Q(X
′
•≤N,
◦
T ′0
/S′(T ′)♮), P ) −→ Rg0•≤N∗((Azar,Q(X•≤N,
◦
T0
/S(T )♮), P )).
(5.3.4.4)
fitting into the following commutative diagram
(5.3.4.5)
Azar,Q(X
′
•≤N,
◦
T ′0
/S′(T ′)♮)
g∗0•≤N
−−−−→ Rg0•≤N∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮))
(3.3.6.1)
x≃ ≃x(3.3.6.1)
RuX′
•≤N,
◦
T′
0
/S′(T ′)♮∗(OX′
•≤N,
◦
T ′
0
/S′(T ′)♮)Q
g∗0•≤N
−−−−→ Rg0•≤N∗RuX
•≤N,
◦
T0
/S(T )♮∗(OX
•≤N,
◦
T0
/S(T )♮)Q.
(2) Let g′0•≤N : X
′
•≤N,
◦
T ′0
(0) −→ X ′′
•≤N,
◦
T ′′0
(0) be a similar morphism to g0•≤N . Let
n′ be a similar positive integer to n. Assume that X ′′
•≤N,
◦
T ′′0
has the disjoint union
of the members of an affine simplicial open covering of X ′′
•≤N,
◦
T ′′0
. Assume also that
there exist admissible immersions
X ′′
•≤N,•,
◦
T0
⊂
−→ P ′′•≤N,•(5.3.4.6)
over S′′(T ′′)♮ and
X ′′[p
n]
•≤N,•,
◦
T ′′0
⊂
−→ Q′′•≤N,•(5.3.4.7)
over S′′[p
n](T ′′)♮. Then
(g′0•≤N ◦ g0•≤N)
∗ = Rg′0•≤N∗(g
∗
0•≤N ) ◦ g
′∗
0•≤N .(5.3.4.8)
(3)
id∗X•≤N,T⋆0 (0)
= id(Azar,Q(X
•≤N,
◦
T0
/S(T )♮)),P ).(5.3.4.9)
(4) If g0•≤N has a lift g•≤N : X•≤N,
◦
T0
−→ X ′
•≤N,
◦
T ′0
over S◦
T 0
−→ S′◦
T ′0
, then g∗0•≤N
is equal to the induced morphism by g∗•≤N in (3.4.1.1) in E
•≤N = OX
•≤N,
◦
T0
/S(T )♮ and
F •≤N = OY
•≤N,
◦
T ′
0
/S′(T ′)♮ .
Proof. (1): Let ι⋆ : S
⋆[pn]
◦
T⋆0(0)
⊂
−→ S
⋆[pn]
◦
T⋆0
be the natural closed immersion. As in the
same proof as that of (5.3.1), apply (5.1.16) (1). Then there exists a morphism
ρ(n)⋆ : S
⋆[pn]
◦
T⋆0
−→ S⋆◦
T⋆0(0)
such that ρ(n)⋆ ◦ ι⋆ = FnS⋆◦
T⋆0(0)
and ι⋆ ◦ ρ(n)⋆ = FnS⋆◦
T⋆0
. Hence
X⋆
[pn]
•≤N,
◦
T⋆0
= X⋆
•≤N,
◦
T⋆0
(0)×S⋆◦
T⋆
0
(0)
,ρ(n)⋆ S
⋆
◦
T⋆0
.(5.3.4.10)
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By the assumption (5.3.4.2) we obtain the admissible immersion X⋆
[pn]
•≤N,•,
◦
T⋆0
⊂
−→
Q⋆•≤N,• over S
⋆[pn](T )♮. Consequently we obtain the filtered complex (Azar,Q(X
⋆[p
n]
•≤N,
◦
T0
/S⋆[p
n](T ⋆)♮), P )
((3.3.9)). Because we are given the morphism g0•≤N : X•≤N,
◦
T0
(0) −→ X ′
•≤N,
◦
T ′0
(0),
we have the following base change morphism
g
[pn]
0•≤N : X
[pn]
•≤N,
◦
T0
= X
•≤N,
◦
T0
(0)×S◦
T0(0)
,ρ(n) S◦
T 0
−→ X ′
•≤N,
◦
T ′0
(0)×S′◦
T ′
0
(0)
,ρ(n)′ S
′
◦
T ′0
= X ′[p
n]
•≤N,
◦
T ′0
.
Hence we have the pull-back morphism by the functoriality of (Azar,Q, P ) ((3.4.1)):
(Azar,Q(X
′[pn]
•≤N,
◦
T ′0
/S′(T ′)♮), P ) −→ Rg[p
n]
0•≤N∗((Azar,Q(X
[pn]
•≤N,
◦
T0
/S(T )♮), P )).
(5.3.4.11)
The abrelative Frobenius morphism
F ar,n
X⋆
•≤N,
◦
T⋆
0
/S⋆(T⋆)♮
: X⋆
•≤N,
◦
T⋆0
−→ X
⋆[pn]
•≤N,
◦
T⋆0
over the morphism S⋆(T ⋆)♮ −→ S⋆[p
n](T ⋆)♮ induces an isomorphism
Fn∗X⋆
•≤N,
◦
T⋆
0
/S⋆(T⋆)♮,crys : (Azar,Q(X
⋆[p
n]
•≤N,
◦
T⋆0
/S⋆(T ⋆)♮), P )
∼
−→ (Azar,Q(X
⋆
•≤N,
◦
T⋆0
/S⋆(T ⋆)♮), P ) (k ∈ Z).
by (3.4.9) because the base change over
◦
T ⋆ of the relative Frobenius morphism induces
an isomorphism of the classical isocrystalline complex of a smooth scheme ([HK,
(2.24)]) (cf. [BO2, (1.3)]) and the proof of (5.2.8) and (5.2.12)). Here, as in [HK,
(2.24)], we identity (X⋆
[pn]
•≤N,
◦
T⋆0
)zar with (X
⋆
•≤N,
◦
T⋆0
)zar via the canonical equivalence.
Consequently we obtain the following diagram:
(5.3.4.12)
(Azar,Q(X
′[pn]
•≤N,
◦
T ′0
/S′(T ′)♮), P )
g
[pn]∗
0•≤N
−−−−→ Rg
[pn]
0•≤N∗((Azar,Q(X
[pn]
•≤N,
◦
T0
/S(T )♮), P ))
≃
yF ar,n∗X′
•≤N,
◦
T ′
0
/S′(T ′)♮,crys ≃
yF ar,n∗X
•≤N,
◦
T0
/S(T)♮,crys
(Azar,Q(X
′
•≤N,
◦
T ′0
/S′(T ′)♮), P ) Rg0•≤N∗(Azar,Q(X•≤N,
◦
T0
/S(T )♮), P ).
This diagram gives us the morphism g∗0•≤N in (5.3.4.4). This morphism is independent
of the choice of n by the transitive relation of the pull-back morphism ((3.4.1.4)).
(2): By the transitive relation of the pull-back morphism again, g∗0•≤N and g
′∗
0•≤N
are compatible with compositions of g0•≤N and g′0•≤N .
(3): The formula (5.3.4.9) immediately follows from the definition of g∗0•≤N .
(4): Assume that g0•≤N has the lift g•≤N in the statement of this theorem. Then
we have the relation g∗0•≤N = g
∗
•≤N,crys by the following commutative diagram, the
transitivity (3.4.1.4) and the diagram (5.3.4.12):
X
•≤N,
◦
T0
g•≤N
−−−−→ X ′
•≤N,
◦
T ′0
F ar,n
X
•≤N,
◦
T0
/S(T)♮
y yF ar,nX′
•≤N,
◦
T ′
0
/S′(T ′)♮
X
[pn]
•≤N,
◦
T0
g
[pn]
0•≤N
−−−−→ X
′[pn]
•≤N,
◦
T ′0
.
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Remark 5.3.5. (1) By the existence of the admissible immersion (3.2.7.5), we obtain
the admissible immersion (5.3.4.2) in the successive split truncated simplicial SNCL
scheme. It is clear that we also obtain the admissible immersion (5.3.4.2) for X•≤N/S
in §1.4.
(2) Because X
{pn}
•≤N,•,
◦
T0
= X
[pn]
•≤N,•,
◦
T0
×
S
[pn]
◦
T0
S◦
T 0
and because we have assumed
that there exists the admissible immersion (5.3.4.2), we have the following admissible
immersion
X
{pn}
•≤N,•,
◦
T0
⊂
−→ Q⋆•≤N,• ×S[pn](T )♮ S(T )
♮.(5.3.5.1)
Corollary 5.3.6 (Infinitesimal deformation invariance of filtered iso-zarisikian
Steenbrink complexes). If T ′ = T and X
•≤N,
◦
T0
(0) = X ′
•≤N,
◦
T0
(0), then
(Azar,Q(X•≤N,
◦
T0
/S(T )♮), P ) = (Azar,Q(X
′
•≤N,
◦
T0
/S(T )♮), P ).(5.3.6.1)
Corollary 5.3.7 (Infinitesimal deformation invariance of log isocrystalline
cohomologies with weight filtrations). Let the notations be as in (5.3.6). Then
(RqfX
•≤N,
◦
T0
/S(T )♮∗(OX
•≤N,
◦
T0
/S(T )♮)Q, P ) = (R
qfX′
•≤N,
◦
T0
/S(T )♮∗(OX′
•≤N,
◦
T0
/S(T )♮)Q, P ).
(5.3.7.1)
Moreover, if T is restrictively hollow, then
(RqfX•≤N,T0/T∗(OX•≤N,T0/T )Q, P ) = (R
qfX′•≤N,T0/T∗(OX
′
•≤N,T0
/T )Q, P ).(5.3.7.2)
5.4 The E2-degeneration of the p-adic weight spec-
tral sequence and the strict compatibility
Let the notations and the assumptions be as in the previous section. Assume that
◦
X•≤N is proper over
◦
S in this section. In this section we prove two important theo-
rems: the E2-degeneration of the p-adic weight spectral sequence of X•≤N,
◦
T1
/S(T )♮
and the strict compatibility of the weight filtration with respect to the pull-back of a
morphism of N -truncated simplicial base change of SNCL schemes over S◦
T 0
. To prove
the E2-degeneration, we need the infinitesimal deformation invariance of isocrystalline
cohomologies with weight filtrations in the previous section ((5.3.7.1)). To prove the
strict compatibility, we use the log convergence of the weight filtration ((5.2.8)). The
strict compatibility will play a key role in the definition of the limit of the weight
filtration on the infinitesimal cohomology in §6.5 below.
Theorem 5.4.1 (E2-degeneration I). Let s be the log point of a perfect field of
characteristic p > 0. The spectral sequence (3.4.9.5) for the case S = W(s) and
E•≤N = O ◦
X•≤N,T0/
◦
T
degenerates at E2.
Proof. Let W be the Witt ring of κ := Γ(s,Os) and K0 the fraction field of W . Let
(T, pOT , [ ]) be an object of Enl
(S/W). Because we have the following equalities as
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in the proof of [Og1, (3.1)] (cf. the proof of (5.2.19)):
RqfX
•≤N,
◦
T0
/S(T )♮∗(OX
•≤N,
◦
T0
/S(T )♮)Q = H
q(RfX
•≤N,
◦
T0
/S(T )♮∗(OX
•≤N,
◦
T0
/S(T )♮)Q)
(5.4.1.1)
= Hq(OT ⊗
L
W RΓ(X•≤N/W(s))Q) = H
q(KT ⊗
L
K0 RΓ(X•≤N/W(s))Q)
= KT ⊗K0 H
q
crys(X•≤N/W(s))Q.
Hence we may assume that T =W(s).
Let A0 be a smooth Fp-algebra contained in κ such that X•≤N has a proper SNCL
model X•≤N over S0 := (Spec(A0), (N⊕A∗0 −→ A0)) (cf. the argument before [Nakk2,
(3.1)]). Let A be a p-adically formally smooth algebra over Zp which is a lift of A0.
Endow Spf(A) with a hollow log structure N⊕A∗ −→ A and let S be the resulting log
formal scheme over Spf(Zp) = (Spf(Zp),Z∗p). The log formal scheme S has a PD-ideal
pOS , which defines an exact closed immersion S0
⊂
−→ S. By (5.2.11), Hqcrys(X•≤N/S)Q
is a locally free KS-module (this locally freeness also follows from [Og4, Lemma 36]).
For a nonempty log formal affine open subscheme U of S, set U1 := U⊗ZpFp. We fix
a lift FU : U −→ U of the Frobenius endomorphism(=p-th power endomorphism) of
U1. (The lift FU indeed exists.) Then we have the Teichmu¨ller lift OU −→ W of the
inclusion OU1
⊂
−→ κ. This lift gives us a morphism W(s) −→ U of log p-adic formal
schemes. In particular, we have a morphismW(s) −→ S of log p-adic formal schemes.
By the base change theorem of log crystalline cohomologies, we have an equality
RΓ(X•≤N/W(s)) =W ⊗LOS RΓ(X•≤N/S).
BecauseHqcrys(X•≤N/S)Q is a flat KS-module and RΓ(X•≤N/S)Q is a perfect complex
of KS -modules (KS := OS ⊗Z Q), we have the following equalities as in (5.4.1.1):
Hqcrys(X•≤N/W(s))Q = H
q(RΓ(X•≤N/W(s))Q) = Hq(W(κ)⊗LOS RΓ(X•≤N/S)Q)
(5.4.1.2)
= Hq(K0 ⊗
L
KS RΓ(X•≤N/S)Q) = K0 ⊗KS H
q
crys(X•≤N/S)Q.
The rest of the proof is the same as that of [Nakk2, (3.6)]. Indeed, take a closed
point
◦
u of
◦
U1. The point
◦
u is the spectrum of a finite field κu. Then we have
the Teichmu¨ller lift OU −→ W(κu) of the morphism OU1 −→ κu. The ring W(κu)
becomes an OU -algebra by this lift. Endow
◦
u and Spf(W(κu)) with the inverse im-
ages of the log structure of U and let u and W(u) be the resulting log (formal)
schemes. Let K0,u be the fraction field of W(κu). Set X•≤N,U1 := X•≤N ×S1 U1 and
X•≤N,u := X•≤N,T1×U1u. Let {E••r (X•≤N/K0)}r≥1 and {E••r (X•≤N,u/K0,u)}r≥1 be
the Er-terms of the weight spectral sequences (3.4.9.5) ofX•≤N/K0 and X•≤N,u/K0,u,
respectively. By the explicit description of the boundary morphisms between E1-terms
of (3.4.9.5) ((3.4.12)) and using the argument in the proof of [Nakk2, (3.5)], we obtain
the following: there exists a nonempty log formal affine open subscheme U of S such
that, for any closed point
◦
u of
◦
U1 and for all k, q ∈ Z, there exists a (non-canonical)
isomorphism
E−k,q+k2 (X•≤N/K0)⊗QpK0,u
∼
−→ E−k,q+k2 (X•≤N,u/K0,u)⊗QpK0
of K0⊗QpK0,u ≃ K0,u⊗QpK0-modules. Hence it suffices to prove that the boundary
morphisms d−k,q+kr : E−k,q+kr (X•≤N,u/K0,u) −→ E−k+r,q+k−r+1r (X•≤N,u/K0,u) van-
ish for r ≥ 2. These vanish because E−k,q+k1 (X•≤N,u/K0,u) is the direct sum of the
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isocrystalline cohomlogies of proper smooth schemes over a finite field with Tate twists
and because E−k,q+k1 (X•≤N,u/K0,u) is of pure weight q+ k by [KM, Corollary 1. 2)],
[CLe, (1.2)] and [Nakk2, (2.2) (4)].
Remark 5.4.2. Let U be as in the proof of (5.4.1). Consider the naive truncated
simplicial case in §1.4. Let d••r (X•≤N,U1/KU ) be the boundary morphism of the weight
spectral sequence (1.5.12.4)⊗ZQ of X•≤N,U1/U . Then we can reduce the vanishing of
d••r (X•≤N/K0) (r ≥ 2) to that of d••r (X•≤N,U1/KU ) and then to that of d••r (Xu/K0,u)
in a more standard way as in [NS1, (2.15.4)] because we have constructed the integral
weight spectral sequence (1.5.12.4) in the naive truncated simplicial case. This is an
answer for the suggestive method in [Nakk2, (3.7)].
Theorem 5.4.3 (E2-degeneration II). Let V be as in §5.1. Let T be an object of
Enlp(S/V) with structural morphism T1 −→ S. The spectral sequence (3.4.9.5) for
the case E•≤N = O ◦
X•≤N,T0/
◦
T
degenerates at E2. Consequently the spectral sequence
(5.2.15.1) for the case E•≤NK = O ◦X•≤N/K
degenerates at E2.
Proof. (By virtue of (5.3.7), the proof is almost the same as that of [NS1, (2.17.2)].)
We may assume that
◦
T is a p-adic affine flat formal V-scheme Spf(B). Let
{E−k,q+kr (X•≤N,
◦
T1
/S(T )♮)K0} be the Er-terms of (3.4.9.5). Consider the following
boundary morphism:
d−k,q+kr : E
−k,q+k
r (X•≤N,
◦
T1
/S(T )♮) −→ E−k+r,q+k−r+1r (X•≤N,
◦
T1
/S(T )♮) (r ≥ 2).
(5.4.3.1)
We prove that d−k,q+kr = 0 (r ≥ 2).
Case A: First we consider a case where B is a topologically finitely generated ring
over V such that BK is an artinian local ring. Let m be the maximal ideal of BK .
Set K ′ := BK/m. Let V ′ be the integer ring of K ′. Consider the following ideal
of B: I := Ker(B −→ BK/m). Set C = B/I. Then CK = K ′ and V ⊂ C ⊂ V ′
([NS1, (2.17.1)]). Let
◦
ι : Spf(C)
⊂
−→ Spf(B) be the nilpotent closed immersion. Since
the characteristic of K is 0, the morphism Spec(CK) −→ Spec(K) is smooth and
hence there exists a retraction
◦
ρK : Spec(BK) −→ Spec(CK) of the nilpotent closed
immersion Spec(CK)
⊂
−→ Spec(BK). By [Og1, (1.17)] there exists a finite modification
◦
π : Spf(B′) −→ Spf(B), a nilpotent closed immersion
◦
ι′ : Spf(C) ⊂−→ Spf(B′) with
◦
π ◦
◦
ι′ =
◦
ι and a morphism
◦
ρ : Spf(B′) −→ Spf(C) such that
◦
ρ induces
◦
ρK and that
◦
ρ ◦
◦
ι′ = idSpf(C). Set
◦
T ′ := Spf(B′),
◦
T ′′ := Spf(C), S(T ′)♮ := S(T )♮ × ◦
T
◦
T ′ and
S(T ′′)♮ := S(T )♮ × ◦
T
◦
T ′′. Then we have the following morphisms
ι : S(T ′′)♮ ⊂−→ S(T )♮, ι : S(T ′′)♮ ⊂−→ S(T ′)♮, π : S(T ′)♮ −→ S(T )♮, ρ : S(T ′)♮ −→ S(T ′′)♮
such that π ◦ ι′ = ι and ρ ◦ ι′ = idS(T ′′)♮ .
By (5.2.23) we have E−k,q+k2 (X•≤N,
◦
T1
/S(T )♮) = E−k,q+k2 (X•≤N,
◦
T ′1
/S(T ′)♮) since
B′K = BK . Let {d
′
r
••} (r ≥ 1) be the boundary morphism of (3.4.9.5) forX
•≤N,
◦
T ′1
/S(T ′)♮.
Because {d••r } (r ≥ 2) are functorial with respect to a morphism of log p-adic en-
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largements, we have the following commutative diagram for r ≥ 2:
E−k,q+kr (X•≤N,
◦
T1
/S(T )♮) −−−−→ E−k,q+kr (X•≤N,
◦
T ′1
/S(T ′)♮)
d−k,q+kr
y yd′r−k,q+k
E−k+r,q+k−r+1r (X•≤N,
◦
T1
/S(T )♮) −−−−→ E−k+r,q+k−r+1r (X•≤N,
◦
T ′1
/S(T ′)♮).
Here, if r = 2, then two horizontal morphisms above are isomorphisms by (5.2.23).
By induction on r ≥ 2, we see that d••r vanishes if d
′
r
•• does. Hence it suffices to
prove that the boundary morphism
d′r
−k,q+k : E−k,q+kr (X•≤N,
◦
T ′1
/S(T ′)♮) −→ E−k+r,q+k−r+1r (X•≤N,
◦
T ′1
/S(T ′)♮) (r ≥ 2)
(5.4.3.2)
vanishes. Let l(M) be the length of a finitely generated B′K = BK-module M .
Furthermore, to prove the vanishing of d′r••, it suffices to prove that
(5.4.3.3)
l(RqfX
•≤N,
◦
T ′1
/S(T ′)♮∗(OX
•≤N,
◦
T ′1
/S(T ′)♮)K) = l(
⊕
k
E−k,q+k2 (X•≤N,
◦
T ′1
/S(T ′)♮)).
For a log formal scheme Z with p-adic topology, set Z1 := Z mod p. Then we have
the morphisms X
•≤N,
◦
T ′′1
−→ S(T ′′)♮. Let us denote the pull-back of the morphism
X
•≤N,
◦
T ′′1
−→ S(T ′′)♮ by ρ mod p : S(T ′)♮1 −→ S(T
′′)♮1 by X
′
•≤N,
◦
T ′1
−→ S(T ′)♮.
Then, since we have π ◦ ι′ = ι and ρ ◦ ι′ = idS(T ′′)♮ , both X•≤N,
◦
T ′1
and X ′
•≤N,
◦
T ′1
are
deformations of X
•≤N,
◦
T ′′1
to S(T ′)♮1. Hence, by (5.3.6), the spectral sequence (3.4.9.5)
for X
•≤N,
◦
T ′1
/S(T ′)♮ and that for X ′
•≤N,
◦
T ′1
/S(T ′)♮ are isomorphic. Therefore we have
the following equalities
E−k,q+k2 (X•≤N,
◦
T ′1
/S(T ′)♮) = E−k,q+k2 (X
′
•≤N,
◦
T ′1
/S(T ′)♮)
= B′ ⊗C E
−k,q+k
2 (X
′
•≤N,
◦
T ′′1
/S(T ′′)♮).
(The last equality follows from (5.2.23).) Hence, to prove (5.4.3.3), it suffices to prove
that
dimK′(R
qfX′
•≤N,
◦
T ′′1
/S(T ′′)♮∗(OX′
•≤N,
◦
T ′′1
/S(T ′′)♮)K) = dimK′(
⊕
k
E−k,q+k2 (X
′
•≤N,
◦
T ′′1
/S(T ′′)♮)).
(5.4.3.4)
Set S(T ′′′)♮ := S(T ′′)♮ ×Spf(C) Spf(V ′). Because there exists a natural morphism
S(T ′′′)♮ −→ S(T ′′)♮ of log p-adic enlargements of S, it suffices to prove that
dimK′(R
qfX′
•≤N,
◦
T′′′1
/S(T ′′′)♮∗(OX′
•≤N,
◦
T ′′′1
/S(T ′′′)♮∗)K′)(5.4.3.5)
= dimK′(
⊕
k
E−k,q+k2 (X
′
•≤N,
◦
T ′′′1
/S(T ′′′)♮)).
We reduce (5.4.3.5) to (5.4.1) by using (5.3.4) as follows.
Let κ′ be the residue field of V ′. Since κ is perfect and since κ′ is a finite extension
of κ, κ′ is also perfect. Let s′ be the log point of κ′. LetW ′ be the Witt ring of κ′ and
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set K ′0 := Frac(W
′). Set V ′1 := V
′/p. The ring V ′1 is an artinian local κ
′-algebra with
residue field κ′ ([Se, II Proposition 8]). This gives us a retraction S(T ′′′)♮1 −→ s
′ of the
immersion s′ ⊂−→ S(T ′′′)♮1. Set X
′′
•≤N := X
′
•≤N,
◦
T ′′′1
× ◦
T ′′′1
◦
s′. Then X ′′•≤N ×◦s′
◦
T ′′′1 and
X ′
•≤N,
◦
T ′′1
are two log deformations of X ′′•≤N . We obtain the following isomorphisms
by (5.3.2) and (5.3.6):
RqfX′
•≤N,
◦
T ′′′1
/S(T ′′′)♮∗(OX′
•≤N,
◦
T ′′′1
/S(T ′′′)♮)⊗V′ K
′ ∼−→ RqfX′′•≤N/W(s′)∗(OX′′•≤N/W(s′))⊗W′K
′
(5.4.3.6)
and
(5.4.3.7) E−k,q+k2 (X
′
•≤N,
◦
T ′′′1
/S(T ′′′)♮)⊗K′0 K
′ ∼−→ E−k,q+k2 (X
′′
•≤N/W(s
′))⊗K′0K
′.
Hence it suffices to prove that
E−k,q+k2 (X
′′
•≤N/W(s
′))⊗K′0K
′ = E−k,q+k∞ (X
′′
•≤N/W(s
′))⊗K′0K
′.
We have already proved this in (5.4.1).
Case B: Next, we consider the general case. Though the rest of the proof is almost
the same as that of [NS1, (2.17.2)], we repeat this for the completeness of this book.
Let m be a maximal ideal of BK . Consider the following ideal I
(n) and the following
ring B(n) in [Og1, p. 780]:
I(n) := Ker(B −→ BK/m
n), B(n) := B/I
(n) (n ∈ N).
The ring B(n) defines log p-adic enlargements S(T(n))
♮ of S(T )♮. Let
d−k,q+kr,(n) : E
−k,q+k
r (X•≤N,
◦
T (n),1
/S(T(n))) −→ E
−k+r,q+k−r+1
r (X•≤N,
◦
T (n),1
/S(T(n)))
be the boundary morphism. Because {d••r } is functorial, we have the following com-
mutative diagram:
E−k,q+kr (X•≤N,
◦
T1
/S(T )♮)⊗BB(n) −−−−→ E
−k,q+k
r (X•≤N,
◦
T (n),1
/S(T(n))
♮)
d−k,q+kr ⊗BB(n)
y yd−k,q+kr,(n)
E−k+r,q+k−r+1r (X•≤N,
◦
T1
/S(T )♮)⊗BB(n)−−−−→E
−k+r,q+k−r+1
r (X•≤N,T(n),1/S(T(n))
♮).
Because E−k,q+k2 (X•≤N,
◦
T1
/S(T )♮) is a convergent F -isocrystal ((5.2.23)), two hori-
zontal morphisms are isomorphisms if r = 2. By induction on r and by the proof for
the Case A, the boundary morphism d••r ⊗BB(n) (r ≥ 2) vanishes. Thus lim←−n(d
••
r ⊗BKBK/m
n) =
0. Because BK is a noetherian ring and E
−k,q+k
2 (X•≤N,
◦
T1
/S(T )♮) is a finitely gener-
ated BK-module, we have
d••r ⊗BK (lim←−nBK/m
n) = lim
←−
n
(d••r ⊗BKBK/m
n) = 0.
Since (BK)m is a Zariski ring, lim←−n
(BK)m/m
n(BK)m is faithfully flat over (BK)m
([Bou, III §3 Proposition 9]). Therefore d••r ⊗BK (BK)m = 0. Since m is an arbitrary
maximal ideal of BK , d
••
r = 0 (r ≥ 2).
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As in [Nakk2, (4.7)] we have the following corollary:
Theorem 5.4.4. The spectral sequences (2.3.33.2) modulo torsion and (4.1.9.1) de-
generate at E2 for the case E
•≤N = O ◦
X•≤N/
◦
S
.
Corollary 5.4.5. The spectral sequence (5.2.15.1) degenerates at E2.
Next we prove the strict compatibility of the pull-back of a morphism with respect
to the weight filtration. We give the following strict compatibility whose proof is not
the same as that of the strict compatibility for an open log scheme in [NS1, (2.18.1)].
Theorem 5.4.6 (Strict compatibility I). Let the notations be as in (5.4.1) and
the proof of it. Let Y•≤N/s′ be an analogous object to X•≤N/s. Let f ′ : Y•≤N −→ s′
be the structural morphism. Let h : s −→ s′ be a morphism of log schemes. Let
g•≤N : X•≤N,
◦
T0
−→ Y
•≤N,
◦
T ′0
be the morphism in (3.4.0.1) for the case S = s and
S′ = s′ fitting into the commutative diagram (3.4.0.2). Let W ′ be the Witt ring of
Γ(s′,Os′) and set K ′0 := Frac(W
′). Assume that
◦
s −→
◦
s′ is finite. Let q be an
integer. Let us endow Hqcrys(Y•≤N/W(s′))⊗W′K0 with the induced filtration by P on
Hqcrys(Y•≤N/W(s
′))K′0 . Then the induced morphism
(5.4.6.1) g∗ : Hqcrys(Y•≤N/W(s
′))⊗W′ K0 −→ Hqcrys(X•≤N/W(s))⊗W K0
is strictly compatible with the weight filtration.
Proof. Let the notations be as in the proof of (5.4.1). Let B0, B and Y•≤N are analo-
gous objects toA0, A and X•≤N , respectively, such that g has a model g•≤N : X•≤N −→
Y•≤N over (Spec(A0), (N ⊕ A∗0 −→ A0)) −→ (Spec(B0), (N ⊕ B
∗
0 −→ B0)). Here we
may assume that the morphism B0 −→ A0 is of finite type. There exists a morphism
B −→ A lifting the morphism above. Let FA : A −→ A and FB : B −→ B be lifts of
the Frobenius endomorphisms of FA0 : A0 −→ A0 and FB0 : B0 −→ B0, respectively.
Then we have endomorphisms of (Spec(A), (N ⊕ A∗ −→ A)) and (Spec(B), (N ⊕
B∗ −→ B)) lifting the Frobenius endomorphisms of (Spec(A0), (N⊕A∗0 −→ A0)) and
(Spec(B0), (N⊕ B∗0 −→ B0)), respectively.
Let {Pk}∞k=0 and {Qk}
∞
k=0 be the weight filtrations on R
qfX•≤N/A∗(OX•≤N/A)Q
and RqfY•≤N/B∗(OY•≤N/B)Q ⊗B A, respectively. We claim that
Pk ∩ Im(Q∞) = Im(Qk).(5.4.6.2)
Indeed, by (3.4.1), the right hand side of (5.4.6.2) is contained in the left hand side of
(5.4.6.2). By (5.2.12) and (5.1.30), Pk, P∞, Qk and Q∞ extend to objects Pconvk
Pconv∞ , Q
conv
k and Q
conv
∞ of F -Isoc(Spec(A0)/Zp), respectively. Because the cate-
gory F -Isoc(Spec(A0)/Zp) is an abelian category ([Og1, p. 795]), both hand sides
of (5.4.6.2) extend to objects of F -Isoc(Spec(A0)/Zp). By [Og1, (4.1)], for a closed
point
◦
s of Spec(A0), the pull-back functor
◦
s∗ : Isoc(Spec(A0)/Zp) −→ Isoc(
◦
s/Zp) is
faithful. Hence it suffices to prove that
◦
s∗(Pconvk ) ∩ Im(
◦
s∗(Q′conv∞ )) = Im(
◦
s∗(Q′convk )).(5.4.6.3)
Let
◦
t be the image of
◦
s in Spec(B0). Then k(
◦
t) is a finite field. Consider the p-adic
enlargements W(
◦
s) and W(
◦
t) of Spec(A0)/Zp and Spec(B0)/Zp, respectively. Let
u be s or t and let C be A or B, respectively. Because Spf(C) is formally smooth
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over Spf(Zp), there exists a morphism W(
◦
u) −→ Spf(C) fitting into the following
commutative diagram
◦
u
⊂
−−−−→ W(
◦
u)y y
Spec(C0) −−−−→ Spf(C)y y
Spec(Fp) −−−−→ Spf(Zp).
Then the log structure ofW(u) is the inverse image of the log structure of (Spf(C), (N⊕
C∗ −→ C)). Let Z•≤N be X•≤N or Y•≤N . By the proof of (5.1.30), we see that
(
◦
u∗(Pconv∞ ))W(◦u) = R
qfZ•≤N,u/W(u)∗(OZ•≤N,u/W(u))Q(5.4.6.4)
and
(
◦
u∗(Pconvk ))W(◦u) = PkR
qfZ•≤N,u/W(u)∗(OZ•≤N,u/W(u))Q.(5.4.6.5)
Since the residue field k(
◦
s) is a finite field, the equality of (5.4.6.3) at the value W(s)
holds by the existence of the weight spectral sequence (3.4.9.5) and by the purity of
the weight as in the proof of [NS1, (2.18.2)]. This shows the equality (5.4.6.3) because
W(
◦
u) is a formally smooth lift of
◦
u over Spf(Zp).
Theorem 5.4.7 (Strict compatibility II). Let the notations and the assumption be
as in (5.4.3). Let Y•≤N/S′ and T ′ be analogous objects to X•≤N/S and T , respectively.
Let g be a morphism (3.4.0.1) fitting into the following commutative diagram (3.4.0.2).
Let q be an integer. Then the induced morphism
(5.4.7.1)
g∗ : u∗(Rqf ′Y
•≤N,
◦
T′
1
/S′(T ′)♮∗(OY
•≤N,
◦
T ′1
/S′(T ′)♮))Q −→ R
qfX
•≤N,
◦
T1
/S(T )♮∗(OX
•≤N,
◦
T1
/S(T )♮)Q
is strictly compatible with the weight filtration. Consequently the induced morphism
(5.4.7.2) g∗ : u∗(Rqf ′∗(OY•≤N/K′)
♮) −→ Rqf∗(OX•≤N/K)
♮
in F -Isoc(S/V) for the case T0 = S and T ′0 = S
′ is strictly compatible with the
weight filtration.
Proof. Set Y
•≤N,
◦
T1
:= Y•≤N ×◦
S′
◦
T 1. Then we have the following equality by (5.2.4)
and the argument in (5.4.1.2):
(RqfY
•≤N,
◦
T1
/S′(T )♮∗(OY
•≤N,
◦
T1
/S′(T )♮)Q, P ) = (u
∗(RqfY
•≤N,
◦
T′
1
/S′(T ′)♮∗(OY
•≤N,
◦
T ′
1
/S′(T ′)♮)Q), P ).
We may assume that
◦
S is the formal spectrum Spf(C) and the log structure of S is
split. It suffices to prove that
PkR
qfX
•≤N,
◦
T1
/S(T )♮∗(OX
•≤N,
◦
T1
/S(T )♮)K ∩ Im(R
qfY
•≤N,
◦
T1
/S′(T )♮∗(OY
•≤N,
◦
T1
/S′(T )♮)K)
(5.4.7.3)
= Im(PkR
qfY
•≤N,
◦
T1
/S′(T )♮∗(OY
•≤N,
◦
T1
/S′(T )♮)K)).
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By (5.2.12) and (5.1.30), both hands in (5.4.7.3) extend to objects of F -Isoc(
◦
S/V)
as in (5.4.6). Let {ti}
j
i=1 be a set of closed points of
◦
S such that, for any connected
component
◦
Si of
◦
S, there exists a point
◦
ti such that
◦
ti ∈
◦
Si. By [Og1, (4.1)], the
pull-back functor
∏j
i=1
◦
t∗i : Isoc(
◦
S/V) −→
∏j
i=1 Isoc(
◦
ti/V) is faithful. By the proof
of [Og1, (3.17)], we may assume that
◦
T is the formal spectrum of a finite extension
V ′ of V . Let κ′ be the residue field of V ′. As mentioned in the proof of (5.4.3),
V ′/p is an κ′-algebra; the two pairs X
•≤N,
◦
T1
and X
•≤N,
◦
T1
⊗V′ κ′ ⊗κ′ V ′/p are two
deformations of X
•≤N,
◦
T1
⊗V′ κ′; the obvious analogue for Y•≤N,
◦
T1
also holds. Hence,
by the deformation invariance of log crystalline cohomologies with weight filtrations
((5.3.7)), we may assume that
◦
T = Spf(W (κ′)) and that X
•≤N,
◦
T1
and Y
•≤N,
◦
T1
are N -
truncated simplicial base changes of SNCL schemes over the log point (Spec(κ′),N⊕
κ′∗ −→ κ′). Hence the equality (5.4.7.3) follows from (5.4.6).
5.5 Variational p-adic monodromy-weight conjecture
II and variational p-adic log hard Lefschetz con-
jecture II
Let the notations be as in the previous section for the case N = 0. In this sec-
tion we give several results for the variational p-adic monodromy-weight conjecture
((1.8.14), (5.2.18.1)) and the variational p-adic log hard Lefschetz conjecture ((1.8.16),
(5.2.21.1)).
We start with the following, which resembles Deligne’s Principle B about the
absolute Hodge cycle on an abelian variety over a field of characteristic 0 ([D7]) (see
also [Gr1, p. 103 (13)]).
Lemma 5.5.1. Let the notations be as in (1.8.14). Then the following hold:
(1) Let s be the log point of a perfect field κ of characteristic p > 0. Consider the
case S = s. If the morphism (1.8.14.1) is injective or surjective for X/S = X/s and
(T,J , δ) = (W(s), pW , [ ]), then (1.8.14) holds for X/s and any log PD-enlargement
(T,J , δ) of s over Spf(W).
(2) Let T be an object of Enl(S/V) in §5.1. If the morphism (1.8.14.1) is injective
or surjective for X/S and a log PD-enlargement (T,J , δ) of S, then (1.8.14) holds
for X ◦
T 0,t
/W(t) for any exact closed point t ∈ S◦
T 0
with a lifting morphism W(t) −→
S(T )♮.
(3) Let T be an object of Enl(S/V) in §5.1. Let t be an exact closed point of S◦
T 0
.
Assume that
◦
T 0 is connected. If the morphism (1.8.14.1) is injective or surjective
for X ◦
T 0,t
/W(t), then the morphism (1.8.14.1) is an isomorphism for X ◦
T 0
/S◦
T 0
and
(T,J , δ).
Proof. (1): By the duality between E−k,2d−q−k2 and E
k,q+k
2 of the weight spectral
sequence of Hqcrys(X/W(s))Q ((5.2.24)) and the E2-degeneration of it ([Nakk2, (3.6)],
(5.4.3)), the injectivity (resp. surjectivity) tells us the surjectivity (resp. injectivity) of
the morphism (1.8.14.1) for the case T =W(s). By the filtered base change theorem
in log crystalline cohomologies ((1.6.2)) and by the argument in the proof of (5.2.19),
(1.8.14) holds for X/s and any log PD-enlargement (T,J , δ) of s over Spf(W).
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(2): Set K0,t := Frac(W(κt)). The injectivity for Xt/W(t) follows from (5.2.4)
and the filtered base change theorem in log crystalline cohomologies ((1.6.2)). Indeed,
we obtain the following by (5.2.19.1):
PkH
q
crys(Xt/W(t))Q = K0,t ⊗KT PkR
qfX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)Q.
Because (PkR
qfX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)Q, P ) is a filteredly flat KT -module ((5.2.11)),
grPk (R
qfX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮)Q)⊗KS K0,t = gr
P
k H
q
crys(Xt/W(t))Q.
Hence, if the morphism
νkzar : gr
P
q+kR
qfX◦
T0/S(T)
♮
∗(OX◦
T0/S(T)
♮
)Q −→ gr
P
q−kR
qfX◦
T0/S(T)
♮
∗(OX◦
T0/S(T)
♮
)(−k, u)Q
(5.5.1.1)
is injective (resp. surjective), then the morphism (5.5.1.1)⊗KTK0,t is injective (resp. sur-
jective), which is equal to the morphism
νkzar : gr
P
q+kH
q
crys(Xt/W(t))Q −→ gr
P
q−kH
q
crys(Xt/W(t))(−k, u)Q.(5.5.1.2)
(3): First we prove that the morphism (1.8.14.1) is injective for X/S and (T,J , δ).
This is a local question on S(T )♮. Hence we may assume that MS(T )♮ is split. By
(5.2.10) and (5.1.30), grPk R
qf∗(OX◦
T0
/K)
♮ defines an object of Isoc(
◦
T/V). Let V ′ be
the integer ring of K0,t. Because
(5.5.1.3)
◦
t∗ : Isoc(
◦
T 0/V) −→ Isoc(
◦
t/V)
is faithful by [Og1, (4.1)], to prove the injectivity of the morphism (1.8.14.1) for
X/S and (T,J , δ), we may assume that (T,J , δ) = (V ′, pV ′, [ ]). In this case, the
morphism is injective by the assumption and (1). Thus we have proved that the
morphism (1.8.14.1) is injective for X/S and (T,J , δ).
Next we prove that the morphism (1.8.14.1) is surjective for X/S and (T,J , δ).
Set
C := Coker(νezar : gr
P
q+eR
qf∗(OX◦
T0
/K) −→ gr
P
q−eR
qf∗(OX◦
T0
/K)(−e)).
We would like to prove that CS(T )♮ = 0. This is a local question on S(T )
♮ and we may
assume that MS(T )♮ is split. By (5.2.10) and (5.1.30), C gives an object of Isoc(
◦
T/V).
By the faithfulness of the functor (5.5.1.3), it suffices to prove that CV′ = 0. This
follows from (1) and the assumption on the injectivity.
The following is a p-adic analogue of Terasoma-Ito’s result ([Te], [It1]). As stated
in the Introduction, Lazda and Pa´l recently have proved the coincidence of the
monodromy filtration and the weight filtration on the log crystalline cohomology
of a proper strict semistable family over a complete discrete valuation ring with fi-
nite residue field of equal characteristic p > 0 by using their theory of rigid coho-
mologies over fields of Laurent series, their result Hyodo-Kato isomorphism in equi-
characteristic p > 0, the p-adic local monodromy theorem, Marmora’s functor and
Crew’s result ([LP]). We generalize this result in the case where the residue field is
a general perfect field of characteristic p > 0. Our proof is different from their proof
and is natural because we have constructed the weight spectral sequence of the log
crystalline cohomology sheaf of a proper SNCL family over a family of log points
((1.5.12.4)).
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Theorem 5.5.2 (Monodromy-weight conjecture in equal characteristic for
log crystalline cohomologies). Let V˜ be a complete discrete valuation ring with
perfect residue field of equal characteristic p > 0. Set
◦
D := Spec(V˜ ). Endow
◦
D with
canonical log structure and let D be the resulting log scheme. Let s be the log special
fiber of D. Let X be a proper strict semistable log scheme over D. Let X be the
log special fiber of X/D. Then (1.8.14) holds for the case S = s and (T,J , δ) =
(W(s), pW , [ ]).
Proof. Let τ be a uniformizer of V˜ . Set κ := V˜ /τ . In this case, it is well-known (by
using Neron’s blow up) that there exists a smooth Fp[τ ]-subalgebra A˜1 of V˜ such that
V˜ is the henselization of A˜1 at the prime ideal (τ) in A˜1 and such that there exists a
proper log smooth morphism X˜ −→ S˜1 such that X = X˜ ×S˜1D (see [It1, §5,6]). Here
S˜1 is the log scheme whose underlying scheme is Spec(A˜1) and whose log structure is
the association of a morphism N ∋ 1 7−→ τ ∈ A˜1. Set S1 := Spec
log
S˜1
(OS˜1/τOS˜1) and
A1 := Γ(S1,OS1) = A˜1/τ . Then we have the following commutative diagram
(5.5.2.1)
A˜1
⊂
−−−−→ V˜y y
A1 −−−−→ V˜ /τ = κ.
Set XS1 := X˜×S˜1S1 by abuse of notation. We may assume that XS1 is a proper
SNCL scheme over S1 ([It1, §4, §6]). (Before [It1] was published, K. Fujiwara has
essentially suggested to me this technique.) Note that we have used the notion of
the SNCL scheme. Take any exact closed point t of S1. Set XS1,t := XS1×S1t. Let
A be a p-adically formally smooth algebra over Zp which is a lift of A1. Endow
Spf(A) with a log structure (N⊕A∗ ∋ (1, u) 7−→ pu ∈ A)a and let S be the resulting
log formal scheme over Spf(Zp) = (Spf(Zp),Z∗p). The log formal scheme S has a
PD-ideal sheaf pOS , which defines an exact closed immersion S1
⊂
−→ S. Assume
that dim(A˜1) ≥ 2. In this case, there exists a smooth curve
◦
C1 in
◦
S˜1 which passes
through
◦
t and transversal to (τ = 0) since A˜1 is smooth over Fp[τ ]. In the case
dim(A˜1) = 1, set
◦
C1 := Spec(A˜1) (in [It1] this case has been forgotten). Endow
◦
C1
with the log structure associated to the point
◦
t. Let C1 be the resulting log scheme.
Then t = C1 ×S˜1 S1 and the closed immersion C1
⊂
−→ S˜1 is exact. As a summary, we
have the following cartesian diagrams:
(5.5.2.2)
X
⊂
−−−−→ X −−−−→ X˜
⊃
←−−−− XS1
⊃
←−−−− XS1,ty y y y y
s
⊂
−−−−→ D −−−−→ S˜1
⊃
←−−−− S1
⊃
←−−−− t
⋃x y⋂
C1 S .
Set X˜C1 := X˜ ×S˜1C1. Because
◦
C1 is a smooth curve over Fp containing t and because
X˜C1/C1 is smooth outside t, (1.8.14) holds forH
q
crys(XS1,t/W(κt))Q = H
q
crys(X˜C1,t/W(κt))Q
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as stated in [Fa, p. 242 (e)] and [CT1, (5.1)] using Crew’s result about the purity of the
graded module of the monodromy filtration on Hqcrys(XS1,t/W(κt))Q ([Cr, (10.8)]).
For a connected affine log formal open subscheme U of S containing t, set U1 :=
U⊗ZpFp. Set also XU1 := XS1 ×S1 U1, XU1,t := XS1 ×S1 U1 ×U1 t = XS1,t
◦
X
(k)
U1
:=
◦
X
(k)
S1
× ◦
S1
◦
U1 and
◦
X
(k)
U1,t
:=
◦
X
(k)
U1
× ◦
U1
◦
t. Using the lower horizontal morphism in (5.5.2.1),
we have the natural inclusion morphism OU1
⊂
−→ κ. We fix an endomorphism of
◦
U lifting the Frobenius endomorphism(=p-th power endomorphism) of
◦
U1. Then
we have the Teichmu¨ller lift OU −→ W(κt) (resp. OU −→ W) of the morphism
OU1 −→ κt (resp. OU1 −→ κ). The rings W(κt) and W become OU -algebras by
these lifts. Endow Spf(W(κt)) and
◦
t with the inverse images of the log structure
of U . Then, by the convergence of the isocrystalline cohomology ([Og1, (3.7)]), the
morphism
(5.5.2.3) Hqcrys(
◦
X
(k)
U1
/U)Q⊗OUW(κt)−→H
q
crys(
◦
X
(k)
U1,t
/W(κt))Q
is an isomorphism for all q, k ∈ N. Let the notations be as in the proof of (5.4.3). By
the description of d−k,q+k1 : E
−k,q+k
1 (XU1/U)Q −→ E
−k+1,q+k
1 (XU1/U)Q ((1.5.21.1)),
d−k,q+k1 extends to a morphism of convergent isocrystals. Hence we have the following
isomorphism
(5.5.2.4) E−k,q+k2 (XU1/U)Q⊗OUW(κt)
∼
−→ E−k,q+k2 (XU1,t/W(κt))Q.
The morphism N is compatible with the base change ((1.7.35)). Hence we have the
following commutative diagram:
(5.5.2.5)
E−k,q+k2 (XU1/U)Q⊗OUW(κt)
Nk⊗1
−−−−→ Ek,q−k2 (XU1/U)Q⊗OUW(κt)
≃
y y≃
E−k,q+k2 (XU1,t/W(t))Q
Nk
−−−−→ Ek,q−k2 (XU1,t/W(t))Q.
By the E2-degeneration ([Nakk2, (3.6)], see also (5.4.3)) and the coincidence of the
monodromy filtration and the weight filtration on Hqcrys(XU1,t/W(t))Q as stated be-
fore, the lower morphism Nk in (5.5.2.5) is an isomorphism. Because the monodromy
operator is a morphism of convergent isocrystals ((5.2.17)) and because the faithful-
ness of the functor (5.5.1.3), the morphism
Nk : E−k,q+k2 (XU1/U)Q −→ E
k,q−k
2 (XU1/U)Q(5.5.2.6)
is injective, hence bijective by (5.5.1) (3).
By Deligne’s remark in [I1, (3.10)] (cf. [Nakk2, §3]), there exists a connected affine
nonempty log formal open subscheme U of S such that the canonical morphism
(5.5.2.7) Hqcrys(
◦
X
(k)
U1
/U)⊗OU W −→ H
q
crys(
◦
X(k)/W)
is an isomorphism of W-modules. In fact, there exists a connected affine nonempty
log formal open subscheme U of S such that the canonical morphism
E−k,q+k2 (XU1/U)⊗OUW −→ E
−k,q+k
2 (X/W(s))(5.5.2.8)
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is an isomorphism as in the proof of [Nakk2, (3.5)]. Hence we have the following
diagram
(5.5.2.9)
E−k,q+k2 (XU1/U)Q⊗OUW
Nk⊗1, ≃
−−−−−−→ Ek,q−k2 (XU1/U)Q⊗OUW
≃
y y≃
E−k,q+k2 (X/W(s))Q
Nk
−−−−→ Ek,q−k2 (X/W(s))Q.
By (5.5.2.9) the morphism
(5.5.2.10) Nk : E−k,q+k2 (X/W(s))Q −→ E
k,q−k
2 (X/W(s))Q
turns out be an isomorphism. We completes the proof.
The following resembles Deligne’s Principle B about the absolute Hodge cycle on
an abelian variety over a field of characteristic 0. This is a generalized p-adic version of
Fujiwara’s try to reduce the l-adic monodromoy-weight conjecture in the case of a com-
plete discrete valuation ring in mixed characteristics to the l-adic monodromoy-weight
conjecture in the case of a complete discrete valuation ring in equal characteristic.
(See also Scholze’s work [Sc].)
Corollary 5.5.3 (Log (p-adically) convergent monodromy-weight conjecture
in equal characteristic for log crystalline cohomologies). Let the notations be
as in (5.5.1) (3). Assume that
◦
T is connected. Assume also that there exists an
exact closed point t of S◦
T 0
such that X ◦
T 0,t
is the log special fiber of a proper strict
semistable family over a complete discrete valuation ring of equal characteristic p > 0.
Then (5.2.18) holds for F -Isoc(Enl(S/V)).
Proof. Hence (5.5.3) follows from (5.5.2), (5.5.1) (3) and (5.2.19).
In [Nak] Nakayama has reduced the log l-adic monodromy-weight conjecture for
any base field to the conjecture for finite fields by using a specialization argument.
The following is a variational p-adic analogue of his result.
Theorem 5.5.4. If (1.8.14) holds for the case where (
◦
T ,J , δ) is the formal spectrum
of the Witt ring of any finite field with canonical PD-structure on pOT , then (5.2.18)
is true in F -Isoc(S/V).
Proof. By using (5.5.1) (3) and the argument in the proof of (5.5.2), the proof is the
same as that of [NS1, (2.18.2)].
The following is Kajiwara’s result ([Kaj]) using results of M. Saito’s result ([SaM2])
and using hyperplane sections and Hodge index theorem for surfaces.
Theorem 5.5.5 ([Kaj] (cf. [Nakk3, §9]). Let s be a log point of a field of char-
acteristic p > 0. Let X be a projective SNCL scheme over s. Let l 6= p be a prime.
Then the monodromy filltration and the weight filtration on the Kummer log e´tale
cohomology H1et(Xs,Ql) ([Nak]) are the same. Moreover, if
◦
X is of pure dimension
d, then the filtrations on H2d−1et (Xs,Ql) are the same.
Corollary 5.5.6. Let the notations be as in (5.5.5). Assume that the field in (5.5.5) is
perfect. Then the monodromy filltration and the weight filtration on H1crys(X/W(s))Q
are the same. Moreover, if
◦
X is of pure dimension d, then the filtrations on H2d−1crys (X/W(s))Q
are the same.
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Proof. In [Nakk3, §9] we have proved that the l-adic quasi-monodromy operator
νl : E
−1,1
2 −→ E
1,0
2 and the the p-adic quasi-monodromy operator νp : E
−1,1
2 −→ E
1,0
2
are defined over Q and they are the same. Hence (5.5.6) for H1crys(X/W(s))Q follows
from (5.5.5); (5.5.6) for H2d−1crys (X/W(s))Q follows from the duality.
Corollary 5.5.7. The conjecture (5.2.18) is true for the case q = 1 and q = 2d − 1
if
◦
X is of pure dimension d.
Proof. This follows from (5.5.1) and (5.5.6).
Theorem 5.5.8. Let the notations be as in (1.8.14). If the relative dimension of
X/S0 is less than or equal to 2, then the conjecture (1.8.14) is true.
Proof. This follows from (5.5.7), [Mo, Lemme 6.2.1, 6.2.2] and the convergences of
the weight filtration and the monodromy operator.
Lemma 5.5.9. Let the notations be as in (5.5.1). Assume that the morphism
◦
X −→
◦
S
is projective and that the relative dimension is of pure dimension d. Then the following
hold:
(1) Consider the case S = s. If the morphism (1.8.16.1) is injective or surjective
for X/S = X/s and (T,J , δ) = (W(s), pW , [ ]), then (1.8.16) holds for X/s and any
log PD-enlargement (T,J , δ) of s over Spf(W).
(2) Let T be an object of Enl(S/V) in §5.1. If the morphism (1.8.16.1) is injective
or surjective for X/S and a log PD-enlargement (T,J , δ) of S, then (1.8.16) holds
for X ◦
T 0,t
/W(t) for any exact closed point t ∈ S◦
T 0
with a lifting morphism W(t) −→
S(T )♮.
(3) Let T be as in (2). Let t be an exact closed point of S◦
T 0
. Assume that
◦
T 0 is
connected. If the morphism (1.8.16.1) is injective or surjective for X ◦
T 0,t
/W(t), then
the morphism (1.8.16.1) is an isomorphism for X ◦
T 0
/S◦
T0
and (T,J , δ).
Proof. (1): (1) follows from the log Poincare´ duality of Tsuji ([Tsuj2, Theorem (5.6)]).
(2): Assume that the morphism (1.8.16.1) is injective (resp. surjective) for X/S
and (T,J , δ). Then the injectivity (resp. surjectivity) of the morphism (1.8.16.1) for
Xs/W(s) follows from the flatness of R
qfX◦
T0
/S(T )♮∗(OX◦
T0
/S(T )♮) ⊗Z Q already used
in the proof of (5.4.1) and the base change theorem in log crystalline cohomologies
(see (5.4.1.2)).
(3): By using (1), the proof is the same as that of (5.5.1) (3).
Let us recall the following Faltings’ theorem:
Theorem 5.5.10 ([Fa, 2 (f)]). Let κ be a perfect field of characteristic p > 0. Let
W be the Witt ring of κ. Let K0 be the fraction field of W. Let f : (Y,D) −→ (Z,E)
be a proper log smooth morphism of smooth schemes with SNCD’s over κ. Then there
exists a log convergent F -isocrystal Rqf∗(O(Y,D)/K0) on (Z,E)/W such that, for any
object (T, z) ∈ Enlp((Z,E)/W),
Rqf∗(O(Y,D)/K0)T = R
qf(Y,D)T1/T∗(O(Y,D)T1/T )Q.
For any object (T, z) ∈ Enl((Z,E)/W), Rqf∗(O(Y,D)/K0)T is a locally free KT -module
of finite rank, where KT := OT ⊗Z Q.
364CHAPTER 5. RESULTS FORWEIGHT FILTRATIONS ON LOG ISOCRYSTALLINE COHOMOLOGY SHEAVES
Remark 5.5.11. (1) If Z is a smooth curve over κ, (5.5.10) has also been proved in
[CT2, (3.12)].
(2) The log structure of (Z,E) is not constant.
The following is a log version of [Og1, (1.11)]:
Definition 5.5.12. Let B be as in the beginning of §5.1. Let T be a fine log p-adic
formal B-scheme. A coherent crystal of OT/B ⊗Z Q is the following datum:
For any open log formal scheme U of T and any exact closed nilpotent immersion
U
⊂
−→ U ′ into a fine log p-adic formal V-scheme, an object EU ′ ∈ Coh(KU ′ ) satisfying
the following condition:
For any morphism g : (U1, U
′
1) −→ (U2, U
′
2) of exact closed nilpotent immersions of
fine log p-adic formal B-schemes, where Ui (i = 1, 2) is an open log formal scheme
of T , we are given an isomorphism ιg : g
∗(EU ′2) −→ EU ′1 satisfying the usual two
relations ιg ◦ g∗(ιh) = ιh◦g for a similar morphism h : (U2, U ′2) −→ (U3, U ′3) to g and
ιid(U,U′) = idEU′ .
The following is the obvious log version of [Og1, (1.12)]:
Proposition 5.5.13. Let T
⊂
−→ Y be an immersion into a log smooth p-adic formal
B-scheme. Set Y (1) := Y ×B Y . Let Y (1)
ex be the exactification of the diagonal
immersion Y
⊂
−→ Y (1). Let Yn and Y (1)n be the n-th infinitesimal neighborhoods
of the immersion T
⊂
−→ Y and the composite immersion T
⊂
−→ Y
⊂
−→ (Y ×B Y )ex,
respectively. Let pi : Y (1)n −→ Yn (i = 1, 2) be the induced morphism from the i-th
projection Y (1) −→ Y . Let E be a coherent crystal of OT/B ⊗Z Q-modules. Then we
have the isomorphism ǫn : p
∗
2(EYn)
∼
−→ EY (1)n
∼
←− p∗1(EYn) satisfying the standard
cocycle condition. The correspondence E 7−→ {(EYn , ǫn)}
∞
n=1 is an equivalence of
categories.
Proof. Because the proof is the obvious log version of [Og1, (1.12)], we leave the proof
to the reader.
Lemma 5.5.14. Let V be a complete discrete valuation ring of mixed characteristics
(0, p). Let T be a log smooth connected p-adic formal scheme over Spf(V). Assume
that
◦
T is smooth over Spf(V). Let E be a coherent crystal of OT/V ⊗ZQ-modules. Let
V ′ be a finite extension of V. Let τ : S ⊂−→ T be an exact closed immersion such that
◦
S = Spf(V ′). Let e be a global section of E. If τ∗(e) = 0, then e = 0.
Proof. By (5.5.13) it suffices to prove that eT = 0. Then the rest of the proof is the
same as that of [Og1, (1.18)].
Theorem 5.5.15 (Log hard Lefschetz conjecture of log isocrystalline coho-
mologies in equal characteristic). Let the notations be as in (5.5.2). Assume
that the structural morphism
◦
f :
◦
X −→
◦
D is projective and the relative dimension
of
◦
f is of pure dimension d. Let L be a relatively ample line bundle on
◦
X /
◦
D.
Let L be the restriction of L to
◦
X/
◦
s. Then (1.8.16) holds for the case S = s and
(T,J , δ) = (W(s), pW , [ ]).
Proof. Let the notations be as in the proof of (5.5.2). We may assume that L comes
from a relatively ample line bundle L˜ on
◦
X˜/
◦
S˜1 by using Neron’s blow up ([A, (4.6)],
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[SGA 7-I, I (0.5)]). Because
◦
C1 is a smooth curve over Fp,
◦
C1 has a smooth lift
◦
C
over Spec(Zp). Let (
◦
C )̂ be the p-adic completion of
◦
C. Endow (
◦
C )̂ with the PD-ideal
sheaf pO
(
◦
C)̂
with canonical PD-structure [ ] (this PD-structure has been forgotten in
[CT2]). Since (
◦
C )̂ is formally smooth over Spf(Zp), the section
◦
t
⊂
−→
◦
C1 extends to
a section W(
◦
t)
⊂
−→ (
◦
C )̂. Endow (
◦
C )̂ with the associated log structure to a formal
local parameter of W(
◦
t) (cf. [NS1, (2.1.8.1), (2.1.9)]; W(
◦
t) is a formal SNCD on (
◦
C )̂)
and let Ĉ be the resulting log formal scheme. Then we have a natural exact closed
immersion W(t) −→ Ĉ. Let f : X˜C1 −→ C1
⊂
−→ Ĉ be the structural morphism.
Then we have the log crystalline cohomology sheaf RqfX˜C1/Ĉ∗(OX˜C1/Ĉ) (q ∈ Z). Set
KĈ := OĈ ⊗Z Q. By (5.5.10), R
qfX˜C1/Ĉ∗(OX˜C1/Ĉ)Q is a flat coherent sheaf of KĈ -
modules and this extends to a log a log convergent F -isocrystal RqfX˜C1∗(OX˜C1/Qp)
on C1 = (
◦
C1,
◦
t)/Zp. This implies that the cohomology sheaf RqfX˜C1∗(OX˜C1/Qp)Ĉ for
any object T ∈ Enl(C1/Zp) defines a log crystal of OĈ/Zp ⊗Z Q-modules because, for
a nilpotent exact closed immersion U
⊂
−→ U ′ over Spf(Zp) (U is a log open formal
subscheme of Ĉ), U0 = U
′
0 := Spec
log(OU ′/pOU ′)red as in [Og1, (2.8.1)]; (U ′0, U
′) is
an object of Enl(Ĉ/Zp).
Let L˜C1 be the restriction of L˜ to X˜C1 . By the same argument as that of [BO2,
§3] (see also [NS1, p. 130]), we obtain the log cohomology class η˜ = c1,crys(L˜C1) of
L˜C1 in R
2fX˜C1/Ĉ∗(OX˜C1/Ĉ). Because η˜ commutes with base change, the morphism
η˜i : Rd−ifX˜C1/Ĉ∗(OX˜C1/Ĉ)Q −→ R
d+ifX˜C1/Ĉ∗(OX˜C1/Ĉ)(i)Q (i ∈ N)(5.5.15.1)
prolongs to a global section η˜iQp := {η˜
i
T }T , where η˜
i
T is a section of
HomKT (R
d−ifX˜T1/T∗(OX˜T1/T ), R
d+ifX˜T1/T∗(OX˜T1/T )) (i ∈ N).(5.5.15.2)
By (5.5.10) we can consider η˜iQp as a global section of a crystal of OĈ/Zp⊗ZQ-modules.
(The Hom in (5.5.15.2) has an internal Hom.) Let t′ 6=
◦
t be a closed point of
◦
C1. Set
κt′ := Γ(t
′,Ot′). Then we have a section Spf(W(κt′))
⊂
−→ Ĉ of log formal schemes
over Spf(Zp). The section gives a log p-adic enlargement of Ĉ over Spf(Zp). Set
X˜t := X˜C1 ×C1 t = XS1,t and X˜t′ := X˜C1 ×C1 t
′. Consider the morphism
η˜iW(t′) : R
d−ifX˜t′/W(t′)∗(OX˜t′/W(t′))Q −→ R
d+ifX˜t′/W(t′)∗(OX˜t′/W(t′))(i)Q.
(5.5.15.3)
This morphism is an isomorphism by a result of Katz-Messing ([KM, Corollary 1. 2)]).
Hence (Ker(η˜iQp))W(t′) = 0 = (Coker(η˜
i
Qp
))W(t′). By these equalities and (5.5.14),
Ker(η˜iQp) = 0 = Coker(η˜
i
Qp
). In particular, (Ker(η˜iQp))W(t) = 0 = (Coker(η˜
i
Qp
))W(t).
This means that the morphism
η˜iW(t) : R
d−ifXS1,t/W(t)∗(OXS1,t/W(t))Q = R
d−ifX˜t/W(t)∗(OX˜t/W(t))Q
(5.5.15.4)
−→ Rd+ifX˜t/W(t)∗(OX˜t/W(t))(i)Q = R
d+ifXS1,t/W(t)∗(OXS1,t/W(t))(i)Q
is an isomorphism.
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For an open log subscheme U of S, set U1 := U ×S S1 and XU1 := XS1×S1 U1. By
[Nakk2, (3.4)] there exists a connected affine nonempty open log formal subscheme U
of S such that the canonical morphism
(5.5.15.5) RqfXU1/U∗(OXU1/U )⊗OUW(κt′) −→ R
qfXS1,t′/W(t′)∗(OXS1,t′/W(t′))
for all q ∈ N and any exact closed point t′ of U1 is an isomorphism ofW(κt′)-modules.
Hence, by (5.5.9) (3), the morphism
η˜i : Rd−ifXU1/U∗(OXU1/U )Q −→ R
d+ifXU1/U∗(OXU1/U )(i)Q(5.5.15.6)
is an isomorphism. Since we have a natural morphism s −→ S1, we have a natural
morphism s −→ U1. Because we can assume that U has an endomorphism lifting
the Frobenius endomorphism of U1, we have the Teichmu¨ller lift W(s) −→ U . By
[Nakk2, (3.4)], there exists a connected affine nonempty open log formal subscheme
U of S such that the canonical morphism
(5.5.15.7) RqfXU1/U∗(OXU1/U )⊗OUW−→R
qfX/W(s)∗(OX/W(s))
for all q ∈ N is an isomorphism of W-modules. Therefore the morphism
η˜i : Rd−ifX/W(s)∗(OX/W(s))Q −→ Rd+iRqfX/W(s)∗(OX/W(s))(i)Q(5.5.15.8)
is an isomorphism.
Corollary 5.5.16 (Log convergent log hard Lefschetz conjecture of log isocrys-
talline cohomologies in equal characteristic). Let the notations be as in (5.5.9)
(3). Assume that
◦
T is connected. Assume also that there exists an exact closed point t
of S◦
T 0
such that X ◦
T 0,t
is the log special fiber of a projective strict semistable family of
pure dimension over a complete discrete valuation ring of equal characteristic p > 0.
Then the morphism (5.2.21.1) is an isomorphism.
Proof. (5.5.16) follows from (5.5.9) (3), (5.5.15) and (5.2.22).
We recall the following result, which is stated in [Nakk3, p. 167]:
Theorem 5.5.17 (Log hard Lefschetz conjecture of log isocrystalline coho-
mologies in mixed characteristics). Let the notations be as in (5.5.15), where
◦
D is assumed to be a complete discrete valuation ring of mixed characteristics (0, p).
Then (1.8.16) holds for the case S = s and T =W(s).
As is remarked in [Nakk3, p. 167], this theorem follows from from [HK, (5.1)], by
proofs in [BO2, §3] and by the following, which gives the compatibility of the p-adic
Chern classes of invertible sheaves with Hyodo-Kato’s isomorphism:
Lemma 5.5.18. Let s be a log point such that
◦
s is the spectrum of a perfect field κ
of characteristic p > 0. Let Y be a proper log smooth scheme of Cartier type over
s. Let Ŵ 〈t〉 be the p-adic completion of the divided power polynomial W 〈t〉 over W .
Endow Ŵ 〈t〉 with log structure given by a morphism N ∋ 1 7−→ t ∈ Ŵ 〈t〉. Let L be
an invertible sheaf on
◦
Y . Then, under the isomorphism [HK, (4.13)]
(5.5.18.1) Ŵ 〈t〉 ⊗W (H
2
crys(Y/W (s))⊗W K0)
∼
−→ H2crys(Y/Ŵ 〈t〉)⊗W K0,
1⊗c1,p(L) corresponds to the log cohomology class c1,p(L)Ŵ 〈t〉 with respect to Y/Ŵ 〈t〉.
5.5. VARIATIONAL P -ADICMONODROMY-WEIGHT CONJECTURE II AND VARIATIONAL P -ADIC LOGHARD LEFSCHETZ CONJECTURE II367
Corollary 5.5.19 (Log convergent log hard Lefschetz conjecture of log crys-
talline cohomologies in mixed characteristics). Let the notations be as in (5.5.9)
(3). Assume that
◦
T is connected. Assume also that there exists an exact closed point
t of S◦
T 0
such that X ◦
T 0,t
is the log special fiber of a projective strict semistable family
of pure dimension over a complete discrete valuation ring of mixed characteristics.
Then the morphism (5.2.21.1) is an isomorphism.
Proof. (5.5.16) follows from (5.5.9) (3), (5.5.17) and (5.2.22).
Remark 5.5.20. In a future paper we would like to discuss filtered versions of
(5.5.15), (5.5.16), (5.5.17) and (5.5.19).
We conclude this section by giving the following, which has a different flavor from
(5.5.19):
Theorem 5.5.21. Let V be a complete discrete valuation ring of mixed characteristics
(0, p) with perfect residue field κ. Let S be a family of log points such that
◦
S is a p-adic
formal V-scheme. Let T be an object of Enlp (S/V). Let X/S be a projective SNCL
scheme. For each point
◦
s ∈
◦
S ◦
T 1
, let s be the exact closed point of S◦
T 1
. Assume that
there exists a point
◦
s ∈
◦
S ◦
T 1
such that the fiber Xs of X ◦
T 1
at s has a projective SNCL
lift over a complete discrete valuation ring of mixed characteristics with canonical log
structure. Assume that
◦
S ◦
T 1
is connected. Then the following hold:
(1) The conjecture (0.1.1) holds for X ◦
T 1
/S◦
T 1
⊂
−→ S(T )♮.
(2) The analogous statement to (1) in the l-adic case holds.
Proof. (1): By (5.2.17) and (5.4.3), we may assume that
◦
T consists of a point and
hence that S◦
T 1
is a log point s. Let W be the Witt ring of
◦
s. Let K0 be the fraction
field of W . We consider the following morphism
N : E−k,q+k1 = ⊕
j≥0
j≥−k
Hq−2j−kcrys ((X
(2j+k)/W)crys,OX(2j+k)/W ⊗Z ̟
(2j+k)
crys (X/W))(−j − k)K
(5.5.21.1)
−→ E−k+2,q+k−21 (−1)
= ⊕
j≥0
j≥−(k−2)
Hq−2j−k+2crys ((X
(2j+k−2)/W)crys,
OX(2j+k−2)/W ⊗Z ̟
(2j+k−2)
crys (X/W))(−j − k + 2)(−1)K .
The right hand side above is equal to
⊕
j≥0
j≥−(k−1)
Hq−2j−kcrys ((X
(2j+k)/W)crys,OX(2j+k)/W ⊗Z ̟
(2j+k)
crys (X/W))(−j − k)K
⊕
{
Hq−k+2crys ((X
(k−2)/W)crys,OX(k−2)/W ⊗Z ̟
(k−2)
crys (X/W))(−k + 1)K ( 0 ≥ −(k − 2) ),
0 ( 0 < −(k − 2) ).
By (3.6.7), the morphism (5.5.21.1) is the sum of ±(identities) and zero-morphisms.
Because (1.5.12.4) degenerates at E2 modulo torsion ([Nakk2, (3.6)], see also (5.4.4)),
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it suffices to show that Ne : E−e,q+e2 −→ E
e,q−e
2 (−e) is an isomorphism. By (1.5.21.1)
the boundary morphisms d••1 of the spectral sequences (1.5.12.4) are expressed by
Gysin morphisms and the morphisms induced by inclusion morphisms (see also [Mo,
4.13] and [Nakk2, (10.3.1;⋆)]). By [BO2, (2.4)] there exists a canonical isomorphism
Hqcrys(X
(j)/W)(k) ⊗
W
K0
≃
−→ HqdR(X
(j)
K0
/K0) ⊗ H2dR(P
1
K0
/K0)
⊗(−k). The analogous
boundary morphisms d••1 of the analogous spectral sequence over C are also induced
by Gysin morphisms and inclusion morphisms ([Nakk3]). If we take a subfield F of
the complex number field C such that there exists an embedding F
⊂
−→ K and that all
X
(j)
K0
are defined over F and we make a scalar extension to C, then NK : E
−k,q+k
1 −→
E−k+2,q+k−21 (−1) induces a morphism which preserves the Hodge structures. Hence
(1) follows from the argument of [SaM1, (4.2)] ([loc. cit. (4.2.2)]).
(2): The analogous l-adic spectral sequence to (1.5.12.4) for the trivial coefficient
degenerates at E2 by [Nak, (2.1)]. In the l-adic case, the monodromy operator N
and the quasi-monodromy operator ν are different in general. However, in order to
prove (2), it suffices to show that νe : grPi+eH
i
log-e´t(X,Ql)
≃
−→ grPi−eH
i
log-e´t(X,Ql)(−e)
because Ne = νe. (This is a strategy of Rapoport-Zink (2.11): let T be a generator
of Zl(1). (T − 1) ⊗ Tˇ is realized by ν and the term (T − 1)s ⊗ Tˇ (s ≥ 2) in N =
logT ⊗ Tˇ induces a zero-morphism in the morphism Ne : grPi+eH
i
log-e´t(X,Ql) −→
grPi−eH
i
log-e´t(X,Ql)(−e).) Therefore the same proof as that of (1) works. (We have
only to use [SGA4
1
2
] Arcata V (1.7) b) instead of [BO2, (2.4)] and the comparison of
the e´tale cohomologies of a smooth variety over C with the Betti ones [SGA 4-3] XI
(4.4).)
Theorem 5.5.22. Let the notations be and the assumptions be as in (5.5.21). Then
the following hold:
(1) The conjecture (0.1.2) (1) holds for X ◦
T 1
/S◦
T 1
⊂
−→ S(T )♮.
(2) The analogous statement to (1) in the l-adic case holds.
Proof. The same proof as that of (5.5.21) works.
Chapter 6
Limits of weight filtrations
and limits of slope filtrations
on infinitesimal cohomologies
in mixed characteristics
6.1 Good and split proper hypercoverings
Let V and K be as in §5.1. Fix an algebraic closure K of K. Let X be a proper flat
scheme over V . Set XK := X ⊗VK and X := X ⊗V κ. For an algebraic extension L of
K inK, letOL be the integer ring of L. Set XL := XK⊗KL and XOL := X⊗VOL. Let
N be a nonnegative integer. We use the same notation for an N -truncated simplicial
fine log scheme over Spec(V) = (Spec(V),V∗). For a proper strict semistable family
◦
Y over a complete discrete valuation ring, endow it with the canonical log structure
and denote by Y the resulting log scheme. Set V−1 := V and
◦
S−1 := Spec(V−1).
Definition 6.1.1. Let N be a nonnegative integer. Let X•≤N be an N -truncated
simplicial fine log scheme over Spec(V). If the generic fiber X•≤N,K of X•≤N is an N -
truncated proper hypercovering of XK , then we call X•≤N an N -truncated generically
proper hypercovering of X over V .
Proposition 6.1.2. There exists a sequence
(6.1.2.1) · · · ⊃ VN ⊃ VN−1 ⊃ · · · ⊃ V0 ⊃ V−1
of finite extensions of complete discrete valuation rings of V in K and a proper strict
semistable family
◦
Nm over Vm (m ∈ N) and a log smooth m-truncated simplicial
log scheme X (m)•≤m such that X (m)m′ =
∐
0≤l≤m′
∐
[m′]։[l](Nl ×Sl Sm) for each
0 ≤ m′ ≤ m, where Sm is the spectrum Spec(Vm) with canonical log strucuture, and
such that X (m)•≤m is an m-truncated generically proper hypercovering of XVm over
Vm.
Proof. By de Jong’s theorem ([dJ, (6.5)]) about the semistable reduction theorem by
using the base change by an alteration (if one makes a finite extension of a complete
discrete valuation ring) and by a standard argument in [SGA 4-2, Vbis §5] and [D4,
(6.2.1.1)], we obtain (6.1.2).
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The sequence (7.1.3.1) gives us the following sequence of log schemes:
(6.1.2.2) · · · −→ SN −→ SN−1 −→ · · · −→ S0 −→ S−1.
Let κm be the residue field of Vm. Set sm := Sm ×Spec(Vm) Spec(κm). Then we have
the following sequence
(6.1.2.3) · · · −→ sN −→ sN−1 −→ · · · −→ s0 −→ s−1.
We also have the following sequence
(6.1.2.4)
· · · −→ W⋆(sN ) −→W⋆(sN−1) −→ · · · −→ W⋆(s0) −→W⋆(s−1) (⋆ ∈ Z≥1 or ⋆ = nothing).
Let N be a nonnegative integer. Set X•≤N := X (N)•≤N and s := sN . Set also
Nm := Nm ⊗Vm κm (0 ≤ m ≤ N). Set X(m)m′ =
∐
0≤l≤m′
∐
[m′]։[l](Nl ×sl sm)
for each 0 ≤ m′ ≤ m. Then X(m)•≤m = X (m)•≤m ×Sm sm; we have the family
{X(m)•≤m}Nm=0 of successive split truncated simplicial log schemes with respect to the
sequence (7.1.3.3). Consequently, for each N ∈ N, we obtain the associated split N -
truncated successive simplicial SNCL scheme X•≤N := X(N)•≤N to {X(m)•≤m}Nm=0
with respect to the sequence (7.1.3.3).
Definition 6.1.3. We say that the N -truncated generically proper hypercovering
X•≤N of XVN is gs(=good and split).
Lemma 6.1.4. Let U be a separated scheme of finite type over K Let U and U ′ be
two flat models over V of U . Then there exists a flat model U ′′ of U over V with
morphisms U ′′ −→ U and U ′′ −→ U ′ which induce id : U =−→ U . If U , U and U ′ is
proper over K and over V, respectively, then U ′′ is proper over V.
Proof. Since X ′K = XK , we have the following composite morphism
XK
diag.
−→ XK ×K X
′
K
⊂
−→ X ×V X ′.
Let X ′′ be the scheme theoretic closure of XK in X ×V X ′ ([R, (2.1)]). (Recall that,
for a flat scheme Y over V and a closed subscheme Z of YK , the scheme theoretic
closure of Z in Y is, by definition, SpecY(OY/Ker(OY −→ OZ))). We easily see that
X ′′ is flat over V , X ′′K = XK and the following composite morphisms
X ′′ ⊂−→ X ×V X ′
p1
−→ X and X ′′ ⊂−→ X ×V X ′
p2
−→ X ′
do the job.
Proposition 6.1.5. Let N be a nonnegative integer. Then the following hold:
(1) Two gs N -truncated generically proper hypercoverings of the base change of X
over an extension of V are covered by a gs N -truncated generically proper hypercov-
ering of the base change of X over an extension of V.
(2) For a morphism X ′ −→ X of proper schemes over V and for a gs N -truncated
generically proper hypercovering X•≤N of the base change of X over an extension of
V, there exist a finite extension V ′ of V and a gs N -truncated generically proper hy-
percovering X ′•≤N of X
′
V′ and a morphism X
′
•≤N −→ X•≤N,V′ fitting into the following
commutative diagram:
(6.1.5.1)
X ′•≤N −−−−→ X•≤N,V′y y
X ′V′ −−−−→ XV′ .
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Proof. As in the proof [NS1, (9,4)], by using a general formalism in [SGA 4-2, Vbis
§5] and de Jong’s semistable reduction theorem, we obtain (6.1.5). Here we give only
the proof of (1).
Let X ′ be another proper flat model of XK over V . Then we have a sequence
(6.1.5.2) · · · ⊃ V ′N ⊃ V
′
N−1 ⊃ · · · ⊃ V
′
0 ⊃ V
′
−1 = V
of finite extensions of complete discrete valuation rings of V which is similar to
(7.1.3.1),
◦
N ′m over V
′
m and X (m)
′
•≤m which are similar to
◦
Nm over Vm and X (m)•≤m
(0 ≤ m ≤ N), respectively. Let X ′′ be another proper flat model of XK in (6.1.4).
By de Jong’s semistable reduction theorem, there exists a finite extension V ′′0 of V0V ′0
over which there exists a proper semistable scheme N ′′0 over V
′′
0 with an alteration
N ′′0 −→ (
◦
N 0,V′′0 ×XV′′0 X
′′
V′′0 )×X ′′V′′0
(
◦
N ′0,V′′0 ×X ′V′′0
X ′′V′′0 ). As a result, we have the following
commutative diagram:
◦
N 0 ←−−−−
◦
N 0,V′′0 ←−−−−
◦
N ′′0 −−−−→
◦
N ′0,V′′0 −−−−→
◦
N ′0,y y y y y
X ←−−−− XV′′0 ←−−−− X
′′
V′′0 −−−−→ X
′
V′′0 −−−−→ X
′.
The middle vertical morphism is proper and surjective. Assume that we are given a
sequence
(6.1.5.3) V ′′m−1 ⊃ · · · ⊃ V
′′
0 ⊃ V
′′
−1 = V
such that
(1): V ′′l ⊃ VlV
′
l in K (0 ≤ l ≤ m− 1)
and
(2): a desired (m − 1)-truncated simplicial proper scheme X ′′(m − 1)•≤m−1 with
morphisms X ′′(m− 1)•≤m−1 −→ X ′(m− 1)•≤m−1 and X ′′(m− 1)•≤m−1 −→ X (m−
1)•≤m−1.
Then, by using de Jong’s theorem about an alteration ([dJ, Theorem 6.5]), there exist
a complete discrete valuation ring V ′′m and a strict semistable scheme
◦
N ′′m over V
′′
m with
morphisms
◦
N ′′m −→ cosk
X ′′
V′′m
m (X ′′•≤m−1,V′′m)m,
◦
N ′′m −→
◦
Nm,V′′m and
◦
N ′′m −→
◦
N ′m,V′′m of
schemes over V ′′m fitting into the following commutative diagram
◦
Nm,V′′m ←−−−−
◦
N ′′m −−−−→
◦
N ′m,V′′my y y
cosk
XV′′m
m (X•≤m−1,V′′m)m ←−−−− cosk
X ′′
V′′m
m (X ′′•≤m−1,V′′m)m −−−−→ cosk
X ′
V′′m
m (X ′•≤m−1,V′′m)m.
Let S′′l (0 ≤ l ≤ m) be the log scheme Spec(V
′′
l ) with canonical log structure. Set
X (m)′′•≤m :=
∐
0≤l≤m
∐
[m]։[l](N
′′
l ×S′′l S
′′
m), which is a desired m-truncated generi-
cally proper hypercovering of XV′′N .
6.2 Log infinitesimal cohomologies
In this section we prove fundamental properties of cosimplicial (log) infinitesimal
cohomologies which are the cosimplicial version of (log) infinitesimal cohomologies
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defined in [Gr2] and [CF]. In this section we work only in characteristic 0. Though
we need only the infinitesimal cohomology of the trivial coefficient for the trivial log
case for the application in the mixed characteristics case in the next section, it seems
standard to consider the nontrivial coefficient and the nontrivial log structure.
Almost all resutls in this section seems known. Indeed, in almost all parts, we give
only easier analogues of results in [Og2] and [Sh2] except the log Poincare´ lemma.
Let K be a field of characteristic 0. Let S be a fine log locally noetherian scheme
over K. Let X be a fine log locally noetherian scheme over S. Let f : X −→ S be
the structural morphism. Then we have the log infinitesimal site Inf(X/S) of X/S
as in [Gr2] and [CF, (0.1)]. Let us recall this. An object of Inf(X/S) is an exact
closed nilpotent immersion U
⊂
−→ T into a fine log locally noetherian scheme over
S such that U is a log open subscheme of X . A morphism in Inf(X/S) is defined
in a usual way. In this book we make the assumption “locally noetherianness” of
◦
T
which has not been made in [Sh1, Definition 3.2.12] and [CF] because we use this
assumption. We denote simply by T the object U
⊂
−→ T of Inf(X/S) as usual. The
covering family of T is defined by a Zariski open covering {Ti}i of T . Let (X/S)inf
be the associated topos of Inf(X/S). Let OX/S be the structure sheaf of (X/S)inf
(Γ(T,OX/S) := Γ(T,OT ) for T ∈ Inf(X/S)). Let U be a log open subscheme of X
and let T be a fine log locally noetherian scheme over S admitting a closed immersion
U
⊂
−→ T over S. Following [Og4] and [Sh2], we call T = (U, T ) a prewidening of
X/S. If the closed immersion U
⊂
−→ T is nilpotent, we call T = (U, T ) a widening
of X/S. If the immersion U
⊂
−→ T for a (pre)widening (U, T ) of X/S is exact, we
say that (U, T ) is an exact (pre)widening of X/S. More generally, let T be a fine log
locally noetherian scheme over S admitting an immersion U
⊂
−→ T over S. We call
T = (U, T ) a quasi-prewidening of X/S. If the immersion U
⊂
−→ T is nilpotent, we
call T = (U, T ) a quasi-widening of X/S.
Let (U, T ) be a (pre)widening of X/S. We consider (U, T ) as the following functor
hT := h(U,T ) : Inf(X/S) ∋ (U
′, T ′) 7−→ HomS((U ′, T ′), (U, T )) ∈ (Sets),
where an element of HomS((U
′, T ′), (U, T )) is the following commutative diagram
U ′ −−−−→ U
⋂y y⋂
T ′ −−−−→ T
over S. As in [Kk2, (5.8)], [Sh1, (3.2.2)] and [CF, (0.9)], we have the inductive sys-
tem of universal infinitesimal neighborhoods {TU,n(T )}∞n=1 with natural morphisms
βn : TU,n(T ) −→ T which is an analogue of the inductive system of universal log en-
largements defined in [Og1], [Og2] and [Og4]. The definition of TU,n(T ) is as follows.
Take the exactification U
⊂
−→ T ex of the closed immersion U
⊂
−→ T defined before
(1.1.25). Note that
◦
T ex is a locally noetherian scheme. Let J be the defining ideal
sheaf of the closed immersion U
⊂
−→ T ex. Then TU,n(T ) = Spec
log
T ex
(OT ex/J n). For
simplicity of notation, set Tn := TU,n(T ). Then
(6.2.0.1) h(U,T ) = lim−→
n
hTn .
Since the morphisms OT ex/J n+1 −→ OT ex/J n and MT exn+1 −→ MT exn are surjective,
the morphism hTn −→ hTn+1 is injective. Since the morphisms OT ex −→ OT ex/J
n
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and MT ex −→ MT exn are surjective, we see that the morphism hTn −→ hT is also
injective. More generally, let T = (U, T ) be a quasi-prewidening of X/S. Take an
open log subscheme T ′ of T such that the immersion U ⊂−→ T factors through a
closed immersion U
⊂
−→ T ′ over S. Then, set Tn := TU,n(T ) := TU,n(T ′). As in the
case of the PD-envelope of an immersion in [Be2], we can easily show that TU,n(T ) is
independent of the choice of T ′. Then we can define the inductive system of universal
infinitesimal neighborhoods {TU,n(T )}∞n=1 of U in T as above. Set Tn := TU,n(T ) as
above.
Let T be a quasi-prewidening of X/S. Let
→
T be the site which is the obvious
analogue of [Og2, §3] and [Sh2, Definition 2.1.28]: an object of
→
T is a log open
subscheme Vn of Tn for a positive integer n; let Vm be a log open subscheme of
Tm; for n > m, Hom→
T
(Vn, Vm) := ∅, and, for n ≤ m, Hom→
T
(Vn, Vm) is the set of
morphisms Vn −→ Vm’s of log open subschemes over the natural morphism Tn −→
Tm; a covering of Vn is a Zariski open covering of Vn. Let Top(
→
T ) be the topos
associated to
→
T (Top(
→
T ) has been denoted by
→
T in [Og2].). Let φn : Tn −→ Tn+1
be the natural morphism of infinitesimal neighborhoods of X/S. Then an object
F→
T
in Top(
→
T ) is a family {(Fn, ψn)}
∞
n=1 of pairs, where Fn is a Zariski sheaf in
(Tn)zar and ψn : φ
−1
n (Fn+1) −→ Fn is a morphism of Zariski sheaves. Let O→T
=
{(OTn , φ
−1
n )}
∞
n=1 be the structure sheaf of
→
T , where φ−1n is the natural pull-back
morphism φ−1n (OTn+1) −→ OTn . Imitating [Og2, p. 141], we say that an O→T -module
F→
T
is crystalline if the natural morphism OTn ⊗φ−1n+1(OTn+1) φ
−1
n+1(Fn+1) −→ Fn is an
isomorphism, and we say that F→
T
is coherent if Fn ∈ Coh(OTn) for all n ∈ Z>0. Here
Coh(OTn) is the category of coherent OTn -modules. For an object E of (X/S)inf |T
and for a morphism T ′ −→ T of quasi-prewidenings, we have an associated object
E ′ = {E ′n}
∞
n=1 (E
′
n = ET ′n) in Top(
→
T ′). Imitaing [Og2, p. 147], we say that an OX/S |T -
module E is coherent and crystalline if E ′ is coherent and crystalline for any morphism
T ′ −→ T of quasi-prewidenings. Let ⋆ be ex or nothing. Let Top(T ⋆) be an analogue
of Top(
→
T ) defined by replacing the transition morphism Tn −→ Tn+1 (n ∈ Z≥1) by
idT⋆ : T
⋆ −→ T ⋆. Let βT⋆ : Top(
→
T ) −→ Top(T ⋆) −→ T ⋆zar be the natural composite
morphism of topoi, which is the log infinitesimal version of the morphism γ in [Sh2,
p. 91] (=the log version of [Og2, p. 141]): βT⋆ is, by definition, the inverse limit of the
system of direct images {Tn −→ T ⋆}∞n=1. Then, by the definition of Tn, we see that
the functor βT ex induces the following equivalence of categories by [Ha1, II (9.6)]:
βT ex∗ : {coherent crystalline O→
T
−modules}
∼
−→ {coherent OT ex−modules}.
Here we have used the assumption of the locally noetherianness of
◦
T .
Proposition 6.2.1 (cf. [Og2, (3.7)]). For a coherent crystalline O→
T
-module E→
T
and
a positive integer q, RqβT⋆∗(E→
T
) = 0. If
◦
T is an affine scheme, then Hq(
→
T ,E→
T
) = 0.
Proof. (Though the proof is the same as that of [Og2, (3.7)], we give the proof for the
completeness of this book.) We have only to prove the second statement. Consider
the topos N as in [loc. cit.] (N is the topos of consisting of inverse systems of sets
indexed by the set N of nonnegative integers) and the morphism
→
β :
→
T −→ N of
topoi:
→
β ∗(F→T )n := Γ(Tn,Fn) (F
→
T
∈ Top(
→
T )). Then we have the following spectral
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sequence:
Epq2 = H
p(N, Rq
→
β ∗(E→T )) =⇒ H
p+q(
→
T ,E→
T
).
Since Rq
→
β ∗(E→T )n = H
q(Tn, En) = 0 (q > 0),
Hp(
→
T ,E→
T
) = Hp(N,
→
β ∗(E→T )) = R
p lim
←−
n
Γ(Tn, En).
Since the morphism Γ(Tn+1, En+1) −→ Γ(Tn, En) is surjective (the analogue of [Og2,
(3.8)] is obvious), Hp(
→
T ,E→
T
) = Rp lim
←−n
Γ(Tn, En) = 0 for p > 0.
Let T = (U, T ) be a widening of X/S. Then, as usual, we obtain the localized
topos (X/S)inf |T . Let jT : (X/S)inf |T −→ (X/S)inf be the localization of topoi. Let
us define a functor ϕ→
T ∗ : (X/S)inf |T −→
→
T zar by the following
ϕ→
T ∗(E)(Vn) := E((U |Vn , Vn) −→ (U, T )).
Let
uinfX/S : (X/S)inf −→ Xzar
be the canonical projection of topoi: uinf∗X/S(E)(U, T ) = E(U) and u
inf
X/S∗(E)(U) =
Γ((U/S)inf , j
∗
inf(E)), where jinf : (U/S)inf −→ (X/S)inf is the induced morphism of
topoi by the open immersion j : U
⊂
−→ X . It is straightforward to check that the
following diagram is commutative:
(6.2.1.1)
(X/S)inf |T
ϕ→
T ∗−−−−→
→
T zar
βT∗
−−−−→ Tzar
jT∗
y ∥∥∥
(X/S)inf
uinfX/S∗
−−−−→ Xzar ←−−−−
j∗
Uzar.
Proposition 6.2.2. The functor ϕ→
T ∗ : (X/S)inf |T −→
→
T zar transforms injective
sheaves to flasque sheaves.
Proof. The proof is the same as that of [Og2, (4.1)]. We give the proof of this
proposition for the completeness of this book.
Let jn : Tn −→ Tn+1 be the natural morphism in
→
T . Then jn is a monomorphism.
More generally, let k : V −→ V ′ be a morphism in
→
T . Then k is a monomorphism
since j is a composite morphism of jn’s. Let kinf : (X/S)inf |V −→ (X/S)inf |V ′ be the
induced morphism. Let E be an abelian sheaf in (X/S)inf |V . Let F be a presheaf
in (X/S)inf |V ′ defined by the following: for a morphism h : W −→ V ′ in (X/S)inf ,
set F (h) := ⊕
g : W ′−→V
{E(g) | k ◦ g = h}. Since j is a monomorphism, F (h) = 0 if
h factors j and F (h) = E(g) if h factors k, where g is a unique morphism such that
k ◦ g = h. Let kinf!(E) be the sheafification of F . Then kinf! is the left adjoint functor
of k∗inf and it is clear that the natural morphism kinf!k
∗
inf(E) −→ E is injective as in
the proof of [Og2, (4.1)].
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Let I be an injective sheaf in (X/S)inf |T . It suffices to prove that the mor-
phism I(V ′ −→ T ) −→ I(V −→ T ) is surjective. Consider the constant sheaf ZV ⋆ in
(X/S)inf |V ⋆ (⋆ =
′ or nothing). Then I(V ⋆ −→ T ) = Hom(X/S)inf |V ⋆ (ZV ⋆ , I|(X/S)inf |V ⋆ ).
Since ZV = jinf,!j∗inf(ZV ′), the morphism ZV −→ ZV ′ is injective. Hence the mor-
phism I(V ′ −→ T ) −→ I(V −→ T ) is surjective.
Proposition 6.2.3. The following hold:
(1) The functor ϕ→
T ∗ : (X/S)inf |T −→
→
T zar is exact.
(2) Let E be an abelian sheaf in (X/S)inf |T . Set E→
T
:= {ETn−→T }∞n=1. Then
there exists a canonical isomorphism
Hq(
→
T zar, E→
T
)
∼
−→ Hq((X/S)inf |T , E).
(3) If
◦
T is affine and if E is a crystal of OX/S-modules in (X/S)inf |T , then
Hq((X/S)inf |T , E) = 0 for q > 0.
Proof. By using (6.2.2), the proof is the same as that of [Og2, (4.2)].
Proposition 6.2.4. Set uinfT := u
inf
X/S ◦ jT . If
◦
T is affine and if E is a crystal of
OX/S-modules in (X/S)inf |T , then R
quinfT∗(E) and R
qjT∗(E) vanish for q > 0.
Proof. By using (6.2.3) (3), the proof is the same as that of [Og2, (4.3)].
Corollary 6.2.5. Let the notations be as in (6.2.4). Then jT∗(E) is acyclic for
uinfX/S∗.
Proof. Indeed, as in the proof of [Sh2, Corollary 2.3.4], we have the following by
(6.2.1), (6.2.3) (1) and (6.2.4):
RuinfX/S∗jT∗(E) = Ru
inf
X/S∗RjT∗(E) = Rj∗RβT∗Rϕ→T ∗(E) = Rj∗βT∗ϕ
→
T ∗(E)
= j∗βT∗ϕ→
T ∗(E) = u
inf
X/S∗jT∗(E).
Assume, for the moment, that there exists an immersion ι : X
⊂
−→ P into a log
smooth scheme over S. We can consider ι as a quasi-prewidening P := (X,P ) of
X/S.
Let jP : (X/S)inf |P −→ (X/S)inf be the localization of topoi.
Let
ϕ∗ : {the category of coherent crystals of O→
P
-modules}(6.2.5.1)
−→ {the category of coherent crystals of OX/S |P -modules}
be a natural functor which is defined as follows: for a coherent OPn -module F and
for an object T of (X/S)inf |P with a morphism T −→ Pn for some n ∈ N, ϕ∗(F) :=
OT ⊗OPn F (cf. [Og2, p. 147]).
For a coherent crystal of O→
P
-module E• = {En}∞n=1, set
(6.2.5.2) LinfX/S(E) := jP∗ϕ
∗(E•)
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by abuse of notation (cf. [BO1, Remark 6.10.1], [Og2, p. 152], [Sh2, p. 95]). Let
T := (U, T ) be a quasi-prewidening of X/S. The following diagram
(6.2.5.3)
U
⊂
−−−−→ X
⊂
−−−−→ P
ι
y y y
T −−−−→ S S
gives a natural immersion U
⊂
−→ T×SP . Let {TU,n(T×SP )}∞n=1 be the system of the
universal infinitesimal neighborhoods of this immersion. Then we have the following
diagram of the inductive systems of infinitesimal neighborhoods of X/S:
(6.2.5.4)
{TU,n(T ×S P )}
∞
n=1
{pn}∞n=1−−−−−→ {Pn}∞n=1
{p′n}∞n=1
y
T.
Let E• = {En}∞n=1 be a coherent crystal of O→P -modules. Let T := (U, T ) be an object
of (X/S)inf . Then, as in the proof of [Og2, (5.4)] and [Sh2, Theorem 2.3.5], we have
the following equality
(6.2.5.5) LinfX/S(E•)T = lim←−
n
p′n∗p
∗
n(En)
by the definition of LinfX/S ((6.2.5.2)). Set P (1) = P ×S P and let P (1)
ex be the
exactification of the diagonal immersion P
⊂
−→ P (1).
We would like to give the log infinitesimal version of the linearization functor in
[BO1, §2] (see also [CF, (0.3)]).
Let E be a coherent OP ex -module. Let {P (1)exn }
∞
n=1 be the system of the universal
log enlargements for the diagonal immersion P
⊂
−→ P (1). Set
Ln(E) := OP (1)exn ⊗OPex E
and
L(E) := lim
←−
n
(OP (1)exn )⊗OPex E = lim←−
n
(OP (1)exn ⊗OPex E).
Here we have used a fact thatOP (1)exn is a locally free module (([Sh1, Lemma 3.27]); see
also the proof of (6.2.10) below) to see that the natural morphism lim
←−n
(OP (1)exn )⊗OPex
E −→ lim
←−n
(OP (1)exn ⊗OPex E) is an isomorphism.
Let τn : OP (1)exn −→ OP (1)exn be the induced morphism by the morphism P (1) ∋
(x, y) 7−→ (y, x) ∈ P (1). Then we have the following morphism
Ln(E) = OP (1)exn ⊗OPex E ∋ a⊗ x 7−→ x⊗ τn(a) ∈ E ⊗OPex OP (1)exn (a ∈ OP (1)exn , x ∈ E),
which we denote by τn again. Then we have the following morphism
Ln(E)
τn−→ E ⊗OPex OP (1)exn ∋ x 7−→ 1⊗ x ∈ OP (1)exn ⊗OPex E ⊗OPex OP (1)exn ,
(6.2.5.6)
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which induces the following isomorphism:
ǫn,n : OP (1)exn ⊗OPex Ln(E)
∼
−→ Ln(E)⊗OPex OP (1)exn .(6.2.5.7)
Fix a positive integer m. Then, for n ≥ m, we have the following isomorphism
ǫm,n : OP (1)exm ⊗OPex Ln(E)
∼
−→ Ln(E)⊗OPex OP (1)exm .(6.2.5.8)
Taking the projective limit lim
←−n
of the system above and noting that OP (1)exn ) is a
locally free module, we have the following isomorphism
ǫm : OP (1)exm ⊗OPex L(E)
∼
−→ L(E)⊗OPex OP (1)exm .(6.2.5.9)
Hence the family {ǫn}∞n=1 defines a stratification on L(E).
Remark 6.2.6. (1) For each m ∈ Z≥1, consider the composite immersion P
⊂
−→
P ex(1)m
⊂
−→ P ex(1). We have two projections p1, p2 : P (1)exm −→ P
ex and p1, p2 : P (1)
ex −→
P ex. It seems to me that we cannot have a morphism pi : TP (1)exm ,n(P (1)
ex) −→
TP ex,n+m(P (1)
ex) (i = 1, 2) such that the composite morphism TP ex,n(P (1)
ex) −→
TP (1)ex,n(P (1)
ex) −→ TP ex,n+m(P (1)ex) is the transition morphism. It seems to me
that we cannot imitate the analogous parts of the proofs of the (log) Poincare´ lemma
in [Og2, (5.4)] and [Sh2, Theorem 2.3.5] for the proof of (6.2.10) below.
(2) We would not like to use the Cˇech-Alexander complexes used in [Gr2] and [CF]
because we would like to follow the linearization in [BO1] as possible.
Definition 6.2.7. Let E and F be coherent OP ex -modules. A differential operator
u : E −→ F of order ≤ k is an OP ex -linear morphism
(6.2.7.1) OP (1)exk ⊗OPex E −→ F
for k ∈ Z≥1.
Let
δm,n : OP (1)exm+n −→ OP (1)exm ⊗OPex OP (1)exn
be the morphism obtained by the natural morphism P (1)exm×P ex P (1)
ex
n −→ P (1)
ex
m+n
([Sh1, Lemma 3.2.3]). Let h : OP (1)ex
k
⊗OPex E −→ F be the differential operator of
order ≤ k. Then we have the following composite morphism
Ln(h) : OP (1)exn ⊗OPex E
δn−k,k
−→ OP (1)exn−k ⊗OPex OP (1)exk ⊗OPex E
1⊗h
−→ OP (1)exn−k ⊗OPex F ,
which is called the linearization of h. Thus we have a morphism
L(h) := {lim←−
n
Ln(h)}
∞
n=1 : L(E) −→ L(F).
BecauseOP (1)exn is a locally free OP ex -module and the morphism OP (1)exn+1 −→ OP (1)exn
is surjective,
L : {category of OP ex−modules and differential operators} −→
{stratified OP ex−modules and OP ex−linear horizontal morphisms}
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is an exact functor.
As is well-known, the integrable connection ∇ : L(E) −→ L(E) ⊗OP Ω1P/S is ob-
tained by the startification (6.2.5.9) on L(E) as follows:
Let θ : L(E) −→ L(E)⊗OP OP (1)ex1 be the following composite morphism
L(E)
lim←−n(τn), ≃−→ lim
←−
n
(E ⊗OPex OP (1)exn ) −→ lim←−
n
(OP (1)exn ⊗OPex lim←−
n
(E ⊗OPex OP (1)exn ))
−→ lim
←−
n
(OP (1)exn ⊗OPex E ⊗OPex OP (1)ex1 )
= L(E)⊗OPex OP (1)ex1 .
(Here we have used the locally freeness of OP (1)ex1 over OP ex .) Then ∇ is defined by
the formula ∇(e) = θ(e)− e⊗ 1 (e ∈ L(E)).
As usual ([BO1, (2.14)] and [Sh1, Proposition 3.2.14]), we can consider L(E)
as a crystal of OP ex/S-modules by using the stratification (6.2.5.9) on L(E). Set
L′infX/S(E) := ι
∗
inf(L(E)).
Proposition 6.2.8. Let λn : Pn −→ P be the natural morphism. Let E be a coherent
OP ex -module. Then there exists an isomorphism
L′infX/S(E)
∼
−→ LinfX/S({λ
∗
n(E)}
∞
n=1).(6.2.8.1)
Proof. (The proof is essentially the same as that of [BO1, Proposition 6.10].) To give
a morphism (6.2.8.1) is equivalent to giving a morphism
j∗PL
′inf
X/S(E) −→ ϕ
∗({λ∗n(E)}
∞
n=1).(6.2.8.2)
Let u : (U, T ) −→ (X,P ) = P be a morphism from an object of Inf(X/S). Then
(j∗PL
′inf
X/S(E))(U,T )−→(X,P ) = L
′inf
X/S(E)T = u
∗L(E).
We have a morphism um : T −→ Pm for some m. On the other hand,
(ϕ∗({λ∗m(E)}
∞
m=1))(U,T )−→(X,P ) = u
∗
mλ
∗
m(E).
Hence the composite OP (1)exn −→ OP ex −→ OP exm (n ≥ m) of the multiplication
morphism and the projection induces the morphism (6.2.8.2). We claim that the
morphism (6.2.8.1) is an isomorphism. Indeed, let (U, T ) be an object of Inf(X/S).
We may assume that there exists a morphism T −→ P . Then
LinfX/S({λ
∗
n(E)}
∞
n=1)T = lim←−
n
(OTU,n(T×SP )⊗OPexn OP exn ⊗OPexE) = lim←−
n
(OTU,n(T×SP )⊗OPex E)
and
L′infX/S(E)T = OT ⊗OPex lim←−
n
(OP (1)exn ⊗OPex E) = lim←−
n
(OT ⊗OPex OP (1)exn ⊗OPex E).
(The last equality is obtained by the explicit local description of a base of OP (1)exn as
a sheaf of OP ex -modules in the proof of (6.2.10).)
Now it suffices to prove that T ×P ex P (1)exn = TU,n(T ×S P ). By (6.2.9) below,
the morphism U −→ T ×P ex P (1)exn is an exact immersion. Let (V, T
′) be an object of
Inf(X/S) over (U, T ×S P ). Then (V, T ′) is over (U, T ). Assume that n-th power of
the ideal of definition of the exact closed immersion V
⊂
−→ T ′ is 0. Then, by using the
composite morphism (V, T ′) −→ (V, T ×SP ) −→ (U, P×SP ) −→ (P, P ×SP ) and the
universality of P (1)exn , we have a morphism T
′ −→ P (1)exn . Hence we have a morphism
T ′ −→ T ×P ex P (1)exn . This shows that (U, T ×P ex P (1)
ex
n ) has the universality of that
of (U,TU,n(T ×S P )). Consequently T ×P ex P (1)exn = TU,n(T ×S P ).
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Lemma 6.2.9. Let Z1 and Z2 be fine log formal schemes over Z3. Let Y be a fine
log formal scheme over Z1 and Z2. Assume that the morphism Y −→ Z1 is exact and
that the morphism Z2 −→ Z3 is solid. Then the morphism Y −→ Z1×Z3 Z2 is exact.
Proof. The base change morphism Y ×Z3 Z2 −→ Y is exact because exact morphisms
are stable under the base change. By taking a local chart of the solid morphism
Z2 −→ Z3, we see that the immersion Y
⊂
−→ Y ×Z3Z2 is exact. Because the morphism
Y −→ Z1 is exact, the base change morphism Y ×Z3 Z2 −→ Z1 ×Z3 Z2 is exact.
Because the composite morphism of exact morphisms are exact, the morphism Y −→
Z1 ×Z3 Z2 is exact.
Let d : OP1(1) ⊗OP Ω
i
P/S −→ Ω
i+1
P/S be the usual differential operator of order ≤ 1.
Then we have the following morphism
L(d) : LinfX/S(O→P
⊗OP Ω
i
P/S) = L
′inf
X/S(Ω
i
P/S) −→ L
′inf
X/S(Ω
i+1
P/S) = L
inf
X/S(O→P
⊗OP Ω
i+1
P/S).
As usual, we can check L(d) ◦ L(d) = 0 (see the formula (6.2.10.3) below).
The following is essentially the same as that of [CF, (1.2)]:
Proposition 6.2.10 (Poincare´ lemma in the log infinitesimal topos). The
natural morphism
(6.2.10.1) OX/S −→ L
inf
X/S(O→P
⊗OP Ω
•
P/S).
is a quasi-isomorphism.
Proof. (The proof is easier than that of [NS1, (2.2.7)].) The problem is local; we may
assume that Ω1P/S has a basis {d log τj}
d
j=1, where τj is a local section ofMP . We may
assume that there exists a morphism T −→ P fitting into the following commutative
diagram
U
⊂
−−−−→ Ty y
X
⊂
−−−−→ P.
The immersion U = U ×X X
⊂
−→ T ×S P is nothing but the composite morphism of
the base change morphism of the diagonal immersion P
⊂
−→ P ×S P by the morphism
T ×S P −→ P ×S P and the immersion U
⊂
−→ T . Let uj be a local section of
Ker(O∗P1(1) −→ O
∗
P ) such that p
∗
2(τj) = p
∗
1(τj)uj, where pi : P1(1) −→ P is the
induced morphism by the i-th projection (i = 1, 2). Then, by the same proof as that
of [Kk2, (6.6)], the following morphism
OT [[s1, . . . , sd]] ∋ sj 7−→ uj − 1 ∈ lim←−
n
OTU,n(T×SP )
is an isomorphism, where sj ’s are independent indeterminates. Hence
(6.2.10.2) LinfX/S({OPn ⊗OP Ω
q
P/S}
∞
n=1)T ≃ OT [[s1, . . . , sd]]⊗OP Ω
q
P/S .
Let [n] (n ∈ Z≥1) mean the divided power. As in [CF, (7)] and [NS1, (2.2.7)],
the boundary morphism LinfX/S(Ω
q
P/S)T −→ L
inf
X/S(Ω
q+1
P/S)T is given by the following
formula:
(6.2.10.3) ∇qT (as
[i1]
1 · · · s
[id]
d ⊗ ω) = a(
d∑
j=1
s
[i1]
1 · · · s
[ij−1]
j · · · s
[id]
d (sj + 1)d log τj ∧ ω
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+s
[i1]
1 · · · s
[id]
d ⊗ dω) (a ∈ OT , i1, . . . , id ∈ N, ω ∈ Ω
q
P/S)
(cf. [BO1, 6.11 Lemma]).
Now consider the case d = 1 and set s = s1 and τ = τ1. Then the complex
OT [[s1, . . . , sd]] ⊗OP Ω•P/S is equal to OT [[s]]
∇0T−→ OT [[s]]d log t. Because ∇0T (s
[n]) =
s[n−1](s + 1)d log τ = (ns[n] + s[n−1])d log τ for a positive integer n, we have the
following formula
∇0T (
∞∑
n=0
ans
[n]) =
∞∑
n=1
(an + (n− 1)an−1)s[n−1]d log τ (an ∈ OT ).(6.2.10.4)
Hence Ker(∇0T ) = OT and Coker(∇
0
T ) = 0. Therefore we have checked that the
morphism (6.2.10.1) is a quasi-isomorphism for the case d = 1.
The rest of the proof is the same as that of [BO1, 6.12 Theorem].
Proposition 6.2.11 (Poincare´ lemma for a coherent crystal). Let E be a co-
herent crystal of OX/S-modules. Set En := EPn and E := {En}
∞
n=1. Then the natural
morphism
(6.2.11.1) E −→ LinfX/S(E ⊗OP Ω
•
P/S)
is a quasi-isomorphism.
Proof. The proof is the same as that of [BO1, Proposition 6.15].
Corollary 6.2.12. Let Xzar be the Zariski topos of X. Let u
inf
X/S : (X/S)inf −→ Xzar
be the natural projection. Let βn : Pn,zar
∼
−→ Xzar be the natural equivalence of topoi.
Using βn, we identify Pn,zar with Xzar. Then
(6.2.12.1) RuinfX/S∗(E) = lim←−
n
(En ⊗OP Ω
•
P/S).
Proof. By (6.2.11.1)
RuinfX/S∗(E) = Ru
inf
X/S∗(L
inf
X/S(E ⊗OP Ω
•
P/S)).(6.2.12.2)
By (6.2.1.1) we have (lim
←−n
βn∗)ϕ→
P ∗ = u
inf
X/S∗jP∗. Hence we have the following equal-
ities for an O→
P
-module F = {Fn}∞n=1 by the definition (6.2.5.2) and by (6.2.5):
RuinfX/S∗(L
inf
X/S(F)) = u
inf
X/S∗L
inf
X/S(F) = u
inf
X/S∗jP∗ϕ
∗(F)(6.2.12.3)
= (lim←−
n
βn∗)ϕ→
P ∗ϕ
∗(F) = lim←−
n
βn∗(Fn).
By (6.2.12.2) and (6.2.12.3) we obtain (6.2.12.1).
Now we consider the general case: the case where there does not necessarily exist
an immersion X
⊂
−→ P into a log smooth scheme over S. Let X• be the Cˇech diagram
obtained by an affine open covering of X . Let X•
⊂
−→ P• be a simplicial immersion
into a log smooth simplicial scheme over S (cf. [HK, (2.18)]). Let
πinf : ((X•/S)inf ,OX•/S) −→ ((X/S)inf ,OX/S)
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be the natural morphism of ringed topoi. Let
πzar : (X•)zar −→ Xzar
be also the natural morphism of ringed topoi. Set E•n := (π
−1
inf (E))P•n . We consider
lim
←−n
Rπzar∗(E•n ⊗OP• Ω
•
P•/S
) as in [CF, (0.14)] (though Chiarellotto and Fornasiero
have considered only the trivial coefficient in [loc. cit.]).
The following is the relaive and sheafied version of [CF, (39)] for a fine log scheme:
Corollary 6.2.13 (cf. [CF, (39)]). There exists the following canonical isomorphism:
(6.2.13.1) RuinfX/S∗(E)
∼
−→ lim
←−
n
Rπzar∗(E•n ⊗OP• Ω
•
P•/S
).
Proof. (6.2.13.1) immediately follows from (6.2.12.1) and the cohomological descent.
Corollary 6.2.14. Set f infX/S := f ◦ u
inf
X/S : ((X/S)inf ,OX/S) −→ (Szar,OS). As-
sume that
◦
S is quasi-compact and that
◦
f is quasi-separated and quasi-compact. Then
Rf infX/S∗(E) is bounded.
Proof. By using a standard argument, (6.2.14) follows from (6.2.13) as in [BO1, The-
orem 7.6].
The following is a log infinitesimal version of the base change theorem in the (log)
crystalline cohomolgy ([BO1, Theorem 7.8], [Kk2, (6.10)]):
Proposition 6.2.15 (Base change). Let u : S′ −→ S be a morphism of fine log
schemes over K. Set X ′ := X ×S S′ and let p : X ′ −→ X be the first projection.
Assume that
◦
S is quasi-compact, that
◦
f is quasi-separated and quasi-compact and
that f is log smooth and integral. Assume that E is a flat OX/S-module. Then the
canonical morphism
(6.2.15.1) Lu∗Rf infX/S∗(E) −→ Rf
inf
X′/S′∗(p
∗
inf(E))
is an isomorphism.
Proof. By using (6.2.13.1), we can give the same proof as that of [BO1, Theorem 7.8]
by using the simplical formal log scheme P ex• .
Remark 6.2.16. (6.2.15) is a generalization of [Ha2, III (5.2)].
Set
Rf infX/S∗(E) := Rf∗Ru
inf
X/S∗(E),
Rqf infX/S∗(E) := H
q(Rf infX/S∗(E)),
Hqinf(X/S,E) := H
q(RΓ(S,Rf infX/S∗(E)))
and
Hqinf(X/S) := H
q
inf(X/S,OX/S).
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Problem 6.2.17. The following problems seem interesting:
(1) Is Rqf infX/S∗(OX/S) (q ∈ N) a coherent OS-module if X/S is of finite type?
More generally, is Rqf infX/S∗(E) a coherent OS-module for a coherent OX/S-module E
if X/S is of finite type?
(2) Consider the case K = C. Does there exist a comparison theorem between
RfXlogan /San∗(C) and Rf
inf
X/S∗(OX/S)an as in the absolute case in [CF, Theorem 5.1]?
Or can one find a dense open subset of S such that the problem above hold for U and
f−1(U) as in [Ha2, IV (4.3)]?
Let N be a nonnegative integer or∞. Set S = (Spec(K),K∗) and RΓinf(X/K) :=
Rf infX/S∗(OX/S). Let X•≤N be an N -truncated proper hypercovering of X over K.
Proposition 6.2.18. Assume that MX is trivial and that the structural morphism
f : X −→ Spec(K) is of finite type. Let c be a nonnegaitve integer such that Hqinf(X/K) =
0 for any q > c. (The existence of c will also be proven in the proof below.) Let N be
a nonnegative integer satisfying the inequality in [Nakk4, (2.2.1)] for c, that is,
(6.2.18.1) N > 2−1(c+ 1)(c+ 2).
Set RΓinf(X/K) := RΓ(Xzar, Ru
inf
X/K∗(OX/K)). Then the natural morphism
(6.2.18.2) RΓinf(X/K) = τcRΓinf(X/K) −→ τcRΓinf(X•≤N/K)
is an isomorphism.
Proof. By (6.2.15) we may assume that K is algebraically closed.
1st proof: Assume first that K = C. Then, by [Gr2] and [Ha2], we have the
following functorial isomorphisms:
(6.2.18.3) Hqinf(X/C)
∼
−→ HqdR(X/C)
∼
−→ Hq(Xan,C).
Since (X•≤N )an is an N -truncated proper hypercovering of Xan over C, we have the
following commutative diagram by the proper cohomological descent:
(6.2.18.4)
Hqinf(X•≤N/C)
∼
−−−−→ Hq((X•≤N )an,C)x x≃
Hqinf(X/C)
∼
−−−−→ Hq(Xan,C).
(By (6.2.18.1) and by [Nakk4, (2.3)], we have the right vertical isomorphism.) Hence
we have the isomorphism (6.2.18.2) in the case K = C. Using (6.2.15), we obtain the
isomorphism (6.2.18.2) by the Lefschetz principle.
2nd proof: (The following argument is much simpler than that of the proof of
[Tsuz1, (4.4), (4.5)] and [Nakk4, (10.9)].)
Let N be a positive integer. Later we assume that N is a positive integer satisfying
the inequality (6.2.18.1).
Let U be the disjoint union of an affine open covering ofX . Let U
⊂
−→ U be a closed
immersion into a smooth scheme over K. Set U• := coskX0 (U) and U• := cosk
K
0 (U).
The fiber product X•≤N ×X U is an N -truncated proper hypercovering of U . Let
V•≤N be a refinement of the proper hypercovering X•≤N ×X U ([Tsuz1, (4.2.1)])
of U such that there exists a closed immersion VN
⊂
−→ PN into a smooth scheme
over K (cf. [Tsuz1, (4.2.3)]). Consider the N -truncated couple (V•≤N ,ΓKN (PN )•≤N ).
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The N -truncated simplicial K-scheme ΓKN (PN )•≤N contains V•≤N as an N -truncated
simplicial closed subscheme over K. Set Q• := ΓKN (PN ).
Following the idea in [Tsuz1, (4.4)], we consider the pair (V•≤N,•, Q•≤N,•) of
(N,∞)-truncated bisimplicial schemes defined by
(Vmn, Qmn) :=(cosk
Xm
0 (Vm)n, cosk
K
0 (Qm ×K U)n) (0 ≤ m ≤ N,n ∈ N)(6.2.18.5)
with the natural morphisms which make (V•≤N,•, Q•≤N,•) a couple of (N,∞)-truncated
bisimplicial schemes.
We have a natural morphism (V•≤N,•, Q•≤N,•) −→ (U•,U•) of pairs and have the
following commutative diagram of (N -truncated) (bi)simplicial schemes:
(6.2.18.6)
X•≤N ←−−−− V•≤N,•y y
X ←−−−− U•.
By the proof of [Tsuz1, (4.4.1) (1)] the morphism V•≤N,n −→ Un (n ∈ N) is an
N -truncated proper hypercovering of Un.
Let q be a fixed arbitrary nonnegative integer. Let N be an integer satisfying the
inequality (6.2.18.1). Then we claim that the morphism
(6.2.18.7) RΓinf(U•/K) −→ RΓinf(V•≤N,•/K)
induces an isomorphism
(6.2.18.8) Hqinf(X/K) = H
q(RΓinf(U•/K))
∼
−→ Hq(RΓinf(V•≤N,•/K)).
Indeed, we have the following two spectral sequences:
(6.2.18.9) Eij1 = H
j
inf(Ui/K) =⇒ H
i+j
inf (U•/K),
(6.2.18.10) Eij1 = H
j(RΓinf(V•≤N,i/K)) =⇒ Hi+j(RΓinf(V•≤N,•/K)).
By the analogue of [Tsuz1, (2.1.3)], the Er-terms (1 ≤ r ≤ ∞) of (6.2.18.9) are
isomorphic to those of (6.2.18.10) for i + j ≤ q. Hence we have an isomorphism
(6.2.18.8).
So far we have proved that, for any integer q, there exists a sufficiently large integer
N depending on q such that there exists an isomorphism
(6.2.18.11) τqRΓinf(X/K)
∼
−→ τqRΓinf(V•≤N,•/K).
Let N be any integer satisfying the inequality (6.2.18.1). Then, by (6.2.18.11), we
have
(6.2.18.12) RΓinf(X/K) = τcRΓinf(X/K)
∼
−→ τcRΓinf(V•≤N,•/K).
By the proof of [Tsuz1, (4.4.1) (2)], for a nonnegative integer m ≤ N ,
(6.2.18.13) RΓinf(Xm/K) = RΓinf(Vm•/K).
Hence the natural morphism V•≤N,• −→ X•≤N induces the following isomorphism
(6.2.18.14) τcRΓinf(X•≤N/K)
∼
−→ τcRΓinf(V•≤N,•/K).
By (6.2.18.12) and (6.2.18.14), we have the isomorphism (6.2.18.2).
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Corollary 6.2.19. Let X• −→ X be a proper hypercovering of X. Then the following
hold:
(1) The natural morphism
(6.2.19.1) RΓinf(X/K) −→ RΓinf(X•/K)
is an isomorphism.
(2) Assume that X• is smooth over K. Then there exists the following canonical
isomorphism
(6.2.19.2) RΓinf(X/K)
∼
−→ RΓ(X•,Ω•X•/K).
Proof. This is easy to prove. Indeed, because q in (6.2.18.11) is arbitrary,Hq(RΓinf(X•/K)) =
0 for q > c. Hence RΓinf(X•/K) = τcRΓinf(X•/K). Hence we have the isomorphism
(6.2.19.1) by (6.2.18.2). By (1) and (6.2.13) we have the following composite isomor-
phism
(6.2.19.3) RΓinf(X/K)
∼
−→ RΓinf(X•/K)
∼
−→ RΓ(X•,Ω•X•/K).
Theorem 6.2.20. Let Y• be a proper smooth simplicial scheme over K and let D• be
an SNCD on Y•/K. Set X• := Y• \D•. Assume that X• is a proper smooth hypercov-
ering of X over K. Let F be the filtration on Hqinf(X/K) (q ∈ N) defined by the filtered
complex (Ω•Y•/K(logD•), {Ω
•≥i
Y•/K
(logD•)}i∈Z) and the isomorphism (6.2.19.3). Then
F is independent of the choice of Y•, D• and X•. (It depends only on X/K.)
Proof. Let X ′• be another proper hypercovering of X/K such that X
′
• is the com-
plement of a simplicial SNCD D′• on a proper smooth simplicial scheme Y
′
• over K.
Because two proper hypercoverings of X/K is covered by another proper hypercover-
ing of X/K ([SGA 4-2, Vbis (5.1.7), (5.1.3)], [D4]), we may assume that there exists
a morphism (Y ′• , D′•) −→ (Y•, D•) which gives the following commutative diagram
X ′• −−−−→ X•y y
X X.
Hence we may assume that K = C by the Lefschetz principle. Let (j•)an : (X•)an
⊂
−→
(Y•)an be the natural open immersion. In [D2, (3.1.8)] Deligne has proved that the
natural inclusion morphism
Ω•Y•an/C(logD•an)
⊂
−→ j•an∗Ω•X•an/C
is a quasi-isomorphism. Hence the natural morphism
RΓ(Y•an,Ω•Y•an/C(logD•an)) −→ RΓ(X•an,Ω
•
X•an/C
)
is an isomorphism. Let (RΓ(X•⋆,Ω•X•⋆/K), F ) ∈ D
+F(K) be the filtered complex
defined by the filtered complex (Ω•X•⋆/K , {Ω
•≥i
X•⋆/K
}i∈Z) (⋆ = an or nothing). By
GAGA we have the following commutative diagram
(RΓ(Y•,Ω•Y•/K(logD•)), F ) −−−−→ (RΓ(Y
′
• ,Ω
•
Y ′•/K
(logD′•)), F )
≃
y y≃
(RΓ(Y•an,Ω•Y•an/K(logD•an)), F ) −−−−→ (RΓ(Y
′
•an,Ω
•
Y ′•an/K
(logD′•an)), F ).
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Consequently we have the following natural morphism (Hq(Y•,Ω•Y•/K(logD•)), F ) −→
(Hq(Y ′• ,Ω
•
Y ′•/K
(logD′•)), F ). Hence we have an isomorphism F
iHq(Y•,Ω•Y•/K(logD•))
∼
−→
F iHq(Y ′• ,Ω•Y ′•/K(logD•)) by the theory of mixed Hodge structures by Deligne ([D4]).
Definition 6.2.21. We call the filtration F onHqinf(X/K) (q ∈ N) the Hodge filtration
on Hqinf(X/K).
Proposition 6.2.22. Let the notations and the assumptions be as in (6.2.20). Then
the boundary morphism
Hj(Y•,ΩiY•/K(logD•)) −→ H
j(Y•,Ωi+1Y•/K(logD•)) (i, j ∈ N)
vanishes.
Proof. 1st proof: By the Lefschetz principle, we may assume that K = C. This is a
consequence of theory of mixed Hodge structures.
2nd proof: Fix i and j. Let N be a positive integer such that N > 2−1(i + j +
2)(i+j+3). Then Hj(Y•,ΩkY•/K(logD•)) = H
j(Y•≤N ,ΩkY•≤N/K(logD•≤N )) for k = i
and k = i + 1. By the standard technique explained in the proof of [DI, (2.7)], we
may assume that K is a field of a large prime number p with respect to i+ j and N .
In this case there exists the inverse log Cartier isomorphism
C−1 : ΩkY•≤N/K(logD•≤N ) −→ H
k(Ω•Y•≤N/K(logD•≤N ))
on Y•≤N . Hence the arguments in the proofs of [DI, (2.1)] and [DI, (2.7)] show the
desired vanishing.
Theorem 6.2.23. Let g : X −→ Y be a morphism of schemes of finite type over K.
Then the pull-back
g∗ : Hqinf(Y/K) −→ H
q
inf(X/K) (q ∈ N)
of g is strictly compatible with the Hodge filtration.
Proof. We may assume that K is algebraically closed. By the Lefschetz principle, we
may assume that K = C. Then (6.2.23) is a consequence of theory of mixed Hodge
structures.
Remark 6.2.24. As in the E1-degeneration of the Hodge de Rham spectral sequence
of a separated scheme of finite type over a field of characterstic 0 ((6.2.22)), it is a
very interesting problem to prove (6.2.20) and (6.2.23) algebraically.
6.3 Monodromy operators on the infinitesimal co-
homologies of proper schemes in mixed charac-
teristics
Let K and K0 be as in §5.1 and let X be a proper scheme over K. Let L/K be an
extension of fields. Set XL := X⊗KL. In this section we define a monodromy operator
on the infinitesimal cohomology Hqinf(XL/L) (q ∈ N) for a certain finite extension L
of K. In §6.5 below we shall define a monodromy operator over K0.
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We recall two Tsuji’s results for the construction of the monodromy operator
above. The first result (6.3.1) below is an N -truncated simplicial version of the
Hyodo-Kato isomorphism in [HK, (5.1)]. The second result (6.3.12) below is a result
about the behavior of the (N -truncated simplicial) Hyodo-Kato isomorphisms under
a finite extension of complete discrete valuation rings of mixed characteristics with
perfect residue fields.
Let V , W and κ be as in §5.1. Let N be a nonnegative integer. Endow Spec(V)
with the canonical log structure and let S be the resulting log scheme. Let e be the
absolute ramification index of V . Set s := S ⊗V κ. Let Y•≤N be a log smooth N -
truncated simplicial log scheme over S. Let Y•≤N/s be the log special fiber of Y•≤N/S.
Assume that
◦
Y•≤N/
◦
S is proper and that the structural morphism Y•≤N −→ s is of
Cartier type. Let Y•≤N be the log generic fiber of Y•≤N .
Theorem 6.3.1 ([Tsuj1, (6.3.1), (6.3.2)]). Let π be a uniformizer of V. Let
[ ] : κ −→W be the Teimu¨ller representative. For an element a ∈ V∗, set a := a mod π
and log(a) :=
∑
n≥1(−1)
n−1(a[a]−1 − 1)n. Then there exists the following (natural)
isomorphism
(6.3.1.1) Ψπ : RΓcrys(Y•≤N/W(s))⊗LW K
∼
−→ RΓdR(Y•≤N/K)
depending on π such that Ψaπ = Ψπexp(log(a)Nzar) for a ∈ V∗. Here Nzar is the
monodromy operator of Y•≤N/W(s) defined in (1.7.28).
Lemma 6.3.2 (cf. [Tsuj3, p. 253]). Consider the log scheme Speclog(W [t]) whose
underling scheme is Spec(W [t]) and whose log structure is associated to the morphism
N ∋ 1 7−→ t ∈ W [t]. Consider the closed immersion S
⊂
−→ Speclog(W [t]) defined by
t 7−→ π. Let D be the p-adic completion of the log PD-envelope of this closed immer-
sion over (Spec(W), pW , [ ]). Then D has a lift FD of the Frobenius endomorphism
of D mod p.
Proof. Set B := Γ(D,OD). Let f(t) be a minimal polynomial of π over W . Then
f(t) = te + pg(t) (deg g(t) < n) is an Eisenstein polynomial over W . This is a
key point in the following argument, which has not mentioned in references. Then
B = W [t][f(t)[n] | n ∈ N)̂ and B has a PD-ideal 〈f(t)B + pB〉 = 〈teB + pB〉. Let
σ : W −→ W be the Frobenius automorphism of W . Let ϕ : W [t] −→ W [t] be an
endomorphism defined by the following equalities ϕ(a) = σ(a) and ϕ(t) = tp. Since
ϕ(f(t)W [t] + pW [t]) = ϕ(teW [t] + pW [t]) = ϕ(tepW [t] + pW [t]) ⊂ teW [t] + pW [t],
B has a lift ϕ of the Frobenius endomorphism of B/p. Thus we have proved (6.3.2).
Remark 6.3.3. Though in [HK, p. 264], Hyodo and Kato have used a fact that B/pn
has a lift of the Frobenius endomorphism, I cannot find the claim of this fact and the
proof of it in [HK].
Lemma 6.3.4. Let Spf log(Ŵ [t]) be the p-adic completion of Speclog(W [t]). Let T
be the p-adic completion of the log PD-envelope of a closed immersion W(s)
⊂
−→
Spf log(W [t]) defined by t 7−→ 0 over (Spec(W), pW). Let Ŝ be the p-adic completion
of S. Then the following hold:
6.3. MONODROMYOPERATORSON THE INFINITESIMAL COHOMOLOGIESOF PROPER SCHEMES INMIXED CHARACTERISTICS387
(1) There exists a natural morphism H : T −→ D fitting into the following com-
mutative diagram
s
⊂
−−−−→ Ŝ
⋂y y⋂
T
H
−−−−→ D.
(2) Let m be a positive integer such that pm ≥ e. The morphism W [t] −→ W [t]
defined by t 7−→ tp
m
and a 7−→ σm(a) induces a morphism ϕ : W〈t〉 −→ B of PD-
morphisms.
(3) The morphism ϕ induces a morphism Gm : D −→ T . The morphism FmD : D −→
D factors through the morphism Gm : D −→ T .
(4) Set S1 := S mod p. Let the notations be as in (2). Then the following diagram
is commutative:
S1 −−−−→ s −−−−→ S1
⋂y ⋂y ⋂y
D
Gm−−−−→ T
H
−−−−→ D,
where the two horizontal composite morphsims are the m-times iterations of the Frobe-
nius endomorphisms.
Proof. (1): Note that Γ(T,OT ) =W〈t〉. Hence we have the following inclusion
B = Γ(D,OD) =W [t][f(t)
[n] | n ∈ N)̂ =W [t][(te)[n] | n ∈ N)̂ ⊂ W〈t〉 = Γ(T,OT )
This inclusion defines the desired morphism H : T −→ D.
(2): Since pm ≥ e, ϕ(t) = tp
m
∈ teW [t] + pW [t] = f(t)W [t] + pW [t]. Hence we
have the desired morphism ϕ.
(3): Obvious.
(4): Obvious.
Remark 6.3.5. In [HK, pp. 263–264] the proof of a similar statement has not given;
I think that the proof is necessary.
Theorem 6.3.6 (Contravariant functoriality of Ψπ). The isomorphism Ψπ is
contravariantly functorial. Let Y ′•≤N/V be a similar proper log smooth scheme to
Y•≤N/V. Let Y ′•≤N (resp. Y
′
•≤N ) be the log special fiber (resp. the log generic fiber)
of Y ′•≤N/S. For a morphism g : Y•≤N/V −→ Y
′
•≤N/V over S, the following diagram
is commutative:
(6.3.6.1)
RΓcrys(Y•≤N/W(s))⊗LW K
Ψπ,∼
−−−−→ RΓdR(Y•≤N/K)
g∗
x xg∗
RΓcrys(Y
′
•≤N/W(s))⊗
L
W K
Ψπ,∼
−−−−→ RΓdR(Y
′
•≤N/K).
The following induced isomorphism by the Ψπ above
Ψπ : H
q
crys(Y•≤N/W(s))⊗W K
∼
−→ HqdR(Y•≤N/K) (q ∈ N)(6.3.6.2)
is compatible with the cup products of both hands of (6.3.6.2).
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Proof. We recall the definition of Ψπ following the definition of Ψπ in [HK].
Consider the closed immersion W(s)
⊂
−→ Speclog(W [t]) defined by t 7−→ 0. Let
T be the p-adic completion of the log PD-envelope of this closed immersion over
(Spec(W), pW , [ ]). Then T satisfies the properties corresponding to the properties
in the assumptions in [HK, (4.13)]. The most nontrivial parts of the proof of (6.3.6)
are the existence of the following isomorphism
ι : (W〈t〉 ⊗LW RuY•≤N/W(s)∗(OY•≤N/W(s)))Q
∼
−→ RuY•≤N/T∗(OY•≤N/T )Q.(6.3.6.3)
the contravariant functoriality of this isomorphism and the compatibility of the fol-
lowing induced isomorphism
ι : W〈t〉Q ⊗K0 H
q
crys(Y•≤N/W(s))Q
∼
−→ Hqcrys(Y•≤N/T )Q.(6.3.6.4)
with the cup products. Let
λ : RuY•≤N/T∗(OY•≤N/T )Q −→ RuY•≤N/W(s)∗(OY•≤N/W(s))Q
be the natural morphism. As in [HK, (4.13)], the isomorphism ι is the unique mor-
phism such that
(1) the composite
λ ◦ ι : (W〈t〉 ⊗LW RuY•≤N/W(s)∗(OY•≤N/W(s)))Q −→ RuY•≤N/W(s)∗(OY•≤N/W(s))Q
is the induced morphism by the natural projection W〈t〉 −→ W
and
(2) ι commutes with F⊗LF and F , where the three F ’s onW〈t〉, RuY•≤N/W(s)∗(OY•≤N/W(s))
and RuY•≤N/T∗(OY•≤N/T ) (with tensorization of ⊗
L
ZQ) are the induced endomor-
phisms by the lifts of Frobenius endomorphisms of T1, Y/s and Y/T1, respectively.
Here let us mean by ?1 the “reduction mod p of ?.
The construction of the morphism ι and the uniqueness of ι are the same as the
isomorphism in [HK] by using [HK, (4.14), (4.15)]. Thus we have only to prove that ι
is an isomorphism. This follows from the lemma (6.3.7) below and the proof of [HK,
(4.16)]. The contravariant functoriality of ι follows from the construction of ι and
that of the morphism (6.3.7.1) below. The compatibility of ι with the products are
essentially obtained in [Tsuj4, 356]: we have only replace Hmcrys((X,M) in [loc. cit.]
by Hqcrys(Y•≤N/W(s)).
Now the contravariant functoriality of Ψπ and the compatibilty of Ψπ is easy to
prove.
Let the notations be as in the proofs of (6.3.2) and (6.3.4). Let Ŷ•≤N be the p-adic
completion of Y•≤N . Consider the following commutative diagram
Y•≤N,1 −−−−→ Y•≤N,1y y
S1 −−−−→ S1y y
D
FmD−−−−→ D,
where the two upper horizontal endomorphisms are the pm-th power Frobenius endo-
morphisms of Y•≤N,1 and S1, respectively. By (6.3.4) this morphism of the diagram
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(Y•≤N,1 −→ S1 −→ D) −→ (Y•≤N,1 −→ S1 −→ D) factors through a morphism
(Y1 −→ S1
⊂
−→ D) −→ (Y −→ s −→ T ) of diagrams. Then we have the following
equalities as in [HK, (5.2.1)]:
RuŶ•≤N/D∗(OŶ•≤N/D)Q = RuY•≤N,1/D∗(OY•≤N,1/D)Q
∼
←− B ⊗LG∗m,W〈t〉 RuY•≤N/T∗(OY•≤N/T )Q
(6.3.6.5)
= B ⊗Lσm,W RuY•≤N/W(s)∗(OY•≤N/W(s))Q
idR⊗Fm,∼
−→ B ⊗LW RuY•≤N/W(s)∗(OY•≤N/W(s))Q.
Here we have used the fact that the Frobenius operator
F : RuY•≤N/W(s)∗(OY•≤N/W(s))Q −→ RuY•≤N/W(s)∗(OY•≤N/W(s))Q
is bijective; this follows from [HK, (2.24)]; however see (2.1.8) (2). The isomorphism
(6.3.6.5) is contravariantly functorial. By taking the tensorization V⊗LB of (6.3.6.5),
we have the following isomorphism
V ⊗LB RuŶ•≤N/D∗(OŶ•≤N/D)Q
∼
−→ V ⊗LW RuY•≤N/W(s)∗(OY•≤N/W(s))Q.(6.3.6.6)
The source of this isomorphism is equal to RuŶ•≤N/V∗(OŶ•≤N/V)Q by the base change
theorem of log crystalline cohomologies. Here we have endowed V with the PD-ideal
pV . Hence we have the following isomorphism
RuŶ•≤N/V∗(OŶ•≤N/V)Q
∼
−→ V ⊗LW RuY•≤N/W(s)∗(OY•≤N/W(s))Q.(6.3.6.7)
By taking RΓ(Y•≤N , ?) of this isomorphism, we have the following isomorphism
RΓcrys(Ŷ•≤N/V)Q
∼
−→ V ⊗LW RΓcrys((Y•≤N/W(s))Q.(6.3.6.8)
Because the source of this isomorphism is isomorphic to
RΓcrys(Ŷ•≤N/V)Q = RΓ(Ŷ•≤N ,Ω•Ŷ•≤N/V)Q = RΓ(Y•≤N ,Ω
•
Y•≤N/V)Q
= RΓdR(Y•≤N/V)Q = RΓdR(Y•≤N/K)(6.3.6.9)
by [EGA III-1, (5.1.2)], we obtain the desired isomorphism
RΓdR(Y•≤N/K)
∼
−→ K ⊗LW RΓcrys(Y•≤N/W(s)).(6.3.6.10)
Because the isomorphisms (6.3.6.5) and (6.3.6.9) are contravariantly functorial, the
isomorphism (6.3.6.10) is contravariantly functorial.
The following is a straightforward generalization of [HK, (4.8)] (however see [Nakk2,
(7.5), (7.6)]):
Lemma 6.3.7. Let N be a positive integer or ∞. Let Z•≤N/s be an N -truncated
simplicial log smooth scheme of Cartier type. Let T be an object of the log crystalline
site (s/Wn)crys. Let fT : Z•≤N −→ s
⊂
−→ T be the structural morphism. Then there
exists a contravariantly functorial morphism⊕
i∈Z≥0
OT ⊗Wn WnΩ
i
Z•≤N
−→
⊕
i∈Z≥0
RiuZ•≤N/T∗(OZ•≤N/T )(6.3.7.1)
of f−1T (OT )-algebras. If
◦
T is flat over Wn, then (6.3.7.1) is an isomorphism.
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Proof. Let 0 ≤ m ≤ N be a fixed integer. By the proof of [HK, (4.8)] (however see
[Nakk2, (7.5), (7.6)]), we have a contravariantly functorial morphism⊕
i∈Z≥0
OT ⊗Wn WnΩ
i
Zm −→
⊕
i∈Z≥0
RiuZm/T∗(OZm/T ).(6.3.7.2)
If
◦
T is flat over Wn, then (6.3.7.2) is an isomorphism ([loc. cit.]). Because the mor-
phism (6.3.7.2) is contravariantly functorial, we have the morphism (6.3.7.1). This is
an isomorphism if
◦
T is flat over Wn.
Remark 6.3.8. In (6.3.6) we have also constructed the isomorphism Ψπ in (6.3.1).
Our proof for the construction of Ψπ is different from Tsuji’s proof in [Tsuj1].
(2) The proof of [HK, (4.9)] (resp. [HK, (4.19)]) is incomplete ([loc. cit.] has been
used in the proof of the Hyodo-Kato isomorphism in [HK, (5.1)]. In [Nakk2, (7.5)]
(resp. [Nakk2, (7.19)]) we have given a complete proof of [HK, (4.9)] (resp. [HK,
(4.19)]). See (2.1.11) (2) and (2.1.12) (4) for the functoriality of the isomorphism in
[HK, (4.19)] and [Nakk2, (7.19)].
By believing in the virtual existence of the Hyodo-Kato isomorphism by using the
element p instead of π (cf. (6.3.12) below), we can get rid of the dependence of the
Hyodo-Kato isomorphism on π as follows; it seems that this is an unexpected result
for anybody!:
Corollary-Definition 6.3.9 (Canonical Hyodo-Kato isomorphism). Let the
notations be as in (6.3.1). Let e be the absolute ramification index of V . Express
πe = pa, where a ∈ V∗. Then the following isomorphism
(6.3.9.1)
Ψ := Ψp := Ψπexp(− log(a)e
−1Nzar) : RΓcrys(Y•≤N/W(s))⊗LWK
∼
−→ RΓdR(Y•≤N/K)
is independent of the choice of the uniformizer π of V . This isomorphism is also
contravariantly functorial in the sense of (6.3.1). We call Ψ the canonical Hyodo-Kato
isomorphism.
Proof. Let π′ be another uniformizer of V . Then there exists an element a′ ∈ V∗ such
that π′e = pa′. Express π′ = πb (b ∈ V∗). Then be = a′/a. By (6.3.1) we have the
following equalities :
Ψπ′ = Ψπexp(log(b)Nzar) = Ψπexp(log(b
e)e−1Nzar)
= Ψπexp(log(a
′/a)e−1Nzar).
It is easy to check that log(cc′) = log c+ log c′ (c, c′ ∈ V∗). Hence
Ψπ′exp(− log(a
′)e−1Nzar) = Ψπexp(− log(a)e−1Nzar).(6.3.9.2)
By (1.7.36) we have the following commutative diagram:
RΓcrys(Y•≤N/W(s))
Nzar−−−−→ RΓcrys(Y•≤N/W(s))
g∗
x xg∗
RΓcrys(Y
′
•≤N/W(s))⊗
L
W K
Nzar−−−−→ RΓcrys(Y ′•≤N/W(s)).
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Hence we have the following commutative diagram
(6.3.9.3)
RΓcrys(Y•≤N/W(s))
exp(− log(a)e−1Nzar), ∼
−−−−−−−−−−−−−−−−→ RΓcrys(Y•≤N/W(s))
g∗
x xg∗
RΓcrys(Y
′
•≤N/W(s))⊗
L
W K
exp(− log(a)e−1Nzar), ∼
−−−−−−−−−−−−−−−−→ RΓcrys(Y ′•≤N/W(s)).
The desired contravariant functoriality follows from this commutative diagram and
(6.3.1).
Remark 6.3.10. To construct a canonical Hyodo-Kato isomorphism, one can use pu
instead of p for any u ∈ W∗. That is, one can use
Ψpu := Ψπexp(− log(b)e
−1Nzar) = Ψpexp(log(u)e−1Nzar)
instead of Ψp, where π
e = pub.
Proposition 6.3.11. The following isomorphism
(6.3.11.1) Ψ: Hqcrys(Y•≤N/W(s))⊗W K
∼
−→ HqdR(Y•≤N/K)
induced by the isomorphism (6.3.9.1) is compatible with the cup prodcuts on both
hands.
Proof. Because the Hyodo-Kato isomorphism Ψπ in (6.3.6.2) is compatible with the
cup products, we have only to prove the automorphism
(6.3.11.2)
exp(aNzar) : : H
q
crys(Y•≤N/W(s))⊗W K
∼
−→ Hqcrys(Y•≤N/W(s))⊗W K (a ∈ K)
is compatible with the cup product of H•crys(Y•≤N/W(s)); we have to prove that
(6.3.11.3) exp(aNzar)(x ∪ y) = exp(aNzar)(x) ∪ exp(aNzar)(y)
for x ∈ Hq
′
crys(Y•≤N/W(s)) and y ∈ H
q′′
crys(Y•≤N/W(s)). This follows from (1.7.34.4),
the bilinearity of the cup product and an elementary calculation.
Proposition 6.3.12 ([Tsuj3, (4.4.17)]). Let the notations be as in (6.3.1). Let
V ′/V be a finite extension of complete discrete valuation rings of mixed characteristics.
Let S′ be the log scheme Spec(V ′) endowed with the canonical log structure. Let s′ be
the log point of the residue field of V ′ and letW ′ be the Witt ring of Γ(s′,Os′). Let e′ be
the ramification index of V ′/V. Let π′ be a uniformizer of V ′. Set b := π′e
′
π−1 ∈ V ′∗.
Set Y ′•≤N := Y•≤N ×S S
′ and Y′•≤N := Y•≤N ⊗K K
′. Then the following diagram is
commutative:
(6.3.12.1)
RΓcrys(Y
′
•≤N/W(s
′))⊗LW′ K
′ Ψπ′ , ∼−−−−−→ RΓdR(Y′•≤N/K
′)∥∥∥ ∥∥∥
(RΓcrys(Y•≤N/W(s))⊗LW K)⊗
L
K K
′ (Ψπ⊗idK′ )exp(log(b)Nzar), ∼−−−−−−−−−−−−−−−−−−−→ RΓdR(Y•≤N/K)⊗K K ′.
Remark 6.3.13. In [Tsuj3, (4.4.17)] Tsuji has stated (6.3.12) only in the constant
simplicial case. However his proof is valid for the N -truncated simplicial case.
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Corollary 6.3.14 (Functoriality of the Hyodo-Kato isomorphism). Let the
notations be as in (6.3.12). Let Z•≤N −→ Y•≤N be a morphism of proper log smooth
N -truncated simplicial log schemes over S′ −→ S. Let Z•≤N be the log special fiber
of Z•≤N . Assume that Z•≤N/s′ is of Cartier type. Then the following diagram is
commutative:
(6.3.14.1)
RΓcrys(Z•≤N/W(s′))⊗LW′ K
′ Ψπ′ , ∼−−−−−→ RΓdR(Z•≤N/K ′)x x
(RΓcrys(Y•≤N/W(s))⊗LW K)⊗
L
K K
′ (Ψπ⊗idK′)exp(log(b)Nzar), ∼−−−−−−−−−−−−−−−−−−−→ RΓdR(Y•≤N/K)⊗K K ′.
Proof. This follows from (6.3.6.1) and (6.3.12.1).
Lemma 6.3.15. N ′zar = e′Nzar : RΓcrys(Y ′•≤N/W(s
′)) = RΓcrys(Y•≤N/W(s)) ⊗LW
W(s′) −→ RΓcrys(Y ′•≤N/W(s
′)) = RΓcrys(Y•≤N/W(s))⊗LW W(s
′).
Proof. Let s′ be the log point of the residue field of V ′. Let t be s or s′. Set
κt := Γ(t,Ot). Let ̟t be the global section of Mt whose image in Mt/κ∗t is the
generator. Let v′ : V ′ \ {0} −→ N and v : V \ {0} −→ N be the normalized valuation
of V ′ and V , respectively. Because the following diagram
(6.3.15.1)
(V ′ \ {0})/V ′∗
v′,∼
−−−−→ N
⋃x xe′×
(V \ {0})/V∗
v,∼
−−−−→ N
is commutative, (6.3.15) follows from (1.7.12.4).
Using (6.3.12) and (6.3.15), we can generalize (6.3.9) as follows:
Corollary 6.3.16 (Compatibitity of Ψ with a base extension of V’s). Let the
notations be as in (6.3.9) and (6.3.12). Let
(6.3.16.1) Ψ′ : RΓcrys(Y ′•≤N/W
′(s′))⊗LW′ K
′ ∼−→ RΓdR(Y′•≤N/K
′)
be the isomorphism (6.3.9.1) for Y ′•≤N/S
′. Then the following diagram
(6.3.16.2)
RΓcrys(Y
′
•≤N/W(s
′))⊗LW′ K
′ Ψ′, ∼−−−−→ RΓdR(Y′•≤N/K
′)∥∥∥ ∥∥∥
(RΓcrys(Y•≤N/W(s))⊗LW K)⊗
L
K K
′ Ψ⊗idK′ , ∼−−−−−−−→ RΓdR(Y•≤N/K)⊗K K ′.
is commutative.
Proof. Obviously ee′ is the absolute ramification index of V ′ and we have the following
equalities: (π′)ee
′
= (πb)e = pabe. LetN ′zar : RΓcrys(Y
′
•≤N/W(s
′)) −→ RΓcrys(Y ′•≤N/W(s
′))
be the monodromy operator for Y ′•≤N/W(s
′). By (6.3.15) we have the following equal-
ities:
Ψ′ = Ψπ′exp(− log(abe)(ee′)−1N ′zar) = Ψπ′exp(− log(b)e
′−1N ′zar)exp(− log(a)(ee
′)−1N ′zar)
(6.3.16.3)
= (Ψπ ⊗ idK′)exp(− log(a)e
−1Nzar ⊗ idK′) = Ψ⊗ idK′ .
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Corollary 6.3.17 (Functoriality of the canoncial Hyodo-Kato isomorphism).
Let the notations be as in (6.3.14). Then the following diagram is commutative:
(6.3.17.1)
RΓcrys(Z•≤N/W(s′))⊗LW′ K
′ Ψ, ∼−−−−→ RΓdR(Z•≤N/K ′)x x
(RΓcrys(Y•≤N/W(s))⊗LW K)⊗
L
K K
′ Ψ⊗idK′ , ∼−−−−−−−→ RΓdR(Y•≤N/K)⊗K K ′.
Proof. This follows from (6.3.9) and (6.3.16).
Henceforth we denote S, s and κ in the beginning of this section by S−1, s−1
and κ−1, respectively. Let X be a proper scheme over K. Let q be a nonnegative
integer. Let N be an integer which is greater than or equal to 2−1(q + 1)(q+ 2). Let
VN be a finite extension of V . Let κ be the residue field of VN . Set W := W(κ).
Let e := eN be the ramification index of VN/V . Let S be the log scheme Spec(VN )
endowed with the canonical log structure. Let s be the log special fiber of S. Let X
be a proper flat model of X over V . Let X•≤N be a proper log smooth scheme over
S such that X•≤N is a gs N -truncated simplicial generically proper hypercovering of
XVN := X ⊗V VN . Let X•≤N (resp. X•≤N ) be the log special fiber (resp. the log
generic fiber) of X•≤N . In the following the log structure of X•≤N is assumed to be
trivial. Set XKN := X ⊗K KN . Then, by (6.3.1.1), (6.2.12.1) and (6.2.18), we have
the following composite isomorphism
τqRΓcrys(X•≤N/W(s))⊗W KN
Ψ, ∼
−→ τqRΓdR(X•≤N/KN) = τqRΓ(X•≤N ,Ω•X•≤N/KN )
(6.3.17.2)
∼
−→ τqRΓinf(X•≤N/KN)
∼
←− τqRΓinf(XKN /KN).
We denote this isomorphism by Ψ. Hence we have the following isomorphism
Ψ: Hqcrys(X•≤N/W(s))⊗W KN
∼
−→ Hqinf(XKN/KN).(6.3.17.3)
Because the left hand side of (6.3.17.3) has the monodromy operator ((3.6.1)), we
have the monodromy operator NKN/K(X•≤N/X/S/S−1) on H
q
inf(XKN /KN):
NKN/K(X•≤N/X/S/S−1) : H
q
inf(XKN /KN) −→ H
q
inf(XKN/KN).(6.3.17.4)
Here note that the monodromy operator in (6.3.17.3) is not equal Nzar in (6.3.1):
it is equal to e−1Nzar. The morphism NKN/K(X•≤N/X/S/S−1) is independent
of the choice of a uniformizer π of KN because the isomorphism Ψ in (6.3.17.3)
is independent of π. (If we consider Ψπ instead of Ψ, we can define a similar
morphism to NKN/K(X•≤N/X/S/S−1) and it is also independent of the choice of
π since ΨaπNzarΨ
−1
aπ = ΨπNzarΨ
−1
π ((6.3.1)).) In (6.3.20) below we prove that
NKN/K(X•≤N/X/S/S−1) depends only on XKN/KN andKN . The morphism (6.3.17.4)
induces the following morphism
NK/K(X•≤N/X/S/S−1) : H
q
inf(XK/K) −→ H
q
inf(XK/K).(6.3.17.5)
In (6.3.20) below we prove that NK/K(X•≤N/X/S/S−1) depends only on XK/K and
K.
The following is a generalization of [Mi, Definition A. 12 (i)], though our definiton
of a monodromy operator is different from that in [loc. cit.].
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Proposition 6.3.18. Let the notations be as above. Let V ′/V be a finite extension
of complete discrete valuation rings of mixed characteristics. Set K ′ := Frac(V ′).
Let Y be a proper scheme over K ′. Let Y be a proper flat model of Y over V ′.
Let g : Y −→ X be a morphism over Spec(K ′) −→ Spec(K). Let g : Y −→ X be
a morphism over Spec(V ′) −→ Spec(V) which induces the morphism g. Let S′−1 be
the log scheme Spec(V ′) with the canonical log structure. Let s′−1 be the log point of
the residue field of V ′. Let V ′N and Y•≤N/S
′ be a similar complete discrete valuation
ring to VN and a similar N -truncated simplicial log scheme to X•≤N/S, respectively,
fitting into the following commutative diagram:
(6.3.18.1)
Y•≤N
g
−−−−→ X•≤Ny y
Y ×◦
S′−1
◦
S′ −−−−→ X ×◦
S−1
◦
Sy y
◦
S′ −−−−→
◦
S
such that Y•≤N is a gs N -truncated simplicial generically proper hypercovering of
YV′N . Here we assume that the log structure of the generic fiber of Y•≤N is trivial.
Set K ′N := Frac(V
′
N ). Let eV′/V be the ramification index of the extension V
′/V. Then
the following diagram is commutative:
(6.3.18.2)
Hqinf(YK′N/K
′
N)
eV′/V ·NK′
N
/K′(Y•≤N/Y/S′/S′−1)
−−−−−−−−−−−−−−−−−−−−−−→ Hqinf(YK′N /K
′
N)
g∗
x xg∗
Hqinf(XKN /KN)
NKN/K(X•≤N/X/S/S−1)−−−−−−−−−−−−−−−−−→ Hqinf(XKN/KN).
Proof. It suffices to prove that the following diagram is commutative:
(6.3.18.3)
Hqinf(YK′N/K
′
N)
eV′/V ·NK′
N
/K′ (Y•≤N/Y/S′/S′−1)
−−−−−−−−−−−−−−−−−−−−−−→ Hqinf(YK′N /K
′
N)
g∗
x xg∗
Hqinf(XKN /KN)⊗KN K
′
N
NKN/K(X•≤N/X/S/S−1)⊗idK′N−−−−−−−−−−−−−−−−−−−−−−→ Hqinf(XKN /KN)⊗KN K
′
N .
Let Y•≤N be the log special fiber of Y•≤N . Let X•≤N,•
⊂
−→ Pex•≤N,• and Y•≤N,•
⊂
−→
Qex•≤N,• be the admissible immersions constructed in (3.2.7) over W(s) and W(s
′),
respectively, fitting into the following commutative diagram
(6.3.18.4)
X ′•≤N,• −−−−→ Q
ex
•≤N,• −−−−→ W(s
′)y y y
X•≤N,• −−−−→ Pex•≤N,• −−−−→ W(s).
Let h : Qex•≤N,• −→ P
ex
•≤N,• be the morphism above. Let s
′ be the log point of
the residue field of V ′N . Let t be s or s
′. Set κt := Γ(t,Ot). Let D•≤N,• and
E•≤N,• be the log PD-envelopes of these immersions over (W(s), pW(κs), [ ]) and
(W(s′), pW(κs′), [ ]), respectively. By abuse of notation, we denote the induced mor-
phism E•≤N,• −→ D•≤N,• by h again. Let ̟t be the global section of Mt whose
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image in Mt/κ
∗
t is the generator. Let v
′ : V ′N \ {0} −→ N and v : VN \ {0} −→ N
be the normalized valuation of V ′N and VN , respectively. Let eS′/S be the rami-
fication index of V ′N/VN . Let eS′ and eS be the ramification indexes of V
′
N and
VN over V ′ and V , respectively. By (6.3.15.1) d log̟s = eS′/Sd log̟s′ in Ω1
s′/
◦
s′
.
Hence eSd log̟s = eV′/V(eS′d log̟s′) and eSθP•≤N,•/W(s) = eV′/VeS′θQ•≤N,•/W(s′) in
OQ•≤N,• and the following diagram is commutative:
(6.3.18.5)
0 −−−−→ Ω•E•≤N,•/W(s′),[ ][−1]
eV′/VeS′θQ•≤N,•/W(s′)
−−−−−−−−−−−−−−−→ Ω•
D′•≤N,•/W(◦s′),[ ]
h∗
x h∗x
0 −−−−→ h∗(Ω•D•≤N,•/W(s),[ ])[−1]
eSθP•≤N,•/W(s)
−−−−−−−−−−−→ h∗(Ω•
D•≤N,•/W(◦s),[ ]
)
−−−−→ Ω•E•≤N,•/W(s′),[ ] −→ 0
h∗
x
−−−−→ h∗(Ω•D•≤N,•/W(s),[ ]) −→ 0.
Hence (6.3.18) follows from (6.3.12.1) and the definition of NKN/K(X•≤N/X/S/S−1)
and NK′
S′
/K′(Y•≤N/Y/S′/S′−1) as in the proof of (6.3.15).
Remark 6.3.19. In [Mi, Definition A. 12 (i)] there is no proof for it. Especially
(6.3.12) for the constant simplicial case has been used in [loc. cit.]. It is impossible to
judge whether a precise proof for [Mi, Definition A. 12 (i)] has been given in [loc. cit.].
Theorem 6.3.20. The monodromy operator NKN/K(X•≤N/X/S/S−1) in (6.3.17.4)
is independent of the choices of X , N ≥ 2−1(q+1)(q+2) and the gs N -truncated sim-
plicial generically proper hypercovering X•≤N of XVN . It depends only on XKN/KN
and K. The monodromy operator also NK/K(X•≤N/X/S/S−1) in (6.3.17.5) depends
only on XK/K and K.
Proof. Assume that we are given another proper flat model X ′ of X, N ′ ≥ 2−1(q +
1)(q + 2) and another gs N ′-truncated generically proper hypercovering of X ′•≤N ′ of
XVN′ . We may assume that N ≤ N
′ and we may consider X ′•≤N instead of X
′
•≤N ′ by
[Nakk4, (2.2)]. By (6.1.4) we may assume that there exists another proper flat model
X ′′ over V of X with morphisms X ′′ −→ X and X ′′ −→ X ′ over V which induce idX.
By (6.1.5) there exists a gs N -truncated simplicial generically proper hypercovering of
X ′′•≤N of X
′′
V′N over a finite extension V
′
N of VN fitting into the following commutative
diagram
(6.3.20.1)
X•≤N ←−−−− X ′′•≤N ×S S
′ −−−−→ X ′•≤Ny y y
X ←−−−− XV′N −−−−→ X
′.
Here S′ is the log scheme Spec(V ′N ) with the canonical log structure. Set K
′
N :=
Frac(V ′N ). It suffices to prove that
NKN/K(X•≤N/XVN/S/S−1)⊗KN K
′
N = NKN/K(X
′
•≤N/XVN/S/S−1)⊗KN K
′
N .
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Let S′ be the log scheme whose underlying scheme is Spec(V ′N ) and whose log structure
is canonical. By (6.3.18.2) we have the following commutative diagram
(6.3.20.2)
Hqinf(XKN/KN) −−−−→ H
q
inf(X
′′
K′N
/K ′N) ←−−−− H
q
inf(X
′
KN
/KN)yNKN/K(X•≤N/X/S/S−1) yNKN/K(X ′′•≤N/X ′′/S′/S−1)yNKN/K(X ′•≤N/X ′/S/S−1)
Hqinf(XKN/KN) −−−−→ H
q
inf(XK′N/K
′
N) ←−−−− H
q
inf(X
′
KN
/KN).
This shows the desired independence of NKN/K(X•≤N/X/S/S−1). Now the proof of
the independence of NK/K(X•≤N/X/S/S−1) is obvious by (6.3.20.2).
Definition 6.3.21. We call the following well-defined operator
NXKN /KN/K := NKN/K(X•≤N/X/S/S−1) : H
q
inf(XKN /KN)(6.3.21.1)
−→ Hqinf(XKN /KN).
the p-adic monodromy operator of XKN/KN/K. We also call the following well-
defined operator
NXK/K/K
:= NK/K(X•≤N/X/S/S−1) : H
q
inf(XK/K) −→ H
q
inf(XK/K).(6.3.21.2)
the p-adic monodromy operator of XK/K/K.
Remark 6.3.22. Our p-adic monodromy operator (6.3.21.2) of XK/K is a gener-
alization of the p-adic monodromy operator in [Mi, A. 11]: in [loc. cit.] Mieda has
defined the p-adic monodromy
NXK/K
: HqdR(YK/K) −→ H
q
dR(YK/K)(6.3.22.1)
for a proper smooth scheme Y/K. Though he has used Fontaine’s conjecture Cst
which has been proved by Tsuji ([Tsuj3, (0.2)]), we have not used Cst.
The following is a generalizations of [Mi, Definition A. 12 (ii)] (see also [Tsuj3,
(4.13.2) (2)]):
Proposition 6.3.23. Let L be KN or K. Let x and y be elements of H
q
inf(XL/L)
and Hq
′
inf(XL/L), respectively. Set N
[i]
XL/K
:= (i!)−1N iXL/K (i ∈ N). Then the Leibniz
rule for N
[i]
XL/K
holds:
N
[i]
XL/K
(x ∪ y) =
i∑
j=0
N
[j]
XL/K
(x) ∪N
[i−j]
XL/K
(y).(6.3.23.1)
Proof. This follows from (1.7.34).
6.4 Actions of crystalline Weil-Deligne groups on
the infinitesimal cohomologies of proper schemes
in mixed characteristics
Let the notations be as in the previous section. In this section we define a canon-
ical action of the crystalline Weil-Deligne group on the infinitesimal cohomology
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Hqinf(XK/K) (q ∈ N). First let us recall the crystalline Weil-Deligne group defined by
Ogus ([Og4]).
Let the notations be as in the previous section. LetKnr0 be the maximal unramified
extension of K0 in K. In [BO2, (4.1)] Berthelot and Ogus have defined the crystalline
Weil group ofK: this is, by definition, the group of automorphisms ofK whose restric-
tions to Knr0 are powers of Frobenius automorphisms. Set Icrys(K) := Gal(K/K
nr
0 ).
Then we have the following exact sequence
1 −→ Icrys(K) −→Wcrys(K)
deg
−→ Z −→ 1.
In the introduction of [Og4], Ogus has defined the crystalline Weil-Deligne group
Wcrys(K): we denote it by WDcrys(K): WDcrys(K) := K(1) ⋊Wcrys(K) of K/K0
with the action of Wcrys(K) on K(1) = K by the following formula:
g · a := p−deg(g)g(a) (g ∈Wcrys(K), a ∈ K).
By the definition of WDcrys(K), WDcrys(K) fits into the following exact sequence
0 −→ K(1) −→WDcrys(K) −→Wcrys(K) −→ 0.
Consider Wcrys(K) as a subgroup of WDcrys(K) by the natural inclusion morphism
Wcrys(K)
⊂
−→WDcrys(K). Let us recall the following Ogus’ result:
Proposition 6.4.1 ([Og4, Proposition 39]). The category of log convergent F -
isocrystals on s−1/Spf(W) is equivalent to the category of finite dimensional vector
spaces over K with a semi-linear action of WDcrys(K). If one choose a uniformizer of
V, then this category is equivalent to the category of finite dimensional vector spaces
over K0 with a nilpotent endomorphism N and the Frobenius-linear endomorphism F
such that NF = pFN .
Let X be a proper scheme over K. To define the canonical action of W logcrys(K)
on Hqinf(XK/K) (q ∈ N), it suffices to find a finite extension L/K and a well-defined
L0-form H
q of Hqinf(XK/K) (that is, H
q ⊗L0 K ≃ H
q
inf(XK/K)) with a well-defined
nilpotent endomorphism N : Hq −→ Hq and a well-defined σ-linear endomorphism
F : Hq −→ Hq if one fixes a uniformizer πL of the integer ring of L. Here L0 := L∩Knr0
and σ : Knr0 −→ K
nr
0 is the Frobenius endomorphsim of K
nr
0 .
Now to find this L0-form is not difficult. Indeed we have the following isomorphism
Ψπ : H
q
crys(X•≤N/W(s))⊗W KN
∼
−→ Hqinf(XKN/KN) (q ∈ N)(6.4.1.1)
((6.3.17.3)) for a uniformizer π of KN . Because H
q
crys(X•≤N/W(s))⊗WKN,0 has the
monodromy operator
N : Hqcrys(X•≤N/W(s))⊗W KN,0 −→ H
q
crys(X•≤N/W(s))⊗W KN,0
and the Frobenius action
F : Hqcrys(X•≤N/W(s))⊗W KN,0 −→ H
q
crys(X•≤N/W(s))⊗W KN,0
such that NF = pFN ((3.6.3.1)). We would like to prove the following:
Theorem 6.4.2. (1) The KN,0-form
Im(Ψπ|Hqcrys(X•≤N/W(s))⊗WKN,0)
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of Hqinf(XKN/KN) is independent of the choices of X , N and X•≤N . (It depends only
on X/K and KN,0.)
(2) The KN,0-form in (1) has the Frobenius endomorphism which is independent of
the choice of of X , N and X•≤N . (It depends only on X/K, KN,0 and a uniformizer
π.)
Proof. (1): Let X ′ be another proper flat model of X over V and let X ′•≤N ′ be another
gs N ′-truncated simplicial generically proper hypercovering of X ′VN . We may assume
that N ′ ≥ N and even N ′ = N by considering X ′•≤N . Let X
′′ be another proper flat
model of X over V constructed by X and X ′ in (6.1.4). By (6.1.5) there exist a finite
extension V ′N and a gs N -truncated simplicial generically proper hypercovering X
′′
•≤N
of X ′′V′N fitting into the following commutative diagram:
X•≤N ←−−−− X ′′•≤N −−−−→ X
′
•≤Ny y y
XVN ←−−−− X ′′V′N −−−−→ X
′
VN .
Let π′ be a uniformizer of V ′N . Let X
′
•≤N and X
′′
•≤N be the log special fibers of X
′
•≤N
and X ′′•≤N over S and S
′, respectively, where S′ is the log scheme Spec(V ′N ) endowed
with the canonical log structure. Let X′•≤N and X
′′
•≤N be the log special fibers of
X ′•≤N and X
′′
•≤N over S and S
′, respectively. By (6.3.12.1) we have the following
commutative diagram:
(6.4.2.1)
Hqcrys(X•≤N/W(s))⊗W K
′
N
Ψπ⊗idK′
N
, ∼
−−−−−−−−−→ HqdR(X•≤N/KN)⊗KN K
′
N∥∥∥ ∥∥∥
Hqcrys(X
′′
•≤N/W(s
′))⊗W′ K ′N
Ψπ′exp(− log(a)Nzar), ∼−−−−−−−−−−−−−−−−→ HqdR(X
′′
•≤N/K
′
N)∥∥∥ ∥∥∥
Hqcrys(X
′
•≤N/W(s))⊗W K
′
N
Ψπ⊗idK′
N
, ∼
−−−−−−−−−→ HqdR(X•≤N/KN)⊗KN K
′
N ,
where a := π′e/π. This commutative diagram implies (6.4.2).
(2): (2) follows from the following commutative diagram:
(6.4.2.2)
Hqcrys(X•≤N/W(s))
F
−−−−→ Hqcrys(X•≤N/W(s))y y
Hqcrys(X
′′
•≤N/W(s
′)) F−−−−→ Hqcrys(X
′′
•≤N/W(s
′))x x
Hqcrys(X
′
•≤N/W(s))
F
−−−−→ Hqcrys(X
′
•≤N/W(s)).
By (6.4.2) we obtain the following:
Corollary 6.4.3. Let X be a proper scheme over K. Let q be an nonnegative in-
teger. Then there exist a finite extension L/K and an well-defined L0 structure
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HqL0 of H
q
inf(XL/L) such that H
q
L0
has a well-defined nilpotent monodromy oper-
ator N : HqL0 −→ H
q
L0
and a bijective well-defined Frobenius-linear endomorphism
F : HqL0 −→ H
q
L0
such that NF = pFN .
Remark 6.4.4. (6.4.3) is a generalizations of Tsuji’s result stated in the introduction
of [Tsuj4], which says that for a proper semistable scheme X/V , the K0-structure,
the Frobenius action and the monodromy operator on HqdR(XK/K) is independent of
the proper semistable model X/V of XK/K. In the next section we give a stronger
result than this result.
Corollary 6.4.5. Let the notations be as in (6.4.3). Then Hqinf(XK/K) has the
following semi-linear action
ρ′qXK ,crys : WDcrys(K) −→ Aut(H
q
inf(XK/K))(6.4.5.1)
of W logcrys(K).
Remark 6.4.6. Fix a uniformizer π−1 of V . Then we can see that the representation
(6.4.5.1) depends only on X/K (and π−1). Indeed, let X•≤N/VN , X•≤N , X•≤N , KN
and KN,0 be as in the proof of (6.4.2). Let X ′•≤N/V
′
N , X
′
•≤N ′ , X
′
•≤N , K
′
N ′ and K
′
N ′,0
be analogous objects of the objects above. Then we may assume that N ′ = N without
of loss of generality. Let X ′′•≤N/V
′′
N , X
′′
•≤N , X
′′
•≤N ′ , K
′′
N andK
′′
N,0 be analogous objects
which cover the objects of two kinds above simultaneously. Let π, π′ and π′′ be a
uniformizer of VN , V ′N and V
′′
N , respectively. Let e, e
′ and e′′ be the ramification
indexes of VN/V , V ′N/V and V
′′
N/V , respectively. Set a := π
e/π−1, a′ := π′e
′
/π−1 and
a′′ := π′′e
′′
/π−1. Let W ′ and W ′′ be the Witt rings of the residue fields of V ′ and
V ′′, respectively. By (6.3.12.1) we have the following commutative diagram by using
(6.3.17.1):
(6.4.6.1)
Hqcrys(X•≤N/W(s))⊗W K
′′
N
Ψπexp(− log(a)e−1Nzar), ∼
−−−−−−−−−−−−−−−−−−→ HqdR(X•≤N/KN)⊗KN K
′′
N∥∥∥ ∥∥∥
Hqcrys(X
′′
•≤N/W(s
′′))⊗W′′ K ′′N
Ψπ′′exp(− log(a′′)e′′−1Nzar), ∼−−−−−−−−−−−−−−−−−−−−→ HqdR(X•≤N/K
′′
N)∥∥∥ ∥∥∥
Hqcrys(X
′
•≤N/W(s
′))⊗W′ K ′′N
Ψπ′exp(− log(a′)e′−1Nzar) ∼−−−−−−−−−−−−−−−−−−−→ HqdR(X
′
•≤N/KN)⊗K′N K
′′
N .
This commutative diagram shows that the representation (6.4.5.1) depends only on
X/K (and π−1).
As a generalization of [BO2, (4.3)], we prove the following which we prefer to
(6.4.5) because we need not to fix a uniformizer of KN :
Theorem 6.4.7 (A generalization of [BO2, (4.3)] and [Og4, Theorem 5]).
Let X be a proper scheme over K. There exists a unique semi-linear action
ρqcrys := ρ
q
X,crys : WDcrys(K) −→ Aut(H
q
inf(X/K))(6.4.7.1)
satisfying the following properties:
(1) This action is contravariantly functorial with respect to a morphism X −→ Y
of proper schemes over K. That is, for a morphism f−1 : X −→ Y of proper schemes
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over K, the following diagram is commutative for an element γ ∈WDcrys(K) :
(6.4.7.2)
Hqinf(X/K)
ρq
X,crys(γ)
−−−−−−→ Hqinf(X/K)
f∗−1
x xf∗−1
Hqinf(Y/K)
ρq
Y,crys(γ)
−−−−−−→ Hqinf(Y/K).
(2) For a finite extension L of K, let OL be the integer ring of L and let Lnr
be the maximal non-ramified extension of L in K If X is a proper scheme over OL
such that X ⊗OL K = X and if X•≤N is a gs N -truncated simplicial generically
proper hypercovering of XVN for some finite extension VN over OL of complete discrete
valuation rings of mixed characteristics and if X•≤N is the log special fiber of X•≤N ,
then the action of Icrys(K) on the image of the following morphism
Hqcrys(X•≤N/W(s))⊗W K
nr
0 ⊂ H
q
crys(X•≤N/W(s))⊗W (KN )
nr(6.4.7.3)
Ψ, ∼
−→ Hqinf(X(KN )nr/(KN )
nr) ⊂ Hqinf(X/K)
is trivial; the action of Wcrys(K)/Icrys(K) ≃ Z is induced by the actions of the powers
of the absolute Frobenius endomorphism of X•≤N and the action of W (K) on K; the
action of K(1) ∋ a (a ∈ K) is defined by the exponential exp(ae−1K N) of the monodro-
moy operator ae−1K N : H
q
crys(X•≤N/W(s))⊗WK −→ Hqcrys(X•≤N/W(s))(−1)⊗WK,
where eK be the absolute ramification index of K.
Proof. Let g be an element ofWcrys(K). Consider g as an element of WDcrys(K). Set
d := deg(g). Let LX be a model of X over a finite extension L of K: LX⊗L K = X.
Let X be a proper flat model of LX over the integer ring OL. Then there exists a
gs N -truncated simplicial generically proper hypercovering of XVN over some finite
extension VN of OL. Consider the following isomorphism induced by the isomorphism
(6.3.9.1):
Ψ: Hqcrys(X•≤N/W(s))⊗W K
nr
N,0 ⊗KnrN,0 K
∼
−→ Hqinf(X/K).(6.4.7.4)
Let ΦN : H
q
crys(X•≤N/W (s)) −→ H
q
crys(X•≤N/W(s)) be the induced morphism of the
absolute Frobenius endomorphism of X•≤N . Let σN be the Frobenius endomorphism
of W . Because ΦN is σN -linear,
ΦdN ⊗ g : H
q
crys(X•≤N/W(s))⊗W K
nr
0 ⊗Knr0 K(6.4.7.5)
−→ Hqcrys(X•≤N/W(s))⊗W K
nr
0 ⊗Knr0 K
is a well-defined g-linear automorphism ofHqcrys(X•≤N/W(s))⊗WK
nr
0 ⊗Knr0 K. By us-
ing the isomorphism (6.4.7.4), we have the action ofWcrys(K) onH
q
inf(X/K). Because
K
Icrys(K)
= Knr0 , it is clear that
Hqcrys(X•≤N/W (s))⊗W K
nr
0
⊂
−→ Hqinf(X/K)
Icrys(K).
Since we have an automorphism
exp(ae−1K Nzar) : H
q
crys(X•≤N/W (s))⊗W K
∼
−→ Hqcrys(X•≤N/W (s))⊗W K,
(6.4.7.6)
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the action of K(1) = K ∋ a is defined by the exponential of the monodromy operator
exp(ae−1K Nzar) : H
q
inf(X/K)
∼
−→ Hqinf(X/K).(6.4.7.7)
Because ΦNNzar = p
−1NzarΦN , we have an action of WDcrys(K) on H
q
inf(X/K).
We have to prove that this action is independent of the choices of X•≤N , VN and
L. Let L′, X ′, V ′N and X
′
•≤N be similar objects to L, X , VN and X•≤N , respectively.
Then X ⊗OL K = X = X ′ ⊗OL′ K. We may assume that L ⊂ L
′. Then we obtain
two models X ⊗OL OL′ and X ′ over OL′ of X and we have another model X ′′ over
OL′ of X with morphisms X ⊗OL OL′ ←− X ′′ −→ X ′ such that they induce idX.
We also have a gs N -truncated simplicial generically proper hypercovering of X ′V′′N of
X ′′ ⊗OL′ V
′′
N over some finite extension V
′′
N of OL′ covering X•≤N and X
′
•≤N . Let
X ′•≤N and X
′′
•≤N be the log special fibers of X
′
•≤N and X
′′
•≤N , respectively. Then, as
in (6.4.6). we have the following commutative diagram as in (6.4.6.1):
(6.4.7.8)
Hqcrys(X•≤N/W(s))⊗W K
′′
N
Ψ, ∼
−−−−→ HqdR(X•≤N/KN)⊗KN K
′′
N∥∥∥ ∥∥∥
Hqcrys(X
′′
•≤N/W(s
′′))⊗W′′ K ′′N
Ψ, ∼
−−−−→ HqdR(X•≤N/K
′′
N)∥∥∥ ∥∥∥
Hqcrys(X
′
•≤N/W(s
′))⊗W′ K ′′N
Ψ, ∼
−−−−→ HqdR(X
′
•≤N/KN)⊗K′N K
′′
N .
Moreover we have the following commutative diagram:
(6.4.7.9)
Hqcrys(X•≤N/W(s))⊗W K
′′
N,0
⊂
−−−−→ Hqcrys(X•≤N/W(s))⊗W K
′′y ∥∥∥
Hqcrys(X
′′
•≤N/W(s
′′))⊗W′′ K ′′N,0
⊂
−−−−→ Hqcrys(X
′′
•≤N/W(s
′′))⊗W′′ K ′′Nx ∥∥∥
Hqcrys(X
′
•≤N/W(s
′))⊗W′ K ′′N,0
⊂
−−−−→ Hqcrys(X
′
•≤N/W(s
′))⊗W′ K ′′N .
Since the vertical arrows in (6.4.7.9) are injective and since the dimensions of the
sources and the targets of these arrows are the same, these arrows are isomorphisms.
This tells us that the action of WDcrys(K) is independent of the choices of X•≤N , VN
and L.
The rest we have to prove is the functoriality. If we take a bigger L if necessary,
then we may assume that the morphism f−1 : X −→ Y over K is defined over a finite
extension L of K. Let Lf−1 : LX −→ LY be this morphism. By (6.1.4) and (6.1.5)
(1), (2), we may assume that there exists a morphism OL f−1 : X −→ Y over OL
which is a morphism of proper flat models of Lf and that there exists a morphism
X•≤N −→ Y•≤N over X −→ Y fitting into the following commutative diagram
(6.4.7.10)
X•≤N −−−−→ Y•≤Ny y
XVN
OL
f−1⊗VVN
−−−−−−−−→ YVN
such that the vertical morphsims are gs N -truncated simplicial generically proper
hypercoverings. Let X•≤N and Y•≤N be the log special fibers of X•≤N and Y•≤N ,
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respectively. Then we have the following morphism
Hqcrys(Y•≤N/W(s)) −→ H
q
crys(X•≤N/W(s)).
This morphism is compatible with the monodromy operator and the Frobenius en-
domorphism. Let X•≤N and Y•≤N be the log generic fibers of X•≤N and Y•≤N ,
respectively. By (6.3.17.1) we obtain the following commutative diagram:
Hqcrys(X•≤N/W(s))⊗W KN
Ψ,∼
−−−−→ HqdR(X•≤N/KN)x x
Hqcrys(Y•≤N/W(s))⊗W KN
Ψ,∼
−−−−→ HqdR(Y•≤N/KN).
This means the desired contravariant functoriality of the action of WDcrys(K).
Remark 6.4.8. (1) After [Og4, Theorem 5], Ogus has conjectured the contravariant
functoriality of the action of WDcrys(K) on H
q
dR(X/K) if X is proper and smooth
over K and X has potentially semistable reduction. In (6.4.7) (1) we have proved a
generalization of his conjecture.
(2) It is possible to generalize (6.4.7) for a separated scheme of finite type over K
without difficulty. In the next chapter we prove this.
Proposition 6.4.9. The representation is compatible with the cup product of H•inf(X/K).
That is, for x ∈ Hqinf(X/K), y ∈ H
q′
inf(X/K) and γ ∈WDcrys(K),
ρq+q
′
X,crys(γ)(x ∪ y) = ρ
q
X,crys(γ)(x) ∪ ρ
q′
X,crys(γ)(y).(6.4.9.1)
Proof. Let the notations be as in the proof of (6.4.7). Because Ψ in (6.4.7.4) is
compatible with the cup products of both hands ((6.3.11)), we have only to note that
the morphisms (6.4.7.5) and (6.4.7.6) are compatible with the cup product of the log
crystalline cohomologies. The former is obvious and the latter has already proved in
the proof of (6.3.11).
In the rest of this section, we consider a more general action than the Frobenius
action. Let K ′/K, Y −→ X , g : Y −→ X, S′ −→ S and g : Y•≤N −→ X•≤N be as in
(6.3.18). Let Y•≤N/s′ be as in the proof of (6.3.18). Let s′−1 be the log point obtained
by Spec(V ′). Let s′−1 −→ s−1 be the induced morphism by Spec(V ′) −→ Spec(V).
Set κ′−1 := Γ(s
′
−1,Os′−1). Let
(6.4.9.2)
Y•≤N
g0
−−−−→ X•≤Ny y
s′ u−−−−→ s
⋂y y⋂
W(s′)
W(u)
−−−−→ W(s)y y
W(s′−1)
W(u−1)
−−−−−→ W(s−1)
⋃x x⋃
s′−1
u−1
−−−−→ s−1
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be a commutative diagram of (formal) log schemes obtained by (7.1.8.1). Here g0 is
the induced morphism by g.
Let
σu : KN −→ K
′
N(6.4.9.3)
be a morphism of fields extending the morphisms K −→ K ′ and W(u)∗ : W −→W ′.
Because we have a pull-back morphism
u∗ : Hqcrys(X•≤N/W(s)) −→ H
q
crys(Y•≤N/W(s
′))(6.4.9.4)
of u,
u∗ ⊗ σu : Hqcrys(X•≤N/W(s))⊗W KN −→ H
q
crys(X•≤N/W(s))⊗W′ K
′
N(6.4.9.5)
of u, we have an endomorphism by using the canonical Hyodo-Kato isomorphsim
(u∗KN/K , σu) := (u
∗
KN/K
(X•≤N/S,Y•≤N/S′), σu) : H
q
inf(XKN/KN) −→ H
q
inf(YK′N /K
′
N).
(6.4.9.6)
Let
σu−1 : K −→ K(6.4.9.7)
be a morphism of fields extending the morphismsK ′ −→ K andW(u∗−1) : W(κ
′
−1) −→
W(κ−1). Then the morphism (6.4.9.7) induces the following morphism
(u∗−1,K/K , σu−1) := (u
∗
−1,K/K(X•≤N/S,Y•≤N/S
′), σu−1) : H
q
inf(YK/K) −→ H
q
inf(XK/K).
(6.4.9.8)
If one considers the actions (6.4.9.6) and (6.4.9.8), then the morphisms (6.3.21.1)
and (6.3.21.2) are the following morphisms, respectively:
NXKN /KN : H
q
inf(XKN /KN) −→ H
q
inf(XKN/KN)(−1, uKN/K),(6.4.9.9)
NXK/K
: Hqinf(XK/K) −→ H
q
inf(XK/K)(−1, uKN/K).(6.4.9.10)
The following result tells us that u∗
K/K
(X•≤N/S,Y•≤N/S′) is independent of the
choice of X•≤N/S and Y•≤N/S′ in a certain sense.
Theorem 6.4.10. Let L beKN orK. Then the morphism in (6.4.9.6) (resp. (6.4.9.8))
on Hqinf(XL/L) is independent of the choices of X and the gs N -truncated generically
proper hypercovering of X•≤N in §6.1.
Proof. We have only to prove this theorem only in the case L = KN . Assume that we
are given another K ′N ⊂ KN , X
′, N ′ ≥ 2−1(q+1)(q+2) and another gs N ′-truncated
generically proper hypercovering of X ′•≤N ′ . We may assume that N ≤ N
′. We may
consider X ′•≤N instead of X
′
•≤N ′ . By (6.1.5) (2) we have other V
′′
N containing VN and
X ′′ fitting into the following commutative diagram
(6.4.10.1)
X•≤N,VS′′ ←−−−− X
′′
•≤N −−−−→ X
′
•≤N,VS′′y y y
XV′′N ←−−−− X
′′
V′′N −−−−→ X
′
V′′N .
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By (6.3.18.2) we have the following commutative diagram
(6.4.10.2)
Hqinf(XKN /KN)K′′N
∼
−−−−→ Hqinf(X
′
K′N
/K ′′N)
∼
←−−−− Hqinf(XK′N/K
′
N)K′′N
u∗KN/K
x u∗K′′N/Kx xu∗K′N/K
Hqinf(YKN /KN)KS′′
∼
−−−−→ Hqinf(YK′′N /K
′′
N)
∼
←−−−− Hqinf(YK′N /K
′
N)K′′N .
This commutative diagram shows (6.4.10).
Theorem 6.4.11. (1) There exists a unique morphism
uK : H
q
inf(Y/K) −→ H
q
inf(X/K)(6.4.11.1)
such that uK ⊗K K = uK/K .
(2) There exists a unique morphism
NX/K : H
q
inf(X/K) −→ H
q
inf(X/K)(−1, uK)(6.4.11.2)
such that NX/K ⊗K K = NXK/K
.
Proof. (1): Let σ be an element of Gal(K/K). Then σuK/K = uK/Kσ. Since
Hqinf(X/K) is fixed by σ, σuK/K = uK/K on H
q
inf(X/K). Hence the image of
Hqinf(X/K) by uK/K is contained in H
q
inf(X/K).
(2): Let π−1 be a uniformizer of V . Since σ(π−1) = π−1, it is easy to check that
σNXK/K
= NXK/K
σ. The rest of the proof is the same as that of (1).
6.5 Limits of the weight filtrations on the infinites-
imal cohomologies of proper schemes in mixed
characteristics
Let the notations be as in the previous section. In this section we endow Hqinf(X/K)
(q ∈ N) with the limit P of the weight filtration. More strongly, we show that there
exists a well-defined K0-form H
q
inf(X/K/K0) of H
q
inf(X/K) and a finite increasing
filtration PK0 such that PK0 ⊗K0 K = P on H
q
inf(X/K). We also prove that PK0 is
contravariantly functorial, in particukar, Hqinf(X/K/K0) is contravariantly functorial.
Let VN , KN , W , X•≤N/S, X•≤N/s and κ be as in §6.1. Set W := W(κ). By
(3.2.7) and (3.4.9.5) we have the following spectral sequence
E−k,q+k1 (/K0(κ)) :=
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−2j−k−2m((
◦
X(2j+k+m)m /W)crys,
O ◦
X
(2j+k+m)
m /W
⊗Z ̟
(2j+k+m)
crys (
◦
Xm/W))Q
=⇒ Hqcrys(X•≤N/W(s))Q (q ∈ Z).
(6.5.0.1)
Here we omit the action of u∗ in (3.4.9.5) for the time being.
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Theorem 6.5.1. (1) Let q be a nonnegative integer. Let N be an integer which is
greater than or equal to 2−1(q + 1)(q + 2). The spectral sequence (6.5.0.1)⊗KN,0KN
converges to Hqinf(XKN/KN). Consequently there exists the following spectral sequence
E−k,q+k1 (/KN) :=
N⊕
m=0
⊕
j≥max{−(k+m),0}
Hq−2j−k−2m((
◦
X(2j+k+m)m /W)crys,
O ◦
X
(2j+k+m)
m /W
⊗Z ̟
(2j+k+m)
crys (
◦
Xm/W(κ)))Q ⊗KN,0 KN
=⇒ Hqinf(XKN/KN)Q (q ∈ Z).
(6.5.1.1)
and there exists a filtration P on Hqinf(XKN/KN) such that gr
P
q+kH
q
inf(XKN/KN) ≃
E−k,q+k∞ (/KN ) := E
−k,q+k
∞ (/KN,0)⊗KN,0 KN . The spectral sequence (6.5.1.1) degen-
erates at E2.
(2) For N ′ ≥ N , there exists a canonical isomorphism E−k,q+k∞ (/KN )⊗KNKN ′
∼
−→
E−k,q+k∞ (/KN ′).
Proof. (1): By (6.3.17.3) we have the following isomorphism
Hqinf(XKN /KN)
∼
−→ Hqcrys(X•≤N/W(s))⊗W KN .(6.5.1.2)
Hence we obtain the spectral sequence (6.5.1.1) by (3.4.9.7). The degeneration at E2
of this spectral sequence follows from (5.4.1). Hence we obtain (1).
(2): The base change theorem of crystalline cohomologies and the existence of the
spectral sequence (6.5.0.1) show (2).
Remark 6.5.2. The Eijr -terms E
ij
r (/KN,0) (1 ≤ r ≤ ∞, i + j = q) of the spectral
sequence (6.5.0.1) are independent of the choice of N ([Nakk4, (2.2)]) in the sense
Eijr (/KN,0) ⊗KN,0 KN ′,0) = E
ij
r (/KN ′,0) (N ≤ N
′) since (X•≤N ′)•≤N = X•≤N ⊗VN
VN ′ , and the graded objects of H
q
inf(XKN/KN) by the filtration induced by the spec-
tral sequence (6.5.0.1)⊗KN,0KN are E
ij∞-terms (i + j = q) of (6.5.0.1) with tensor
⊗KN,0KN .
By (6.5.1.1) we have the following spectral sequence
E−k,q+k1 =
N⊕
m≥0
⊕
j≥max{−(k+m),0}
Hq−2j−k−2m((
◦
X(2j+k+m)m /W)crys, (O ◦
X
(2j+k+m)
m /W
⊗Z
(6.5.2.1)
̟(2j+k+m)crys (
◦
Xm/S))⊗W K =⇒ H
q
inf(XK/K).
Definition 6.5.3. We call (6.5.2.1) the limit weight spectral sequence of X•≤N/XK/K.
The following is one of main results in this book:
Theorem 6.5.4. (1) The induced filtration PK on H
q
inf(XK/K) by the spectral se-
quence (6.5.2.1) is independent of the choice of X and X•≤N .
(2) There exists a well-defined filtration P on Hqinf(X/K) such that P ⊗KK = PK
on Hqinf(XK/K).
(3) 0 = P−1 ⊂ · · · ⊂ P2q = H
q
inf(X/K).
Proof. (1): Let the notations be as in the proofs of (6.4.6). Let P
X•≤N
K
and P
X ′•≤N
K
be the filtrations on Hqinf(XK/K) obtained by X•≤N and X
′′
•≤N , respectively. Then
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we have the natural injection P
X•≤N
K
⊂
−→ P
X ′′•≤N
K
. By the strict compatibility (5.4.7),
we have the equality P
X•≤N
K
= P
X ′′•≤N
K
. This proves (1).
(2): (T. Tsuji kindly pointed out the following argument to the author.) We may
assume that the finite extension KN/K is Galois. Let σ be an element of Gal(K/K).
Then we have two N -truncated generically proper hypercoverings X•≤N and σ(X•≤N )
of X ⊗K KN . The covering σ(X•≤N ) induces the filtration σ(PK) on H
q
inf(XK/K).
By the well-definedness of PK in (1), we see that PK = σ(PK). Hence (2) follows
from the Galois descent.
(3): Assume that k < −q. Consider the spectral sequence (6.5.2.1). Then q −
2j − k − 2m < −2(k +m + j) ≤ 0. Hence E−k,q+k1 = 0. Assume that k > q. Then
q − 2j − k − 2m = q − k − 2(j +m) < 0. Hence E−k,q+k1 = 0. As a result, we obtain
(3).
The following is also one of main results in this book. The following tells us that
Hqinf(X/K) has a well-defined deep “hidden structure” (cf. Illusie’s observation stated
in the introduction of [Og4]):
Theorem 6.5.5. There exists a well-defined K0-form H
q
inf(X/K/K0) of H
q
inf(X/K)
and a well-defined filtration PK0 on H
q
inf(X/K/K0) such that PK0 ⊗K0 K = P on
Hqinf(X/K).
Proof. Let the notations be as in the proof of (6.5.4). We may assume that the finite
extension KN/K0 is Galois. We may also assume that the finite extension K/K0 is
Galois by replacing K by the Galois closure of K over K0. Let KN,0 be the maximal
unramified extension of K0 in KN . Then KN is a totally ramified extension of KN,0K
and KN,0 ∩K = K0:
KN,0
⊂
−−−−→ KN,0K
⊂
−−−−→ KN
⋃x x⋃
K0
⊂
−−−−→ K.
Let σ be an element of Gal(K/K0). Then we can consider σ as an element of
Gal(KN,0K/KN,0) since Gal(KN,0K/KN,0) = Gal(K/K0). The filtration P onH
q
inf(X/K)
induces the filtration P ⊗K (KN,0K) on H
q
inf(XKN,0K/KN,0K). By the spectral se-
quence (6.5.1.1), we have the filtration P (KN,0) such that P (KN,0) ⊗KN,0 KN,0K =
P ⊗K (KN,0K). Hence
σ(P )⊗K (KN,0K) = σ(P ⊗K (KN,0K)) = σ(P (KN,0)⊗KN,0 (KN,0K))
= P (KN,0)⊗KN,0 (KN,0K) = P ⊗K (KN,0K).
This means σ(P ) = P . Hence we have the desired K0-structure and the desired
filtration.
Definition 6.5.6. We call the filtration PK0 on H
q
inf(X/K/K0) the hidden limit
weight filtration of Hqinf(X/K/K0).
Remark 6.5.7. By the definition of PK0 on H
q
inf(X/K/K0), we have the following
natural morphism
Ψ: PkH
q
crys(X•≤N/W(s))⊗W KN,0
∼
−→ (PK0)kH
q
inf(X/K/K0)⊗K0 KN,0 (k ∈ Z).
(6.5.7.1)
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Theorem 6.5.8 (Strict compatibility). Let K
⊂
−→ K ′ be a morphism of the frac-
tion fields of complete discrete valuation rings of mixed characteristics (0, p). Let Y be
a proper scheme over K ′. Let f : Y −→ X be a morphism over Spec(K ′) −→ Spec(K).
Let
f∗ : Hqinf(X/K)⊗K K
′ −→ Hqinf(Y/K
′)(6.5.8.1)
be the induced morphism by f . Let K ′0 be the maximal unramified extension of K0 in
K ′. Then the following hold:
(1) There exists a morphism
f∗0 : H
q
inf(X/K/K0)⊗K0 K
′
0 −→ H
q
inf(Y/K
′/K ′0)(6.5.8.2)
such that f∗0 ⊗K′0 K
′ = f∗. This morphism satisfies the transitive relation and id∗X =
idHqinf (X/K/K0).
(2) The morphism f∗0 is strictly compatible with PK0⊗K0K
′
0 and PK′0 on H
q
inf(X/K/K0)⊗K0
K ′0 and H
q
inf(Y/K
′/K ′0), respectively.
Proof. (1): Let the notations be as in the proof of (6.5.5). Consider the following
morphism
f∗ : Hqinf(XKN,0K/KN,0K)⊗KN,0K K
′
N,0K
′ −→ Hqinf(YK′N,0K′/K
′
N,0K
′),
which is a scalar extension of the morphism (6.5.8.1). Here we have denoted this
morphism by f∗ by abuse of notation. Let the notations be as in the proof of (6.3.18).
Then we have the following commutative diagram
(6.5.8.3)
Hqinf(XKN,0K/KN,0K)⊗KN,0K K
′
N,0K
′ f∗−−−−→ Hqinf(YK′N,0K′/K
′
N,0K
′)
Ψ
x≃ ≃xΨ
Hqcrys(X•≤N/W(s))⊗
L
W K
′
N,0K
′ f∗−−−−→ Hqcrys(X
′
•≤N/W(s
′))⊗LW′ K
′
N,0K.
The lower morphism f∗ is defined overK ′N,0. Let σ be an element of Gal(K
′
N,0K
′/K ′N,0).
Then σ(f∗) = f∗. Hence, for an element σ of Gal(K ′/K ′0) and for the morphism f∗
in (6.5.8.1), σ(f∗) = f∗. This tells us the existence of f∗0 .
(2): It suffices to prove that the pull-back
(6.5.8.4) f∗ : Hqinf(XK/K) −→ H
q
inf(YK/K)
by f is strictly compatible with the (induced) weight filtrations. This immediately
follows from (6.1.5), (6.3.1) and (5.4.7).
Theorem 6.5.9. Let the notations be as in the previous section. Then the following
hold:
(1) There exists a welll-defined p-adic monodromy operator
NX/K/K0 : H
q
inf(X/K/K0) −→ H
q
inf(X/K/K0)
such that NX/K/K0 ⊗K0 K = NX/K : H
q
inf(X/K) −→ H
q
inf(X/K).
(2) There exists an action F/K0 on H
q
inf(X/K/K0) such that F/K0 ⊗K0 KN,0 = F
on the KN,0-form
Im(Ψ|Hqcrys(X•≤N/W(s))⊗WKN,0).
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Proof. (1): The morphism NXKN /KN is defined over KN,0. Let the notations be as
in the proof of (6.5.5). Then it is clear that σ˜(NXKN /KN ) = NXKN /KN since σ˜(π) is
also a uniformizer of KN (cf. (6.3.15.1)). Hence NXKN /KN is defined over K0.
(2): Let the notations be as in the proof of (6.5.5). Then σ˜ induces a morphism
σ˜ : σ˜(X•≤N ) −→ X•≤N . It is clear that we have the following commutative diagram
σ˜(X•≤N )
σ˜
−−−−→ X•≤N
F
y yF
σ˜(X•≤N )
σ˜
−−−−→ X•≤N .
Since σ˜ indcuces the idenitiy morphism of XK and since σ˜(X•≤N ) is a genericallly gs
proper hypercovering of XKN , we obtain (2) by using the following three (commuta-
tive) diagrams:
Hqcrys(σ˜(X•≤N )/W(s))⊗W KN,0 ⊗KN,0 KN
Ψ,∼
−−−−→ Hqinf(X/K)⊗K KN
F
y
Hqcrys(σ˜(X•≤N )/W(s))⊗W KN,0 ⊗KN,0 KN
Ψ,∼
−−−−→ Hqinf(X/K)⊗K KN
over
Hqcrys(X•≤N/W(s))⊗W KN,0 ⊗KN,0 KN
Ψ,∼
−−−−→ Hqinf(X/K)⊗K KN
F
y
Hqcrys(X•≤N/W(s))⊗W KN,0 ⊗KN,0 KN
Ψ,∼
−−−−→ Hqinf(X/K)⊗K KN
and the following commutative diagram
Hqcrys(σ˜(X•≤N )/W(s))⊗W KN,0 ⊗KN,0 KN
σ˜,∼
−−−−→ Hqcrys(X•≤N/W(s))⊗W KN,0
F
y yF
Hqcrys(σ˜(X•≤N )/W(s))⊗W KN,0 ⊗KN,0 KN
σ˜,∼
−−−−→ Hqcrys(X•≤N/W(s))⊗W KN,0.
Let the notations be as in the beginning of this section. Then we have the following
spectral sequence by (6.5.7.1):
E−k,q+k1 =
N⊕
m≥0
⊕
j≥max{−(k+m),0}
Hq−2j−k−2m((
◦
X(2j+k+m)m /W)crys, (O ◦
X
(2j+k+m)
m /W
⊗Z
(6.5.9.1)
̟(2j+k+m)crys (
◦
Xm/S))⊗W KN,0 =⇒ H
q
inf(X/K/K0)⊗K0 KN,0.
More precisely, if we consider the action of the Frobenius endomorphism, the spectral
sequence above is the following spectral sequence
E−k,q+k1 =
N⊕
m≥0
⊕
j≥max{−(k+m),0}
Hq−2j−k−2m((
◦
X(2j+k+m)m /W)crys, (O ◦
X
(2j+k+m)
m /W
⊗Z
(6.5.9.2)
̟(2j+k+m)crys (
◦
Xm/S))(−j − k −m)⊗W KN,0 =⇒ H
q
inf(X/K/K0)⊗K0 KN,0.
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Corollary 6.5.10. If κ is finite, then PK0 is the filtration defined by the weight of
eigenvalues of the Frobenius endomorphism on Hqinf(XK/K/K0).
Proof. It suffices to prove that PK0 ⊗K0 KN,0 on H
q
inf(XK/K/K0) ⊗K0 KN,0 is the
filtration defined by the weight of eigenvalues of the Frobenius endomorphism on
Hqinf(XK/K/K0)⊗K0 KN,0. By the spectral sequence (6.5.9.1) and the purity of the
eigenvalues of the Frobenius endomorphism on the classical crystalline cohomology
of a proper smooth scheme over a finite field ([KM, Corollary 1 2)] , [CLe, (1.2)],
[Nakk2, (2.2) (4)]), we immediately obtain (6.5.10).
Proposition 6.5.11. (1) There exists the following product
(?∪?)K0 : H
q
inf(X/K/K0)⊗K0 H
q
inf(X/K/K0) −→ H
q
inf(X/K/K0)
such that (?∪?)K0 ⊗K0 K is the cup product of H
q
inf(X/K).
(2) Set N
[i]
X/K/K0
:= (i!)−1NX/K/K0 (i ∈ N). Then the Leibniz rule for N
[i]
X/K/K0
holds: N
[i]
X/K/K0
((x∪y)K0 ) =
∑i
j=0N
[j]
X/K/K0
(x)∪N
[i−j]
X/K/K0
(y))K0 (x ∈ H
q′
inf(X/K/K0), y ∈
Hq
′′
inf(X/K/K0)).
(3) NX/K/K0(PkH
q
inf(X/K/K0)) ⊂ Pk−2H
q
inf(X/K/K0) (k ∈ Z).
Proof. (1): The proof is the same as that of (6.5.8).
(2): (2) follows from (1) and (6.3.23.1).
(3): (3) follows from (3.6.8).
Proposition 6.5.12. Let X be a proper scheme over K. The action (6.4.7.1) pre-
serves the limit weight filtration P on Hqinf(X/K).
Proof. Because (6.4.7.5) preserves the limit weight filtration, the action of the crys-
talline Weil group preserves the limit weight filtration. Because NK : H
q
inf(X/K) −→
Hqinf(X/K) induces the morphism NX/K : PkH
q
inf(X/K) −→ Pk−2H
q
inf(X/K),
exp(aNX/K) : H
q
inf(X/K) −→ H
q
inf(X/K) (a ∈ K)
preserves the limit weight filtration. Hence the action of WDcrys(K) on H
q
inf(X/K)
preserves the limit weight filtration.
The following is a reformulation of Tsuji’s result ([Tsuj1]).
Theorem 6.5.13. The following equality
Hqinf(XKN/KN) = Dst(H
q
et(XK ,Qp))⊗L0 L
holds. This equality is compatible with the monodromy operator and the Frobenius
action. Here L0 is the fraction field of the Witt ring of the residue field of L and
Dst(H
q
et(XK ,Qp)) := (Bst ⊗L0 H
q
et(XK ,Qp))
Gal(K/L).
Remark 6.5.14. (6.5.13) tells us that the cohomology Hqinf(XKN/KN) has a canon-
ical KN,0-structure and it is a filtered (φ,N)-module: it has the Frobenius action
(more generally the action u∗K ⊗K KN ) and the monodromy action with the relation
Nφ = pφN and Hqinf(XKN /KN) has the Hodge filtration ((6.2.21)). More strongly we
have proved that Hqinf(X/K) has a canonical K0-structure ((6.5.5)) and it is a filtered
(φ,N)-module ((6.5.9), (6.2.21)): Hqinf(X/K/K0) has the Frobenius action (more gen-
erally the action u∗K) and the monodromy action and H
q
inf(XK/K/K0) ⊗K0 KN has
the Hodge filtraiton. This fact is a generalization of Jannsen’s conjecture stated in
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the introduction of [HK]. Moreover we have proved that it has the limit weight filtra-
tion ((7.1.14)). (It seems to me to impossible to reconstruct the limit filtration from
Hqet(XK ,Qp).)
Proposition 6.5.15. Let the notations be as in §6.1 and (6.4.10). Let Hqinf(X/K/K0) =⊕
i∈NH
q
inf(X/K/K0)[i,i+1) be the slope decomposition. Then the monodromy operator
NX/K/K0 : H
q
inf(X/K/K0) −→ H
q
inf(X/K/K0) induces the following morphism
NX/K/K0 : H
q
inf(X/K/K0) −→ H
q
inf(X/K/K0)(−1).(6.5.15.1)
More precisely, it induces the following morphism
NX/K/K0 : PkH
q
inf(X/K/K0)[i,i+1) −→ Pk−2H
q
inf(X/K/K0)[i−1,i)(−1).(6.5.15.2)
Proof. Becaluse we have the following relation
(NX/K/K0 ⊗K0 KN,0)F = pF (NX/K/K0 ⊗K0 KN,0),(6.4.15.3)
we have the relation NX/K/K0F = pFNX/K/K0.
Conjecture 6.5.16. The following is a p-adic analogue of the famous l-adic monodromy-
weight conjecture:
Assume that XK is proper and smooth overK. LetM be the monodromy filtration
on Hqinf(XK/K) = H
q
dR(XK/K). Then, is gr
M
k H
q
dR(XK/K) (k ∈ N) pure of weight ?.
Remark 6.5.17. To prove (6.5.16), it suffices to prove (6.5.16) in the case where
XK has a projective strict semistable model over V by [Mi, Definition A. 12 (i), (ii)],
Chow’s lemma and de Jong alteration theorem and [Kl, (1.2.4)]. Consequently it
suffices to prove (1.8.14).
Let WD(K/K) be the inverse image of Wcrys(K) ∩ Gal(K/K) in Wcrys(K) by
the morphism WDcrys(K) −→Wcrys(K). This is nothing but the usual Weil-Deligne
group defined in [D3, 8.4.1]. Let
ρqinf : WD(K/K) −→ Aut(H
q
inf(XK/K))
be a representation obtained by the natural action of Gal(K/K) on Hqinf(XK/K) =
Hqinf(X/K) ⊗K K. Set ρ
q
p(γ) := ρ
q
inf(γ)ρ
q
crys(γ
−1) (γ ∈ WD(K/K)). Then we have
the following K-linear action
ρp : WD(K/K) −→ AutK(H
q
inf(XK/K))(6.5.17.1)
of WD(K/K).
In [SGA 7-I, 1] Grothendieck has proved the following result (cf. [ST, Appendix]).
Theorem 6.5.18. Let X be a separated scheme of finite type over K. Let l be a
prime which is prime to p. Let ρl : Gal(K/K) −→ GL(H
q
et(XK ,Ql)) be the l-adic
representation. Then ρl is quasi-unipotent.
By (6.5.18) it is well-known that there exists a nilpotent morphismNl : H
q
et(XK ,Ql) −→
Hqet(XK ,Ql)(−1) such that ρl(g) = exp(tl(g)Nl) for any element g of some open sub-
group of the inertia group of Gal(K/K), where tl : Gal(K/K) −→ Zl(1) is the l-adic
tame character.
Assume that κ is a finite field Fq. Let F be an element of the Weil groupW (K/K)
which is a lift of the geometric Frobenius morphism of Gal(κ/κ). BecauseNF = qFN ,
we have the action of the Weil-Deligne group WD(K/K) on Hqet(XK ,Ql).
The following is an immediate generalization of Fontaine’s conjecture in [Fo, 2.4.3]
for a proper and smooth scheme overK and a special case of his conjecture in [loc. cit.,
(2.4.7)] for a motive over K.
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Remark 6.5.19. By [Nak] and the results in §6.1 and the cohomological descent of l-
adic e´tale cohomologies, we obtain the contravariantly functorial limit weight filtration
P on Hqet(XK ,Ql) such that P−1H
q
et(XK ,Ql) = 0 and P2qH
q
et(XK ,Ql) = H
q
et(XK ,Ql).
Moreover, the action of WD(K/K) on Hqet(XK ,Ql) preserves the filtration P .
Conjecture 6.5.20. Let X be a proper scheme over K. For a nonnegative integer
k, the representations ρl of WD(K/K) on PkH
q
et(XK ,Ql) and ρp of WD(K/K) on
PkH
q
inf(XK/K) are compatible.
In the case where P is trivial, see [Fo, 2.4.6] for the case where (6.5.20) is true.
Remark 6.5.21. (1) See §6.7 below for the generalization of (6.5.10) in the case
where κ is not necessarily finite.
(2) For the proof of [KM, Corollary 1 2)], the weak-Lefschetz conjecture for a
hypersurface of large degrees has been used. This weak-Lefschetz conjecture has been
stated in [Be1]. However, in [NY, (7.18)], I have pointed out the existence of a gap in
the proof in [Be1] and I have filled the gap in [NY, (7.17)]. In the appendix of [NY]
I have given another short proof of the general weak Lefschetz conjecture by using
theory of rigid cohomologies.
6.6 Limits of the slope filtrations on the infinites-
imal cohomologies of proper schemes in mixed
characteristics
Let the notations be as in the previous section. In this section we expressHqinf(X/K/K0)[i,i+1)
in the previous section in a geometric way after enlarging K0. By (6.5.7.1) we have
the following isomorphism
Hqinf(X/K/K0)⊗K0 KN,0
∼
−→ Hqcrys(X•≤N/W(s))⊗W(κs) KN,0 (q ∈ N).(6.6.0.1)
Corollary 6.6.1. The complex RΓcrys(X•≤N/W(s)) ⊗W(κs) KN and the log crys-
talline cohomology Hqcrys(X•≤N/W(s)) ⊗W(κs) KN,0 is independent of the choice of
the N -truncated simplicial gs generically proper hypercovering of XKN/KN .
Remark 6.6.2. Let U be a separated scheme of finite type over κ−1. Let j : U
⊂
−→ U
be an open immersion into a proper scheme over κ−1. Let (U•, X•) be a split proper
hypercovering of (U,U) in the sense of [Tsuz1], that is, (U•, X•) is split, U• is a proper
hypercovering of U , X• is a proper simplicial scheme over U and U• = X• ×U U .
Moreover, using de Jong’s alteration theorem ([dJ]), we can require that X• is a
proper smooth simplicial scheme over κ and that U• is the complement of a simplicial
SNCD D• on X• over κ. We have called such a split proper hypercovering (U•, X•)
of (U,U) a gs(=good and split) proper hypercovering of (U,U). In [Nakk4] we have
proved
(6.6.2.1) RΓrig(U/K) = RΓ((X•, D•)/W)⊗W K.
In particular, we see thatRΓ((X•, D•)/W)K is independent of the choice of a gs(=good
and split) proper hypercovering of (U,U). The corollary (6.6.1) is a mixed character-
istic analogue of (6.6.2.1).
Theorem 6.6.3. The following hold:
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(1)
(Hqinf(X/K/K0)⊗K0 KN,0)[i,i+1) = H
q−i(X•≤N ,WΩiX•≤N )⊗W KN,0.(6.6.3.1)
More generally,
(PkH
q
inf(X/K/KN,0)⊗K0 KN,0)[i,i+1) = PkH
q−i(X•≤N ,WΩiX•≤N )⊗W KN,0.
(6.6.3.2)
Proof. This follows from (6.6.0.1) and (2.1.24).
Corollary 6.6.4. PkH
q−i(X•≤N ,WΩiX•≤N ) ⊗W KN,0 is independent of the choice
of the N -truncated simplicial gs generically proper hypercovering of XKN/KN .
Remark 6.6.5. Let the notations be as in (6.6.2). In [Nakk4] we have proved that
PkH
q−i(X•,WΩiX•) ⊗W K is independent of the choice of a gs(=good and split)
proper hypercovering of (U,U). The corollary (6.6.4) is a mixed characteristic of this
theorem.
6.7 p-adic arithmetic weight filtrations
In this section we define the notion of the p-adic arithmetic weight filtration as-
sociated to the geometric class of Hqinf(X/K) and show that the filtration P on
Hqinf(X/K) in the previous section coincides with the p-adic arithmetic weight fil-
tration on Hqinf(X/K) to the geometric class.
Let Z/B be as in the beginning of §5.1. Assume that B is the formal spectrum
of the Witt ring of a perfect field endowed with trival log structure. Let Z ′/B′ be
a similar log scheme. Let B −→ B′ be a morphism of p-adic formal schemes such
that the induced morphism Γ(B′,OB′) −→ Γ(B,OB) is a morphism over Witt rings
of perfect fields. In this section we do not assume that this morphism is finite.
Definition 6.7.1. Let ((E,P ),ΦZ) (resp. ((E,P ),ΦZ′ )) be an object of F -IsocF
sld(Z/B)
(resp. F -IsocFsld(Z ′/B′)). Then we say that ((E,P ),ΦZ) comes from ((E′, P ′),ΦZ′)
if, for any object T ∈ Enl(Z/B), there exists an object T ′ ∈ Enl(Z ′/B′) with a
morphism T −→ T ′ of log formal schemes over B −→ B′ fitting into the following
commutative diagram
T0 −−−−→ T ′0y y
Z −−−−→ Z ′
and there exists a functorial isomorphism ρT : ((E,P ),ΦZ′)T ′⊗KT ′KT
∼
−→ ((E,P ),ΦZ)T .
Assume that MZ is hollow and locally split. Let ((E,P ),ΦZ) be an object of
F -IsocFsld(Z/B) such that there exits a formal scheme B of topologically finite type
over the Witt ring W(Fq) of the finite field Fq with q-elements and a fine log formal
scheme Z/B topologically of finite type fitting into the following commutative diagram
Z −−−−→ Zy y
B −−−−→ B
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and an object ((E ,P),ΦE) of F -IsocFsld(Z/B) such that ((E,P ),ΦZ) comes from
((E ,P),ΦZ). Here we assume that the upper horizontal morphism Z −→ Z is solid.
In the following we consider a category C consisting of triples (Z/B, (E ,P),ΦZ) such
that, for any two objects (Zi/Bi, (Ei,Pi),ΦZi) (i = 1, 2) of C, there exists an object
Z3/B3 which covers Zi/Bi (i = 1, 2) fitting into the following commutative diagram
Z −−−−→ Z3 −−−−→ Ziy y y
B −−−−→ B3 −−−−→ Bi
such that ((E3,P3),ΦE3) comes from ((Ei,Pi),Φi) (i = 1, 2). Here the morphism in C
is defined in an obvious way.
Definition 6.7.2. Set e := logp q. We say that ((E,P ),ΦZ) is a log convergent F -
isocrystal on Z/B with arithmetic Frobenius weight filtration with respect to C if, for
any object of (Z/B, ((E ,P),ΦE)) of C and for any exact point x of Z, the eigenvalue
of ΦeE(x) of the induced subvector space P(x)kE(x)of E(x) is a Weil number of weight
≤ k.
Remark 6.7.3. Since P(x)kE(x) is determined by ΦE(x), P is determined by ΦE by
(5.1.31) and [Og1, (4.1)]. Consequently P is determined by ΦE .
Definition 6.7.4. Let X/K be a proper scheme. Let h be as above. Let Ch(X/K)
be the following class.
The cateogry Ch(X/K) is, by definition, the following:
Let X/V be a proper flat model of X/K. Let X•≤N/VN be a generically good
proper hypercovering of X/V in (6.1.2), where N is a positive integer such that
N ≥ 2−1(h+ 1)(h+ 2). Set X•≤N := X•≤N ⊗VN κN , where κN is the residue field of
VN . Let
sN −→ sN−1 −→ · · · −→ s0 −→ s−1
be as in the part of (7.1.3.3). Then there exists a successive model X•≤N,S1/S1 of
X•≤N/sN for a formally smooth algebra A over the Witt ring of a finite field. Here S
is a family of log points such that
◦
S := Spf(A) and S1 := S ⊗Zp Fp with an injective
morphism Γ(S1,OS1) −→ κ of algebras. Then we have the log crystalline cohomology
Hqcrys(X•≤N,S1/S) with a weight filtration P and the Frobenius endomorphism Φ.
The objects of Ch(X/V) are, by definition,
(S/Spf(Zp), ((H
q
crys(X•≤N,S1/S), P ),Φ)’s
for variousA, N , VN and X•≤N/VN . We call Ch(X/V) the geometric class ofHhinf(X/K).
Theorem 6.7.5. Let q be a nonnegative integer. Then (Hqinf(X/K), P ) is the arith-
metic Frobenius weight filtration with respect to the the geometric class of X/K with
respect to h.
Proof. In the proof of (5.4.1), (5.4.3) and (6.5.4), we have already proved this.
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Chapter 7
Generalized Ogus’ conjecture
and Fontaine’s conjecture
Let U be a separated scheme of finite type over K and let Hqinf(U/K) (q ∈ N) be the
infinitesimal cohomology of U/K.
In this chapter we define a canonical semi-linear action ofWDcrys(K) onH
q
inf(U/K)
and we prove the contravariant functoriality of this action quickly. We also prove that
this action is compatible with the cup product of Hqinf(U/K).
Roughly speaking, all ideas to prove these have already appeared before this chap-
ter and in this chapter we have only to generalize our result only by adding the base
change of the log structure of horizontal truncated simplicial SNCD on a nice trun-
cated simplicial proper hypercovering of the compactification U of U.
7.1 Generalized Ogus’ conjecture and Fontaine’s con-
jecture on the action of crystalline Weil-Deligne
group for variteties
Let U be a separated scheme of finite type over K. In this section, by using the
aciton of of the crystalline Weil group WDcrys(K) on H
q
inf(UK/K) and the action of
Gal(K/K) on Hqinf(UK/K) = H
q
inf(U/K)⊗K K, we can define a linear action of the
usual Weil-Deligne group WDcrys(K/K) on H
q
inf(UK/K). As is well-known, there
exists a canonical action of WD(K/K) on the l-adic e´tale cohmology Hqet(UK ,Ql)
(l 6= p). Using these two actions, we can conjecture that these two actions are
compatible as in [Fo].
Let U be a flat model of U over V . Embed U into a proper scheme U over V by
using Nagata’s embedding theorem ([Nag], [Lu]). Set U := UK and U := U ⊗V κ.
Embed U into U over K.
For an algebraic extension L of K in K, let OL be the integer ring of L. Set UL :=
UK ⊗K L and UOL := U ⊗V OL. Let N be a nonnegative integer. We use the same
notation for an N -truncated simplicial fine log scheme over Spec(V) = (Spec(V),V∗).
Let us recall the following notion (cf. [dJ, (6.3)]):
Definition 7.1.1. Let X be a proper strict semistable scheme over V with the canon-
ical log structure. (X is a log scheme and not only a scheme.) Let D be a relative
SNCD(=simple normal crossing divisor) on
◦
X/V . Then we have a canonical fs(=fine
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and saturated) log structure M(D) associated to D. (See [NS1, (2.1.7), (2.1.9)] for
the definitions of the relative SNCD and M(D)). Let MX be the log structure of X .
Set MX (D) := MX ⊕O∗X M(D) and consider a natural morphism MX (D) −→ OX of
sheaves of commutative monoids on Xzar. Then we call the log scheme (X ,MX (D))
a proper strict semistable scheme with horizontal SNCD over V . We call U := X \ D
an open semistable log scheme over V .
Set V−1 := V and
◦
S−1 := Spec(V−1).
Definition 7.1.2. Let N be a nonnegative integer. Let U•≤N be an N -truncated
simplicial fine log scheme over Spec(V). If the generic fiber U•≤N,K of U•≤N is an N -
truncated proper hypercovering of UK , then we call U•≤N an N -truncated simplicial
generically proper hypercovering of U over V .
First we have to generalize (6.1.2) as follows:
Proposition 7.1.3. There exists a sequence
(7.1.3.1) · · · ⊃ VN ⊃ VN−1 ⊃ · · · ⊃ V0 ⊃ V−1
of finite extensions of complete discrete valuation rings of V in K and a proper strict
semistable family Nm over Vm with a relative horizontal SNCD Dm (m ∈ N) and a log
smooth m-truncated simplicial log scheme X (m)•≤m such that (N (m)m′ ,MN (m)m′ ) =∐
0≤l≤m′
∐
[m′]։[l]((Nl,MNl(Dl)) ×Sl Sm) for each 0 ≤ m
′ ≤ m, where Sm is the
spectrum Spec(Vm) with canonical log strucuture, and such that U(m)•≤m is an m-
truncated generically proper hypercovering of UVm over Vm. Here
U(m)•≤m :=
∐
0≤l≤m′
∐
[m′]։[l]
(Nl \ Dl)×Sl Sm.
Proof. By de Jong’s theorem ([dJ, (6.5)]) about the semistable reduction theorem by
using the base change by an alteration (if one makes a finite extension of a complete
discrete valuation ring) and by a standard argument in [SGA 4-2, Vbis §5] and [D4,
(6.2.1.1)], we obtain (6.1.2).
The sequence (7.1.3.1) gives us the following sequence of log schemes:
(7.1.3.2) · · · −→ SN −→ SN−1 −→ · · · −→ S0 −→ S−1.
Let κm be the residue field of Vm. Set sm := Sm ×Spec(Vm) Spec(κm). Then we have
the following sequence
(7.1.3.3) · · · −→ sN −→ sN−1 −→ · · · −→ s0 −→ s−1.
We also have the following sequence
(7.1.3.4)
· · · −→ W⋆(sN ) −→W⋆(sN−1) −→ · · · −→ W⋆(s0) −→W⋆(s−1) (⋆ ∈ Z≥1 or ⋆ = nothing).
Let N be a nonnegative integer. Set X•≤N := X (N)•≤N and s := sN . Set also
(Nm,MNm) := (Nm,MNm)⊗Vm κm (0 ≤ m ≤ N). Set
X(m)m′ =
∐
0≤l≤m′
∐
[m′]։[l]
(Nl,MNl)×sl sm
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for each 0 ≤ m′ ≤ m. Then X(m)•≤m = X (m)•≤m ×Sm sm; we have the family
{X(m)•≤m}Nm=0 of log smooth split truncated simplicial log schemes of Cartier type.
Analogously we obtain the family {U(m)•≤m}Nm=0. Consequently, for each N ∈ N,
we obtain a log smooth split N -truncated log scheme X•≤N := X(N)•≤N of Cartier
type and U•≤N := U(N)•≤N over s := sN .
Definition 7.1.4. We say that the N -truncated generically proper hypercovering
U•≤N of UVN is gs(=good and split). We say also that X•≤N is an gs N -truncated
generically proper hypercovering UVN .
The following is a generalization of (6.1.5):
Proposition 7.1.5. Let N be a nonnegative integer. Then the following hold:
(1) Two gs N -truncated generically proper hypercoverings of the base change of U
over an extension of V are covered by a gs N -truncated generically proper hypercov-
ering of the base change of U over an extension of V.
(2) For a morphism U ′ −→ U of proper schemes over V and for a gs N -truncated
generically proper hypercovering X•≤N of the base change of U over an extension of V,
there exist a finite extension V ′ of V and a gs N -truncated generically proper hyper-
covering X ′•≤N of U
′
V′ and a morphism X
′
•≤N −→ X•≤N,V′ fitting into the following
commutative diagram:
(7.1.5.1)
X ′•≤N −−−−→ X•≤N,V′y y
X ′V′ −−−−→ XV′ .
Proof. As in the proof [NS1, (9,4)], by using Nagata’s embedding theorem and by
using a general formalism in [SGA 4-2, Vbis §5] and de Jong’s semistable reduction
theorem ([dJ, (6.5)]), we obtain (7.1.5).
Proposition 7.1.6. Let U ′ ⊂−→ U ′ and U ⊂−→ U be immersions of separated flat
schemes of finite type into proper schemes over a morphism Spec(V ′) −→ Spec(V) of
the spectrums of complete discrete valuation rings with perfect residue fields of mixed
characteristics. Assume that we are given a morphism U ′ −→ U over the morphism
Spec(V ′) −→ Spec(V). Then there exists an immersion U ′ ⊂−→ U ′′ fitting into the
following commutative diagram
U ′ ⊂−−−−→ U ′′y y
U
⊂
−−−−→ U
over Spec(V ′) −→ Spec(V).
Proof. By the same argument as that of (1.3.32), we obtain (7.1.6).
Next we have to generalize (6.3.17.2).
Let the notations be as in (6.3.17.2) and as in the beginning of this section. Let
X•≤N be as in (7.1.4). Let X•≤N (resp. X•≤N) be the log special fiber (resp. the log
generic fiber) of X•≤N . Set UKN := U ⊗K KN . Then, by (6.3.1.1), (6.2.12.1) and
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(6.2.18), we have the following composite isomorphism
τqRΓcrys(X•≤N/W(s))⊗W KN
Ψ, ∼
−→ τqRΓlog-dR(X•≤N/KN)(7.1.6.1)
= τqRΓ(X•≤N ,Ω•X•≤N/K(logD•≤N ))
∼
−→ τqRΓ(U•≤N ,Ω•U•≤N/K)
= τqRΓinf(U•≤N/KN)
∼
←− τqRΓinf(UKN/KN).
We denote this isomorphism by Ψ. The isomorphism Ψ induces the following isomor-
phism
Ψ: Hqcrys(X•≤N/W(s))⊗W KN
∼
−→ Hqinf(UKN/KN),(7.1.6.2)
which we denote by Ψ again. Because the left hand side of (7.1.6.2) has the mon-
odromy operator, we have the monodromy operator NKN/K(X•≤N/U/S/S−1) on
Hqinf(UKN/KN):
NKN/K(X•≤N/U/S/S−1) : H
q
inf(UKN /KN) −→ H
q
inf(UKN/KN).(7.1.6.3)
The morphism (7.1.6.3) induces the following morphism
NK/K(X•≤N/U/S/S−1) : H
q
inf(UK/K) −→ H
q
inf(UK/K)(7.1.6.4)
Remark 7.1.7. In the future, we would like to discuss the limit weight spectral
sequence of Hqinf(UKN/KN) by using (7.1.6.2) and discuss fundamental properties of
the induced filtration by this spectral sequence.
Proposition 7.1.8. Let the notations be as above and (6.3.18). Let U ′ ⊂−→ U ′ be
an immersion from a separated scheme of finite type over V ′ into a proper scheme
over V ′. Set U′ := U ′ ⊗V′ K ′ and U′ := U ′ ⊗V′ K ′. Let g : U′ −→ U be a morphism
over Spec(K ′) −→ Spec(K). Let g := U′ −→ U be a morphism over Spec(K ′) −→
Spec(K) which is an extension of g. Let g : U ′ −→ U and g : U ′ −→ U be mor-
phisms over Spec(V ′) −→ Spec(V) which are extensions of the morphisms g and g,
respectively. Let S′−1 be the log scheme Spec(V
′) with the canonical log structure. Let
V ′N and Y•≤N/S
′ be a similar complete discrete valuation ring to VN and a similar
N -truncated simplicial log scheme to X•≤N/S, respectively, fitting into the following
commutative diagram:
(7.1.8.1)
Y•≤N
g
−−−−→ X•≤Ny y
U ′ ×◦
S′−1
◦
S′ −−−−→ U ×◦
S−1
◦
Sy y
◦
S′ −−−−→
◦
S,
where Y•≤N is a gs N -truncated simplicial generically proper hypercovering of U′V′N .
Set K ′N := Frac(V
′
N ). Then the following diagram is commutative:
(7.1.8.2)
Hqinf(U
′
K′N
/K ′N)
eV′/V ·NK′
N
/K′(Y•≤N/Y/S′/S′−1)
−−−−−−−−−−−−−−−−−−−−−−→ Hqinf(U
′
K′N
/K ′N)
g∗
x xg∗
Hqinf(UKN/KN)
NKN/K(X•≤N/X/S/S−1)−−−−−−−−−−−−−−−−−→ Hqinf(UKN/KN).
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Proof. By using (7.1.6.1), the proof is the same as that of (6.3.18).
Theorem 7.1.9. The monodromy operator NKN/K(X•≤N/X/S/S−1) in (7.1.6.3) is
independent of the choices of X , N ≥ 2−1(q + 1)(q + 2) and the gs N -truncated sim-
plicial generically proper hypercovering X•≤N of XVN . It depends only on XKN/KN
and K. The monodromy operator also NK/K(X•≤N/X/S/S−1) in (7.1.6.4) depends
only on UK/K and K.
Proof. By using (7.1.6.1), the proof is the same as that of (6.3.20).
Definition 7.1.10. We call the following well-defined operator
NUKN /KN := NKN/K(X•≤N/X/S/S−1) : H
q
inf(UKN/KN)(7.1.10.1)
−→ Hqinf(UKN/KN).
the p-adic monodromy operator of UKN/KN . We also call the following well-defined
operator
NUK/K
:= NXK/K(X•≤N/X/S/S−1) : H
q
inf(UK/K) −→ H
q
inf(UK/K).(7.1.10.2)
the p-adic monodromy operator of UK/K.
Theorem 7.1.11. Let U be a separated scheme of finite type over K. There exists a
unique semi-linear action
ρqcrys := ρ
q
X,crys : WDcrys(K) −→ Aut(H
q
inf(U/K))
satisfying the following properties:
(1) This action is contravariantly functorial with respect to a morphism U −→ V
of proper schemes over K. That is, for a morphism f : U −→ V of proper schemes
over K, the following diagram is commutative for an element γ ∈WDcrys(K) :
(7.1.11.1)
Hqinf(U/K)
ρq
U,crys(γ)
−−−−−−→ Hqinf(U/K)
f∗
x xf∗
Hqinf(V/K)
ρq
V,crys
(γ)
−−−−−−→ Hqinf(V/K).
(2) For a finite extension of K ′ of K, let K ′nr be the maximal non-ramified exten-
sion of K ′ in K. If U is a separated scheme of finite type over V such that U⊗VK = U
and if X•≤N is a gs N -truncated simplicial generically proper hypercovering of UVN
for some finite extension VN over V of complete discrete valuation rings of mixed
characteristics and if X•≤N is the log special fiber of X•≤N , then the image of the
following morphism
Hqcrys(X•≤N/W(s))⊗W K
nr
0 ⊂ H
q
crys(X•≤N/W(s))⊗W (KN)
nr(7.1.11.2)
Ψ, ∼
−→ Hqinf(U(KN )nr/(KN )
nr) ⊂ Hqinf(U/K)
is equal to the invariant space Hqinf(U/K)
Icrys(K); the action of Wcrys(K)/Icrys(K) ≃ Z
is induced by the action of the absolute Frobenius endomorphism of X•≤N ; the action
of K0(1) ∋ a (a ∈ K0) is defined by the exponential exp(ae
−1
K N) of the monodromoy
operator ae−1K N : H
q
crys(X•≤N/W(s))Q −→ H
q
crys(X•≤N/W(s))(−1)Q.
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Proof. By using (7.1.6.2) and (7.1.8), the proof is the same as that of (6.4.7).
Proposition 7.1.12. The representation is compatible with the cup product of H•inf(U/K).
That is, for x ∈ Hqinf(U/K), y ∈ H
q′
inf(U/K) and γ ∈WDcrys(K),
ρq+q
′
U,crys(γ)(x ∪ y) = ρ
q
U,crys(γ)(x) ∪ ρ
q′
U,crys(γ)(y).(7.1.12.1)
Proof. The proof is the same as that of (6.4.9).
Theorem 7.1.13. There exists a well-defined K0-form H
q
inf(U/K/K0) of H
q
inf(U/K).
Proof. By using (7.1.6.2), the proof is the same as that of (6.5.5).
Definition 7.1.14. We call Hqinf(U/K/K0) the hidden K0-structure of H
q
inf(U/K).
Remark 7.1.15. By the definition of Hqinf(U/K/K0), we have the following natural
morphism
Ψ: Hqcrys(X•≤N/W(s))⊗W KN,0
∼
−→ Hqinf(U/K/K0)⊗K0 KN,0 (k ∈ Z).
(7.1.15.1)
Theorem 7.1.16. Let the notations be as in the previous section. Then the following
hold:
(1) There exists a welll-defined p-adic monodromy operator
NU/K/K0 : H
q
inf(U/K/K0) −→ H
q
inf(U/K/K0)
such that NU/K/K0 ⊗K0 K = NU/K : H
q
inf(U/K) −→ H
q
inf(U/K).
(2) There exists an action F/K0 on H
q
inf(U/K/K0) such that F/K0 ⊗K0 KN,0 = F
on the KN,0-form
Im(Ψ|Hqcrys(X•≤N/W(s))⊗WKN,0).
Proof. The proof is the same as that of (6.5.9).
Proposition 7.1.17. (1) There exists the following product
(?∪?)K0 : H
q
inf(U/K/K0)⊗K0 H
q
inf(U/K/K0) −→ H
q
inf(U/K/K0)
such that (?∪?)K0 ⊗K0 K is the cup product of H
q
inf(U/K).
(2) Set N
[i]
U/K/K0
:= (i!)−1NU/K/K0 (i ∈ N). Then the Leibniz rule for N
[i]
U/K/K0
holds:
N
[i]
U/K/K0
((x ∪ y)K0) =
i∑
j=0
N
[j]
U/K/K0
(x) ∪N
[i−j]
U/K/K0
(y)
(x ∈ Hq
′
inf(U/K/K0), y ∈ H
q′′
inf(U/K/K0)).
Proof. The proof is the same as that of (7.1.17).
Let
ρqinf : WD(K/K) −→ Aut(H
q
inf(UK/K))
be a representation obtained by the natural action of Gal(K/K) on Hqinf(UK/K) =
Hqinf(U/K) ⊗K K. Set ρ
q
p(γ) := ρ
q
inf(γ)ρ
q
crys(γ
−1) (γ ∈ WD(K/K)). Then we have
the following K-linear action
ρp : WD(K/K) −→ AutK(H
q
inf(UK/K))(7.1.17.1)
of WD(K/K).
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Conjecture 7.1.18 (cf. (6.5.20)). Let U be a separated scheme of finite type over
K. Then the representations ρl on H
q
et(UK ,Ql) ((6.5.18)) and ρp of WD(K/K) on
Hqinf(UK/K) are compatible.
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